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Effect of Antenna Size on Gain, Bandwidth, and 
Efficiency’ 


Roger F. Harrington ? 


(June 29, 1959) 


A theoretical analysis is made of the effect of antenna size on parameters such as gain, 
bandwidth, and efficiency. Both near-zone and far-zone directive gains are considered. It 
is found that the maximum gain obtainable from a broad-band antenna is approximately 
equal to that of the uniformly illuminated aperture. If higher gain is desired, the antenna 
must necessarily be a narrow-band device. In fact, the input impedance becomes frequency 
sensitive so rapidly that, for large antennas, no significant increase in gain over that of the 
uniformly illuminated aperture is possible. Also, if the antenna is lossy, the efficiency falls 
rapidly as the gain is increased over that of the uniformly illuminated aperture. 


1. Introduction 


As a practical matter, the maximum directive gain (directivity) of an antenna depends 
upon its physical size compared to wavelength. The uniformly illuminated aperture type of 
antenna has been found to give a higher gain in practice than other antennas, at least for large 
apertures. However, the uniformly illuminated aperture does not represent a theoretical limit 
to the gain. Higher directive gains appear to be possible, but analyses of projected ‘‘supergain”’ 
antennas reveal extreme frequency sensitivity at best, excessive losses at worst. This paper 
gives a theoretical treatment to the general problem, from which quantitative bounds to an- 
tenna performance may be obtained. The analysis considers both the near-zone and the far- 
zone gain of antennas. 

Let the spherical coordinate system be defined as in figure 1. The directive gain as a fune- 
tion of distance from an antenna is defined as the ratio of the maximum density of outward- 
directed power flux to the average density. In equation form this is 


A4nr*Re(S,) max (1) 


G(6r)= Re(P) ? 


where S, is the radial component of the complex Poynting vector at a distance 7, and P is the 
outward-directed complex power over a sphere of radius r. 
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Figure 1. The spherical coordinate system. 
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The field external to a sphere containing all sources can be expanded in terms of spherical 
wave functions. The general form is [1] * 


=—VX (ry) me vVXvVX (ry) 
Jwe 


(2) 
H=vX (th) +— VXVX (rv) 
jou 
where r is the radius vector from the origin and 
Y=>) Anh? (Br)Pm(cos 0) cos (Mo+ann) 
i (3) 


=>) Bnnh? (Br)Px(cos 8) cos (Mo+amn) 


where Amn, Bmny mn; 200 &mn are coefficients which do not depend on 7, 6, or ¢, and B=27/wave- 
From the above formulas for the field can be calculated the power over a sphere of 


mal *) (4) 


The radial component of the power flux density 


length. 
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where €m is Neumann’s number and 721207. 
in the 6=0 direction is 











S,= E,H*— E,H? (5) 

where 

E.=>> | Aj, Sin a1,F,(8r)—jn Bi, cos din a(60) | 

E,= we) - COS anf", (Br) +)n By sin dnFu(Br) | (6) 

n - a 

=D el —Byy sin dina (Br) +2 Aig 008 ain u(r) | 

Hae | -B. cos a), F »(Br)—5A in SIN Q, F (Br) | 
and 


F,,(pr)=Br h‘? (Br). (7) 
Then 


The coordinate axes are to be oriented so the maximum radiation is in the @=0 direction. 
the S, of (5) is the (S,)max of (1). 

Note that a,,, and &», do not enter into the formula for power, (4). Also, from the symmetry 
of (5) and (6) it is evident that the density of power flux in the 6=0 direction is independent of 
ain and Gn. Hence, they may be chosen in any convenient manner. In particular, let a;,=7/2, 
Qin=7, Which give a field linearly polarized in the z direction. With this choice, the gain (1) 
becomes 


Re[(Liael nt jal n)(Lababnt Janka) *] (8) 


n(n+1)(n+m)! 
m,n €m(2n+1) (n— m)! 





G= 





(|A om 2+ ln Bmn|? ) 


3 Figures in brackets indicate the literature references at the end of this paper. 


where 
a,—=n(n+1)A,,, b,=nn(n+1) Bp. (9) 


Equation (8) is a general formula for directive gain. 


2. Maximum Gain 


If all orders of spherical wave functions are permitted there is no limit to the gain of an 
antenna. However, a definite limit to the gain exists if wave functions are restricted to orders 
n<N. Only the A;, and B,, contribute to the numerator of (8), so the gain can be increased 
by setting 

Agn= Bug =0 m1. (10) 


Furthermore, the gain formula is symmetrical in a, and 6, so the maximum gain will exist under 
the condition 


a,=5,. (11) 


Equation (8) has now been reduced to 


N N “i 
Re| ats Wr) hat Wn) | 
y n=1 n=1 





n=1 ™ 2n+1 
where 
Un(Br) =F, (Br) +7 F (Br). (13) 


The numerator of (12) can now be increased without changing the denominator by setting 


phase (a,)=— phase (u,) (14) 
in which case (12) becomes 


feel) 


2! 


7 (15) 
+ n Meee hae 
»> la 2n+1 





Finally, the |a,| are adjusted for maximum gain by requiring 0G/0\a,|=0 for all a;. The result is 
™ 
n=1 


which is the maximum directive gain obtainable using wave functions of order n < N. The 
maximization procedure also results in the relationship 


lan] _ (2n+1)| uy), 


la,|~ @e+1) fe a 
From (13) it follows that 
|un(Br) |= |F a (Br) |?+|F',(8r) ?+-2. (18) 
As Br—>o, |u,|?>4, so in the far zone (16) reduces to 
Gl aus = S420 +1) =N242N (19) 


which has been previously published [1]. 
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The |u,|* functions, which enter into (16) and also into later formulas, are shown in figure 2. 
The maximum directive gain for various fr and various N has been calculated. Figure 3 shows 
the ratio of the near-zone gain to the far-zone gain for several N. Note that the maximum 
near-zone gain is essentially the same as the maximum far-zone gain unless 6r<.N. Keep in 
mind that the excitation of the antenna is changed as @r is varied so that it is always adjusted 
for maximum gain at the given radius. One can think of the antenna as being focused at the 
distance r. 
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Figure 2. The functions |u,(8r)|?. 
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Figure 3. Ratio of the maximum gain at a distance r to the 
maximum gain at infinity, using wave functions of order 
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3. Quality Factor 


So far the antenna structure has not been mentioned. An ideal loss-free antenna of 
radius Ff is defined as one having no energy storage r<_R, which is the same as Chu’s defini- 
tion [2]. The quality factor 


2w — Jelect 7ma, 
Re(P) W >We 

~ Qu Wm alae 
“Rey Weed ]pelect 


for this ideal antenna must be less than or equal to that for any other loss-free antenna fitting 
into the sphere r=R, since any field r < R can only add to the energy storage. In (20) the 
energies W are those obtained by subtracting the radiation field from the total field. If the Q 
of an antenna is high, it can be interpreted as the reciprocal of the fractional bandwidth of 
the input impedance. If the Q is low the antenna has broadband potentialities. 

Because of the orthogonality of the spherical wave functions, the total electric energy, 
magnetic energy, and power radiated is the sum of the corresponding quantities associated 
with each mode. The Q can therefore be found by treating the field of each spherical wave 
as if it existed on a “spherical waveguide” isolated from all other waves [2,3]. The energy 
and power formulas of transmission line theory apply to each spherical waveguide if a voltage, 
current, and characteristic impedance are defined for each TE,,, wave as 





Vir 4an(n +1)(n+m)! F, (6r) 
BOW ne,,(2n+1)(n—m)! 
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Zinn =F, (Br) /j Fn (Br) 


and for each 7'M,,, wave as 





Brn [n4an(n+1)(n-+m)! - 
yim Narn ; +m F’, , 
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pr Pnn ndrn(n+1)(n+m)! F (Bp) (22) 
BW 6,(2n+1)(n—m)! " 





Zin =j Fn (Br)/F, (Br). 


An antenna adjusted for maximum gain has equal excitation of TE and TM waves. It is 
therefore convenient to define modal quality factors 


Qu Weleet Qa We (23) 


Qn Re(P,,.) ~Re(Pan)’ 


where the W,,, and P,,, are the sum of the energies and powers of both the TE,,, and TMn, 
waves. Note that the Q,’s are independent of m since the characteristic impedances, (21) and 
(22), are independent of m. These are the same Q,’s defined by Chu for circularly polarized 
omnidirectional antennas [2]. Abstracting from Chu’s work, one has 


Q, (BR) =3|F, (BR) |*BRX,(BR) (24) 
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where R is the radius of the spherical antenna and 
X,(BR)=Im [Z7¥* (BR). 25) 


These Q, are approximately one-half those calculated by Chu for linearly polarized omnidirec- 
tional antennas. A plot of some Q, is given in figure 4. 
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Figure 4. Modal quality factors for wave functions of order n. 


The Q of an antenna having equal excitation of TE and TM waves is given by 


> Re(Prn) Qn 
ae ies (26) 
o="STRe(Pnn) 


m,n 


since it is merely necessary to add the energies and powers of the individual waves. For maxi- 
mum gain all P,,,=0 except P;,, n< N. It follows from (9), (11), (21), and (22) that 


Re (P,,)=Re (VEEITE*+ Vise") 


(27) 
4r 1 9 
~ 9B? 2n+1 lan 
so the formula for Q@ becomes 
. i 
> An . (; ) en 
yo Nets 2n+1 9 
q=*=—— . (28) 








Finally, from (17) one has 


N 
(2n+1)|u,(Br)|?Q,(BR) 
Q="= 





(29) 
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N 
24 (2n+-1)|u,,(Br) 


as the quality factor for an ideal antenna of radius FR, adjusted for maximum gain at a radius 7, 
using wave functions of ordern<N. For an antenna adjusted for maximum gain at infinity 


- 
(2n+-1)Q, (BR) n 
Q Zz Ant VQnBR ; (30) 


Bra N? + 2N 





Figure 5 shows the Q of antennas focused at infinity for several N. (The dashed lines represent 
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the effect of antenna losses, considered below.) Calculations for antennas focused at other 7 
show that the Q is substantially independent of the radius of focus. No appreciable change in 
Q occurs until r is almost equal to R, that is, the field point is almost at the antenna surface. 
When r=R, the Q of the antenna is close to the Q, of the highest order wave present. When 
BR>N, all Q, are of the order of unity or less, and the quality factor is 


Q<1 BR>N. (31) 


In this case the antenna is potentially broad band. 


4. Effect on Antenna Losses 


To obtain quantitative results for the effect of conduction losses on antenna performance 
an idealized model is again postulated. Intuitively one would expect the losses on a metal 
antenna to be smaller the more effectively the sphere is utilized. Therefore, for the ideal lossy 
antenna is postulated a spherical conductor of radius R excited by the magnetic sources 


M=ExXn (32) 
7 








on its surface. So long as the sphere is a good conductor the source of (32) will generate the 
desired field [4]. If the conductivity of the sphere is poor, (32) can be modified to allow for 
a field internal to the conductor. 

The above postulated ideal lossy antenna is particularly simple to analyze because the 
wave functions are orthogonal over its surface. The effect of the spherical conductor is that 
of a discontinuity in the characteristic impedance of each “spherical waveguide” at the radius R. 
The effect of the source M is that of a voltage source in series with each waveguide at the 
radius R. The waveguides are matched in each direction, so the equivalent circuit for each 
mode is a voltage source in series with the two characteristic impedances, r<Randr>R. For 
r<R the characteristic impedances for the various modes are 


Zoe" F kr) jFa(ker)]* nda 


(33) 
Lite —[5F (kr) /F (kr) |* = ne/n 
where & and n, are the wave number and intrinsic impedance in the conductor, 
k= (1—}) [one wm (144) 4/2. (34) 
is JW 2 | Se TIN O6 ws, 


The characteristic impedance r<R is extremely small for good conductors, so Vn,»,~0, r<R. 
The current J», must be continuous at r=R. Hence for any mode the ratio of power dissi- 
pated to power radiated is given by 

| fe [Imn|? Re(Zmn) Re( (ne) (35) 


} eal"! Re( (Zin) ~ Re( (Zin) 


where the superscripts + and — refer to r>R and r<R, respectively. Dissipation factors D, 
are defined for the case of equal TE,,, and TM,,, excitation as 


_ Pale +PI¢ M ITE ITM 


diss he diss 
‘ TM 


TE 4A J 
~ Fe E+ Pre ‘= 7 we | rd aby | 


(36) 
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The D, are independent of m because the Z,,, are independent of m. Using (21) and (22) 
one has 


D,(8R)= F, (BR) |?+|F,(6R)|"I 








Rola.) 
2n 


(37) 





= fet) [|u, (BR) |2—2] 


where the |w,|? are plotted in figure 1. Note that the D, are essentially proportional to the 
|u»|? when BR<n. 

The dissipation factor for an antenna having equal excitation of TE and TM waves is 
defined as 


Pp > Re(Pinn)Dn 
= ; m,n (38) 
a 2Re it aa) 
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where Pm, is P7=+P7™”, The second equality of (38) follows from the orthogonality property 
of the modes. For maximum gain all P,,,=0 except P;,, n<N, which are given by (27). 
Using this and (17) one has 


23 (2n-+1)|tq(Br)|2D4(BB) 
D== + 
33 (2n-+1)|u9(6r)|? 


n=1 





(39) 


as the dissipation factor for an ideal lossy antenna of radius F, adjusted for maximum directive 
gain at a radius 7, using wave functions of ordern<N. For an antenna adjusted for maximum 
gain at infinity 


N 
2, (2n-+1)D,(BR) 
1“ Br i" 2N 





(40) 


Figure 6 shows the dissipation factor of antennas focused at infinity for several N. Calculations 
for antennas focused at other values of 7 show that D is essentially independent of the radius 
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of focus, except when r=R. When r=R, the D of the antenna is approximately the D, of the 
highest order wave present. If BR>N, all D, are approximately Re(n.)/n, and the dissipa- 
tion factor is 


D=Re (n-)/n (41) 
and the antenna has very small loss. The efficiency of the antenna is 


100Praa____ 100 | 
rea t+ Pates 1+D 





% efficiency=5 (42) 
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The antenna remains reasonably efficient until D is of the order of unity. The dissipation 
also changes the effective Q of the antenna, defined as 


2wW elect Telect 7mag 
PratPatss 7 “ald 
Qett= (43) 


2wWmre Wee s [elect 


Praa +Patss 


Because of the orthogonality of energy and power, P,,4+P4,. is simply the sum of the cor- 
responding quantities for each mode, that is, 


PrrsatPates= > (P mn) roa(1+D,). (44) 
m,n 


Thus, for an antenna containing only the 1, n modes, n<N, one has instead of (28) 


(45) 





Finally, if the antenna is adjusted for maximum directive gain, the a, are given by (17) and 


3) 2n-+1)|u (Br) |?Q,(BR) 
Qett= nt . (46) 


N 
D>} (2n+1)}u, (Br) |?{1+D,(BR)] 
n=1 





If the antenna is adjusted for maximum gain at infinity this becomes 


N 
2) (2n-+1)Q, (BR) 
(47) 





Qett ee 


aspas Si Qn+1[1+D, (gR)] 


The dashed lines in figure 5 show the effective Q for various N assuming Re(y,)/2n7=10~, 
which corresponds to good conductors in the vicinity of 10,000 Mc. Further calculations 
show that the effective Q is essentially independent of the radius of focus, just as in the loss- 
free case. For large antennas, the maximum effective @ is of the order of that for a good 
spherical resonator constructed of the same metal. 

While the directive gain of an antenna is unaffected by dissipation (assuming that the 
current distribution is unchanged), the overall gain 


__4nr” Re (S,) max 
9(6r)= PratPass (48) 





is affected. This is the gain usually of primary interest for antenna evaluation. One can 
quite simply go back and maximize g, since the P,,,, of each mode is related to the P,.4 of each 
mode by (35). The only difference in the equations for G and those for g is that the factor 
1/(2n+1) is replaced by (1+D,)/(2n+1). Hence, (16) becomes * 


1X, (2n+1) 
Jmax= re> 1+D,(BR) {ttn (Br) |? (49) 


4 This procedure is slightly in error since dissipation factors for TE and TM modes alone are not quite equal, The correction is small, how- 


ever, until the dissipation factors become quite large. 


10 


and the wave amplitudes, related previously by (17), are related by 


la;|  (1+D,)(20+1) |u,| f 





Note that the maximum gain is now a function of R (antenna size) as well as r (field point). 
If the antenna is focused at infinity (49) reduces to 


- N _ Sati _ (51) 
Imazs, 2 41+D, (BR) -) 


So long as Dy<1 the overall gain g is substantially equal to the directive gain G. If Dy>1 
the maximum gain depends upon the surface resistance of the metal, Re(y.). However, the 
\u,| functions, which enter into D, according to (37), rise very rapidly. For good conductors 
the “cut-off” of the summation of (46) occurs at approximately the same value of n as that 
for which the Q, level off. 

When the overall gain instead of the directive gain is maximized it affects the dissipation 
and quality factors. The dissipation factor becomes 


(92) 


N 

>> (2n+1)| u,(Br)!?D,(BR)/[1+D, (BR)]? 

B® wos ha 
(2n+1)|u,,(8r) 
1 





211+ Dy(BR)P 





n= 


instead of (39). The principal difference between (39) and (52) is that in the latter case D 
levels off when the D, becomes greater than unity. This can be thought of as due to the non- 
utilization of modes which are highly dissipative. The quality factor becomes 
N 
33(2n+1)| up (Br) |?Qn(BR)/[1+D,(BR)]? 
Quy (53) 
>> (2n+1)|u, (Br) |?/[1+D,(BR)] 


n=1 





instead of (46). A plot of (53) would again give curves similar to the dashed lines of figure 5. 


5. Discussion 


To relate the analysis to practical antenna systems, define the radius PR of an antenna 
system to be the radius of the smallest sphere that can contain it. The Q of the ideal loss- 
free antenna must then be less than or equal to the Q of any other loss-free antenna of radius 
R, since fields rR can only add to energy storage. In other words, the Q of figure 5 is a 
lower bound to the Q of an arbitrary loss-free antenna of radius R. It would be nice if one 
could also prove that the dissipation factor D of the ideal lossy antenna were a lower bound to 
the D of an arbitrary antenna of the same material and radius. The author has not been able 
to prove this. However, it will be assumed that the D of the ideal lossy antenna is of the same 
order of magnitude as for other antennas of the same material and radius. Calculations of the 
D for some practical antennas support this assumption. 

It is evident from the foregoing analysis that a marked change in the behavior of an an- 
tenna of radius R occurs when wave functions of order n>8R are present in its field. In the 
loss-free case the Q is large. In addition to this, in the lossy case the dissipation is large. In 
both cases the near-field is characterized by extremely large field intensities. The normal gain 
of an antenna is defined to be the maximum gain obtainable using wave functions of order 
nSN=BR. Hence, from (19), the normal gain of an antenna of radius P is 


Gaorm= (BR)? +2(BR) (54) 
ll 





in the radiation zone. Systems having larger gain than this are called supergain antennas. 
For large BR the gain of a uniformly illuminated aperture of radius RP is equal to the above 
defined normal gain [5]. Therefore, one cannot obtain a gain higher than that of the uniformly 
illuminated aperture without resorting to a supergain antenna. 

It is evident from figure 3 that the maximum near-zone gain of an antenna using wave 
functions n< N=8R is essentially the same as the maximum far-zone gain. Hence (54) also 
defines the normal near-zone gain for all practical purposes. A uniformly illuminated and 
“focused” aperture (phase adjusted so that all elements contribute in-phase at some distance r) 
has a near-zone gain approximately equal to the far-zone gain of the “unfocused” aperture 
(uniform phase). Thus, a near-zone gain greater than that obtainable from a focused uni- 
formly illuminated aperture cannot be obtained without resorting to a supergain antenna. 

Having precisely defined the term “supergain,’”’ one can now consider the question of how 
much supergaining is possible. If a particular Q is chosen, the possible increase in gain over 
normal gain can be readily calculated. For example, if Q=10° is taken, the decibel increase in 
gain over normal gain is as shown in figure 7. Note that for small 2, substantial increases in 
gain can be achieved, but for large R the increase becomes insignificant. The curve of figure 7 
is relatively insensitive to the particular choice of Q, so long as it is high. This is evident from 
the rapid rise of the curves of figure 5. The choice Q=10° represents sort of an upper limit to 
practically significant Q’s, since the bandwidth becomes absurdly narrow for higher Q’s. Also, 
Q=10° represents the approximate upper limit for antennas constructed of metal, due to 
dissipation. 


Figure 7. Maximum increase in gain over normal gain 
obtainable by supergaining if a Q of 10° is allowed. 


N OVER NORMAL GAIN 
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It is evident from figure 5 that the amount of supergaining possible in large antennas is 
very small. Hence, for practical purposes, the uniformly illuminated aperture gives optimum 
gain. For small antennas, however, a significant increase over normal gain is possible. Per- 
haps the most common example of a small supergain antenna is the short dipole. The prob- 
lems of narrow bandwidth and high losses associated with this antenna have been thoroughly 
treated, since it is one of the few antennas that can be used at very low frequencies. 
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Surface-Wave Resonance Effect in a Reactive 
Cylindrical Structure Excited by an Axial 
Line Source’ 


A. L. Cullen ? 
(July 27, 1959) 


It is shown that a purely reactive cylinder excited by a neighboring line source can, 
under suitable conditions, give rise to a radiation pattern closely approximating the function 
cos n 6. 

In a numerical example, a cylinder of three transverse electro-magnetic (T.E.M.) 
wavelengths circumference has a surface reactance chosen to emphasize the term cos 6 @ in the 
Fourier series of the resultant radiation pattern. It is shown that only 1.1 percent of the 
total power delivered to the line source is radiated in unwanted modes. 

It is also shown that the position of the line source does not affect this result to first 
order provided that k(b—a)<«1, where b—a is the distance of the line source from the 
cylindrical surface. 


1. Introduction 


In a recent paper the natural (exponentially decaying) oscillations of a highly reactive 
cylinder supporting a circulating surface wave were discussed [1].* It was shown that for 
cylinders of a few wavelengths circumference, (-factors of the order of several hundred are 
possible, if the circumferential phase velocity of the surface waves is appreciably less than the 
velocity of light. 

The purpose of the present paper is to examine the corresponding forced oscillations, taking 
a line source as the means of excitation. 

The problem of a line source in the vicinity of a cylinder with a reactive surface impedance 
has already been solved [2,3] by Wait and Conda, but the reactance values considered in their 
numerical studies were not such as to exhibit strong resonance effects. Also, they considered 
a magnetic current line source, whereas for the surface waves discussed in [1] an electric current 
line source is appropriate. This is a trivial matter, however, since the principle of duality can 
be employed to pass from one case to the other. 


2. Formulation of the Problem 


The practical interest in strong resonance phenomena lies in the possibility that a radiation 
pattern of the form a, cos n 6 might be set up very simply by employing the combination of a 
line source and a reactive cylindrical surface. Inspection of the general formula shows at once 
that terms of, the form a, cos m 6 will always be present, but when the surface reactance is 
chosen to establish resonance with the reactive part of the field impedance of, say, the nth mode, 
we might expect to find a,>a,, mn. 

If we adopt the mean-square-deviation from a, cos n @ as the measure of unwanted radia- 
tion, it is obvious that we must maximize the following expression: 

1) is 
5 Gn} 

n= 1= (n¥0). 
la.l?+5 >> lan|? 


m=1 








1 The research reported in this paper was sponsored by the U.S. Air Force Cambridge Research Center under contract CSO and A 58-40, 
2 Guest researcher from the Department of Electrical Engineering, University of Sheffield, Sheffield, England. 
3 Figures in brackets indicate the literature references at the end of this paper. 
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The quantity 7, may be called the “excitation efficiency” or “‘pattern purity” for the nth 
mode. 

The excitation efficiency defined in this way has a very close affinity to the launching 
efficiency for surface waves of a line source over a plane reactive surface [4]. In this case, the 
launching efficiency of the surface wave depends markedly on the height A of the source above 
the reactive surface, the principal effect being a great reduction in radiated power for a certain 
value of h. 

It seems reasonable to expect that a similar effect might occur in the cylindrical case if we 
take % |@3| as analogous to the surface-wave power and 


~~ Me Fo 
asl +5 Do lanl+5 Do lain! 
=~ m=1 “n+l 


as analogous to the radiated power in the plane surface wave excitation problem. With this 
analogy in mind, one might look for an optimum position of the line source which would give the 
closest approximation, in the least-mean-squares sense, to a cos n 6 radiation pattern. 


3. Current Sheet Excitaticn 


Although the necessary formulas have already been given by Wait and Conda, we shall 
sketch a derivation for completeness. The opportunity will be taken to adapt the point of 
view employed in [4] to the cylindrical case. That is to say, the line source is synthesized from 
cylindrical current sheets rather than from point dipoles as in Wait and Conda’s work. Electric 
current sources will be considered rather than magnetic current sources for the reason men- 
tioned earlier. 

Referring to figure 1, a sinusoidally distributed cylindrical current sheet of radius 6 coaxial 
with the cylinder of radius a, (a S 6) is first considered. The current is assumed to flow parallel 
to the axis, and the current density is written 


K.=K,, cos n@ (1) 
where n must clearly be an integer if K, is to be a single-valued function of 6. 


The following equations for the fields can then be written down 
asrsb 





f,=|AJ, (kr) + BH, (kr)]| cos n 6 (2) 


Him [AJ (kr) + BH, (kr) | cosné (3) 





/ 
/ 
/ 
Figure 1. Surface-current sheet excitation for 
\ cylinder having finite surface impedance. 
\ 
\ 
\ 





i —~ Sheet of electric current 
—_—— of density Ky, cosn@ 
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b<r 


E,=CH, (kr) cos n 6 (4) 
Hes Hits) coont (5) 


In the above equations H;” (kr) has been written as H,,(kr) to simplify the notation. No 
confusion should result since the function H{” (kr) is not employed in this paper. The quantity 
¢ is the intrinsic impedance of free space (uo/€) ?. 


The constants A, B, and C are to be evaluated from the conditions 
(i) E;=ZH, at r=a 
where Z is the surface impedance looking into the cylinder. 
(ii) H;=E, at r=b 
(iii) Hj—H,»=K, at r=). 


After straightforward algebra, making use of the Wronskian to simplify the term 
J,H,—H,Jn which arises, we arrive at the following expression for E, for r>d, 


te wpoK nl J, (kb) +0, (kb)|H, (kr) cos né (6) 


ie __ jt In(ka)—ZSi(ka) , 
where On 5H, (ka) —Z (ka) 4) 





Before proceeding to the next step of synthesizing the line source from current sheet sources 
of the form described by eq (1), we shall examine (7) which plays a role roughly similar to 
the reflection coefficient (u+k,)/(u—k,) of the plane surface wave excitation case [4]. However, 
the infinite reflection coefficient found for plane surface waves is not to be expected with cir- 
culating cylindrical surface waves, for these waves are inherently leaky, and so damping is 
present even when the impedance Z is purely reactive. In fact we shall show that |a,| cannot 
exceed unity. 

a, Will first be written in terms of J, and Y,, putting Z=7X. 


| (ka) —* Falke | 


4 7” as <a | pe 
m (ka) ——~ J, (ka) |—j | ¥ n(ka)——~ Y,,(ka) 





(8) 


For n>ka pronounced resonance effects occur. Y, and Y; are in general considerably larger 
than J, and J; so that a, tends to be small unless Y,,(ka)—(X/¢) Yn (ka) is zero. 


For n<ka, however, the resonance effect is very weak. 
The condition for resonance can be written 


X_Y,(ka) 
¢ Y,(ka) 





(9) 


When (9) is satisfied 
a,=—1. (10) 


If (9) is not satisfied it follows from eq (8) that 


lon|<1. (11) 
15 





Thus, we have proved the statement made earlier that the quantity a, is never infinite, 
and in fact cannot exceed unity. 

A closer analogy with reflection coefficient is the complex ratio of outgoing to incoming 
cylindrical waves in the region a<r<b. This is equal to 1+2a,,, and the reflection coefficient 
in this sense can never exceed unity in magnitude. 

As a numerical example of the way the coefficients a, depend on n, |a,|? has been calcu- 
lated as a function of n for the case in which X/¢ is chosen to satisfy the resonance condition, 
eq (9), for n=6, taking ka=3. The appropriate value of X/¢ is —0.605. The results are 
given in table 1. 

TABLE 1 








| an? | 


3 





- 970 
. 641 
151 
- 018 


Non onro 


| 

| 0,869 

|. 054 
1, 000 
1. 4X10-8 





The very rapid falling-off of |a,|? with n for n larger than the resonant value is indicated 


by the last line of this table. 
The sharpness of the resonance of | as|* as X/f is varied is shown in figure 2. 
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Figure 2. Variation of |a,| with x/¢, showing the effect of 
surface-wave resonance. 


If we define a Q-factor for the variation of |a,|* with X through the equation 


1 
6X \?2 12 
1+( Qe (12) 


the approximate Q-factor deduced from figure 2 is Q,=230. 
This is considerably lower than the Q-factor deduced in [1], but the conditions are some- 


what different. 


la,|°& 
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The difference lies in the way the reactances involved depend on the frequency. In 
[1] it is assumed that the capacitive surface reactance X is inversely proportional to the 
frequency, while the inductively reactive part of the field impedance increases with frequency, 
in accordance with field theory, more rapidly than in direct proportion to the frequency. 

The Q-factor Q, defined by (12) would only agree with the Q-factor of [1] if the reactive 
part of the field impedance varied in direct proportion to the frequency. 

Hence, the Q-factor of [1] will necessarily exceed the rather artificial Q, introduced here. 


4. Line Source Excitation 


Suppose we have a linear current filament J at r=b, 6=0. This can be represented as a 
Fourier series thus 


wo) SiKy cos mé. (13) 


b m=0 


The coefficients K,, represent the amplitudes of cosinusoidally distributed surface current 
densities, and are found in the usual way to be 


a 
Kn=tng 5 (14) 


where €0-=1, €,—=2, m0. 


The field associated with each K,, can be found from eq (6), and in this way we find the 
formula for current filament excitation 


ao 


=the D5 enl Jub) + Ant T (kb) Hm(ler) cos mé. (15) 


This formula makes possible far-field calculations, and for this purpose H,,(kr) can be 
replaced by its asymptotic value. 


ey ; 
FH, (kr) ~(<.) exp [ —a(er—jmx— Fr) | (16) 


Equation (15) is the dual of the formula derived by Wait [3] and is identical apart from minor 
differences of notation if the following transformations are made: E,—H,, wpe, and l>K 
(symbol used to denote magnetic current). It may also be derived from Wait’s result [5] 
for the fields of an electric dipole in the presence of a cylinder with impedance boundary 
conditions. 

Equation (15) enables us to calculate the pattern purity or excitation efficiency according to 
the definition given in the introduction to this paper. The asymptotic value of H,,(kr) given 
by (16) has the magnitude (2/rkr)!” for all values of m, and therefore we may take as our d»,’s 
the quantities €mlJm(kb) + omlm(kb)). 

Thus we find 


D3 ém [Tn (kb) Herm Hy (lb) 


m=0 





nr 


(n#0). (17) 


The special case b=a is worthy of attention. In this case the term in square brackets in 
eq (15) can be simplified by making use of the Wronskian again, to read 


' x 


2j 
wha} oy (ka) = Hi(ka) 





(18) 
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and eq (15) then becomes 
X 
¢ 





B= 2 ts H,, (kr) cos mé. (19) 


a m=0 H(ka) —~ H,, (ka) 


The eq (17) for excitation efficiency can be specialised for b=a to read 


| 2 
$ | 
| H, (ka) —* Hj, (ka) | 
é 
yal CR (20) 
p> Em Re. im ae | 
m=0 | Hn (ka) ——~ Hy (ka) 


| 
\ 
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Let us now consider (17) for the case k(b—a)< <1. 
We can write 


In (eb) + om ELy (eb) & { In (Kd) + 1m Ey (ea) } + { Tf, (ea) + om HT), (ka) }ke(b—a) 


if terms of order k?(b—a)? are neglected. We can use (18) to replace the first term on the 
right-hand side of this equation, and by a similar simplification of the second term we find 


x 


a, — ig a. a . 
Im (kb) ain EIm (kb) == EE PR x {145 HO a } (21) 
n ¢ n 


The last factor ii (21) is independent of m, and so to a first approximation we find that all 
modes are multiplied by the same factor. Thus, although a small finite value of k(6—a) will 
alter the total power supplied by the source for a given current, and so will alter the radiation 
resistance of the line source, it will not affect the distribution of power among the various 
modes, and so will not change the excitation efficiency. 

Thus it follows that eq (20) is valid for b}a, provided that k(b—a)< <1. 


5. Example of Excitation Efficiency Calculation 


We now consider the excitation efficiency of the mode n=6 by a line source near the cylin- 
der, i.e., k(b—a)< <1, for the case ka=3. The surface reactance is again chosen to establish 
resonance for the mode n=6. Remembering that excitation efficiency, or pattern purity, is 
defined as power in the wanted mode divided by the total radiated power, i.e., in symbols 


P 
a. 


>> I rm 


m=1 


it is instructive to tabulate the P,,’s in order to find how the unwanted radiation is distributed 
amongst the various modes. This information is given in table 2. 








TARLE 2 
m | Pa 
| 
0 4.02 
1 | 8.00 
2 7. 85 
3 | 7. 36 
4 6.74 
5 6.78 
6 3580. 
7 0.08 





— 
co 


It appears that very little power is radiated in modes for which m>6, and that for m<6, 
the power is fairly equally divided between the various modes. 

Only 1.1 percent of the total power goes into unwanted modes, and the excitation efficiency 
has the very high value of 98.9 percent. 


6. Conclusions 


The existence of strong resonance phenomena associated with surface waves circulating 
round a reactive cylinder excited by a line source has been established theoretically. In a 
particular case, 98.9 percent of the total input power is radiated in the resonant mode, i.e., the 
excitation efficiency, or pattern purity is 98.9 percent. 

It is shown that to first order in k(6—a), the distance of the line source from the surface 
of the cylinder does not affect the excitation efficiency, though the radiation resistance of the 
source will decrease as k(6—a) increases. 


This paper was written during a short visit to the Boulder Laboratories of the National 
Bureau of Standards. The author expresses his gratitude for this most stimulating opportunity, 
particularly to James R. Wait of these laboratories through whom the visit was arranged. 
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Basic Experimental Studies of the Magnetic Field from 
Electromagnetic Sources Immersed in a Semi-Infinite 


Conducting Medium 


Martin B. Kraichman ' 


(July 20, 1959) 


Using electromagnetic sources, consisting of various dipoles and loops immersed in a 
concentrated sodium chloride solution, measurements were made verifying the magnetic 
field propagation equations in air, derived previously by several authors. The receiver was 
farther away from the source than a wavelength in the conducting medium, but much 


closer than a wavelength in air. 


An expression is derived giving the value of the magnetic field in air due to a rectangular 
loop with a horizontal axis by assuming the loop to consist of two electric dipoles correspond- 
ing to the horizontal members. Experimental data verifying this expression are presented. 

Also, using submerged electric dipoles, measurements were made of the magnetic field 
in air which show that the field is determined solely by the current in the horizontal radiating 


wires of the dipoles. 


1. Introduction 


The purpose of the experimental work reported 
herein is to afford a better understanding of the 
electromagnetic propagation phenomena involved 
in radiation from sources immersed in a conducting 
medium. 

Theoretical treatments of the propagation prob- 
lem have been given by several authors, Tai [1],? 
Moore [2], Von Aulock [3], Wait [4], Wait and Camp- 
bell [5], Lien [6], and Bafios and Wesley [7]. The 
important propagation path was shown to occur 
mainly through the air above the interface. The 
field along the direct path through the conducting 
medium, from source to receiver, suffered an ex- 
ponential attenuation with the distance and was, 
therefore, negligible for all but very short distances. 


2. Scope of Work 


The experimental work undertaken at the U.S. 
Naval Ordnance Laboratory (NOL) consisted in 
checking the magnetic field propagation equations 
in air for the horizontal range, where the receiver is 
farther away from the source than a wavelength in 
the conducting medium, but much closer than a 
wavelength in air. Also, experiments were per- 
formed to determine the localization of the field 
source; i.e., whether the currents in the dipole could 





1U.S, Naval Ordnance Laboratory, White Oak, Silver Spring, Md. 
? Figures in brackets indicate the literature references at the end of this paper. 





be considered as the sole contributors or whether 
currents in the conducting medium must also be 
considered in any discussion of the field. 


3. Theory 


In attempting to verify the propagation equations, 
it was decided to measure the magnetic field com- 
ponents using a shielded loop. This avoids ground- 
ing difficulties inherent in the use of an electric 
antenna. Also, because of the continuity of the 
magnetic field between air and salt water, measure- 
ments made at the surface in air will be valid just 
below the surface in the conducting medium. 

The magnetic field propagation equations for a 
submerged dipole are given below in cylindrical 
coordinates using the notation of Bafios and Wesley 
[7]. The cylindrical coordinate system and _ the 
position of the dipole are shown in figure 1. It is 
understood that the time factor e~‘* is to be applied 
to all field components. 


for Kp<1<|Kip|,Koz<1, and as 





_tlsin ¢ ix , 
Hp.= rK,p® é (1) 
__—tll cos ¢ ix» " 
1¢=-—3 Ko err (2) 
_ —tulsng/ 3 ) 28 o\eiK yb , 
Hae GE (1-iK,z)e*", (3) 
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FicurRE 1. Submerged dipole referred to cylindrical coordinate 
system. 


where 


w=angular frequency, 

bo= permeability of free space, 

€)>= permittivity of free space, 
o=conductivity of medium 1 (salt solution), 

K,\=propagation constant for plane homo- 
geneous waves in medium 1, K?= 
Two, 

K,=propagation constant for plane homo- 
geneous waves in medium 2 (air), 
K}=wpoto, 

I=dipole current, 
l=dipole length, 


p 
¢; =cylindrical coordinates, 


h=depth of dipole source. 

If a traverse is made parallel to the z-axis with 
the radiating dipole positioned along the axis, a null 
is found for Hy. For each traverse the null lies 
along a line making an angle of approximately 35° 
with the z-axis. This may be derived from the prop- 
agation equations as follows: 


Hy=Hp sin ¢+-H¢ cos ¢. For Hy=0, 
Hp sin ¢=—H¢ cos ¢. 
Using expressions for Hp and H@¢ from eq (1) and (2), 


ill sin? ¢ ikr_Ul cos? ¢ jk 
1K ip* 22 Kp* 





2 ] 
or tan’ @=>5° 





Thus ¢=tan-! % ~ 35°16’. (4) 


Ve 


In order to verify the absolute value of the field 
given by eq (1), the expression for the radial com- 
ponent must be modified for calculation in the 
following way. 





~~ 


+ 2» 
r . yo Wo \2 
If K,=(iwuor)?=i?y2 B, where p=( e ) 
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a ‘ : 
1271 sin 3 os 
then Wagaem et ei v2en, 
m2 Bp* 


. eo ra os 1 ° 
Also since i?=e 4 and i?=~— = (1-1) we get that 
Ve 


_[_JL_ sia ¢ , py | ,i(64+4), 5 





The bracketed quantity in eq (5) gives the modulus 
of the radial magnetic field in air. 

Equation (3) may be modified in a similar manner 
to yield an expression for the vertical magnetic field 
component. 


‘ 2 i( ph+= 
He, -| 3Hisin go Od) 
4 Bp 





| #988 sing Eo), (6) 





4 7B p' 
If 
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"4 Bip! 
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= Sty 
H2,= [reg +r e'4"] eibh 
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V 2 V 2, 
72 fr \748 
Hz,= at(n—2) |'eom (7) 
v4 N 2 
where : 
ro— yV2r 
pectenn Ato 5 (8) 
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The bracketed quantity in eq (7) gives the modulus 
of the vertical component of the magnetic field in air. 

In calculating the magnetic field due to a rectan- 
gular loop with a horizontal axis, the loop may be 
considered as being composed of horizontal and ver- 
tical electric dipoles of length corresponding to the 
horizontal and vertical members of the loop, re- 
spectively. 


22 
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It has been shown by Von Aulock [3] that the 
magnetic field due to a vertical dipole attenuates 
exponentially with the distance trom the surface 
above the dipole to the point of observation in the 
conducting medium. This results in a negligible 
contribution for any reasonable distance of observa- 
tion from the dipole. Furthermore, the boundary 
conditions require that the magnetic field be con- 
tinuous across the surface of the conducting medium. 
Thus, if measurements are made above the surface 
of the conducting medium. there should be no con- 
tribution to the field in air due to a vertical dipole. 
The field due to the rectangular loop may then be 
calculated on the basis of two horizontal members 
through which the excitation current is oppositely 
directed. 


Considering the radial field, we get from eq (5) 








Ho=| S mS 0 ef (+4) (9) 

é 726 p 

H'e| 3 > el ee Oe 
4wy2B P 


Combining eq (9) and (10) 


H’ i sin @ eit [e~ Bh i6h__9— Bn’ + ph’) 








Hp2+ = Bp? 
or 
Hp.+H’ p, 
ae [e+ 6” 2¢-84¥'¢08 8{(h—h’)}]lel(* 
where — 
inate e~* sin Bh—e-*" sin Bh’ (12) 


e~*" cos Bh—e~*" cos Bh’ 


_The expression for the field of a rectangular loop 
given by eq (11) agrees with the integrated expres- 
sion given by Von Aulock [3] for the field of a small 
coil with a horizontal axis. 


4. Experimental Facilities 


Rather than attempt a full scale verification of the 
propagation equations at sea, a reduced scale tech- 
nique was adopted. This was done for a number 
of reasons. First, the cost of such an operation 
would be reduced considerably. Second, a land 
facility would permit wider exploration of experi- 
mental variables under more controlled conditions. 
Third, a facility on the base could readily be used 
for future investigations. 

After balancing cost factors against convenience, 
the facility constructed consisted of an excavation 
20 by 40 ft at the surface, 8-ft deep, with sides 
sloping at an angle of 45°. The sides and bottom 
were waterproofed with tar-impregnated felt. 





A frequency of approximately 300 ke was chosen. 
This gave a wavelength of about 4 ft in a 20 mho/m 
solution. The pool dimensions in terms of water 
wavelengths then became 10 wavelengths long by 5 
wavelengths wide.The 8-ft depth permitted simula- 
tion of an infinite medium for all practical purposes 
since the placement of a source at a 4-ft depth 
removed it a distance of one wavelength from all 
interfaces with an accompanying attenuation of 
approximately 55 db. 

The sides of the pool were lined at the top with 
1-ft wide strips of copper sheeting which were 
grounded in order to provide continuity between the 
conducting medium and ground. A satisfactory 
ground was attained by connecting the sheeting by 
means of braid to copper rods driven into the earth. 

The pool was then filled with a 26 percent solution 
of sodium chloride giving a conductivity of approxi- 
mately 20 mho/m for a temperature of 20° C. 

A General Electric Navy Model TCU-2 trans- 
mitter fed the dipole and was operated at 296-ke 
continuous wave. The transmitter was placed in a 
double wall screen room located 35 ft from the 
dipole. To match the 100-ohm transmitter output 
to the approximately 1-ohm dipole, a transformer 
with an 11-to-1 turns ratio was used. The lead to 
the dipole consisted of 95-ohm twinax cable, RG 
22/U, with shield grounded, encased in a copper 
tube which was buried in the earth and which lead 
directly into the conducting medium. The twinax 
cable in the conducting medium was connected to 
the transformer eeened in a brass can which was 
supported at a height of 4 ft above the bottom of the 
pool. Electric dipoles consisting of insulated wire 
with silver-plated steel ball terminations were used. 
Dipole current was measured with a calibrated 
vacuum thermocouple housed in the brass can and 
connected in the secondary circuit. Single turn 
rectangular loops of insulated wire were also used 
as radiation sources. Magnetic field intensity was 
measured in air with a Radio Test Set AN/PRM-1. 


5. Results 


The dipoles and loops used as radiating sources 
are listed below. After a description of eachsource 
are listed the depth of immersion, the current fed to 
the source, the conductivity of the dissipative 
medium, and the component of magnetic field 
measured. 


A. Horizontal 4-in. dipole; h=2\ in.; J=3.77 amp; 
o=18.2 mho/m; measured Hp. 

B. Horizontal 4-in. dipole; h=2% in.; J=3 
o=18.2 mho/m; measured H¢. 

C. Horizontal 4-in. dipole; h=6 in.; [=3.77 amp; 
o=18.2 mho/m; measured Hp. 

D. Horizontal 4-ft dipole; h=2% in.; J=1.03 amp; 
o=17.9 mho/m; measured Hp. 

E. Horizontal 4-ft dipole; h=38\ in.; J=1.26 amp; 
o=16.1 mho/m; measured Hp. 

F. Horizontal 3-ft dipole; h=4 in.; 7=33% in.; 
IT+1.10 amp; c=18.2 mho/m; measured Hz. 


77 amp; 
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G. Single turn 4-in. square loop with axis horizontal; All measurements with the above sources were 
h=2 in.; h’=6 in.; J=3.77 amp; c=18.2 mho/m | made at a frequency of 296 ke. : 
measured Hp. Measured data are given in table 1 for the various 

H. Single turn 4-ft by 3-ft loop with horizontal axis | sources. These data are compared in table 2, which 
(4-ft top and bottom members) ; h=2 in.; h’=38 | shows the fall off and the experimental and calculated 
in.; J=1.03 amp; c=16.1 mho/m measured Hp. | field values at 15 ft from each source. The calcu- 

I. U-Shape 4-in. square dipole; h=6% in.; [=3.77 | lated values were obtained by substitution into the 
amp; o=18.2 mho/m; measured Hp. appropriate eq (5), (7), or (11). 

TABLE 1. Measured magnetic field data using various radiating sources 
Measured magnetic field intensity in amp/m X 10° 
Distance from dipole in feet 
ps ee Jae (icc cee cae Pe a 

SET ee a ee | oe. 1 | MS |--.--.-- | BOR begeree- 30. 1 ie Ss 

ON Nee lath ohn - [ee ae eee | 2.41 | 40. 1 1 2 eee | 20.4 

| 5 Ee oo sete ae, hed een a ett | 21.6 9. 37 13. 4 702. | Ss | 224 11.5 | 83. 6 | 12.8 

=e ame 2 TE | 147 6.82| 870] 47.5 | 1.07 | 13.4 7.63 | 55.0 | 8 69 

| (SE Be ee eta, oa re ee | 10.0 5. 08 6.15 34. 8 | 0. 682 9. 03 5.55 | 40.1 | 6. 02 

| | } 

as z mig ON Re a cr Sips EA | 6.89 3. 75 4. 48 25. 4 482 6. 02 4.01 |} 31.4 4. 35 

21... ie RES He 5. 49 2. 54 3.41 | 19.4 335 | 4.01 3.01 | 22.7 3. 41 

ae aan Me a ae eee 241| 301} 234] 174 | 2.52 

| DSS rere: | 355/ Lo1| 207] 117 | .174| 217) 187] 184 | 201 

OSS aS ). 1. 51 1. 61 8.90 |_-_- ae a 161; 10.7 | 1.58 

29_- ee Na oo a, | 2. 14 1. 20 1. 34 6. 82 _| 1 2a. 1. 20 | 8. 56 | 1. 32 

TABLE 2. Comparison of magnetic field data from various 80 

radiating sources 
ee Hp (SOURCE A) 
pp! 
| | Measured Calculated 
Source | Measured | field at 15 field at 15 
fall off | ft ft 
jamp/m X 10°/amp/m xX 105 2 70 XN 
ro pias | | 4 

, a 2.9 | 14.7 | 5.3 | 5 

ee ; 3.1 | 6. 82 | 7.65 | 2 

nes 3.0 | 8. 70 | 9.59 | & 

eee 3.0 | 47.5 | 50.7 | = 

E. : 3. 3 1.07 | 1.03 | 2 60 

WwW 

eee 3. 9 13. 4 10. 2 re -_ 

emia 3.0 7. 63 | 8.20 | 

_ Ee 3. 0 55.0 | 55. 9 # 

z. 3.0 8. 69 9.37 | 2 Hg (SOURCE B) 

© 2 
Fa a at a <= 
- OY 
The data from sources A and B are plotted in " 
figure 2. This plot shows the inverse cube fall off 
for Hp; and H¢, and the 6-db factor between them. 
An examination of the results given in table 2 

shows good agreement with theory both with respect 40 

to fall off and absolute value. All experimental field 7 8 9 10 15 20 25 ~30 40 

values except those from source F were within 1 db DISTANCE FROM DIPOLE, ft 

of the calculated values. The field value from source | Ficure 2. Fall off of horizontal magnetic field components. 

F was within 2.4 db of the calculated value. Reference level: 9.65 X 10- amp/m 

The nulls of figure 3 were found to occur at 35°32’ 
for the 20-ft traverse and 37°11’ for the 55-ft traverse, | ticularly obvious, the following experiment was per- 
thus verifying eq (4). formed to more clearly determine whether or not this 
From the experimental and calculated results pre- | was actually the case. 

sented, it appears that the field is determined solely Sources A, C, and I were placed below the surface 

by the current in the horizontal radiating wires of | of the conducting medium as shown in figure 4, and 

the dipole or loop. Since this conclusion is not par- | the field radiated from each was measured. The 
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” results given in tables 1 and 2 show that source I 
a was equivalent to source C and not to source A. 
so Thus, the currents in the horizontal wires of the 
\ dipoles determine the value of the radiated field. 
\ 
40 : 
\ 6. Conclusions 
30 On the basis of the experimental results described, 
if ma the following conclusions may be drawn: 
20 — (a) The magnetic field propagation eq (1), (2), and 
— 
(3), for the range therein stated, are valid. 
! (b) For calculating the magnetic field of a dipole 
™ y using these equations, the current moment may be 
considered as due only to the currents in the hori- 
a So Se a a Sa a ee ee wires forming the dipole. 
$ DISTANCE FROM DIPOLE ALONG LINE PARALLEL TO AND 20 (c) Calculations for a rectangular loop with hori- 
> a ati zontal axis may be made on the basis of the loop con- 
ai sisting of two horizontal dipoles carrying current in 
PS opposite directions and properly phased according 
to depth in the conducting medium. 
i L I g 
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A Very-Low-Frequency Antenna for Investigating the Iono- 
sphere With Horizontally Polarized Radio Waves’ 
R. S. Macmillan,? W. V. T. Rusch, and R. M. Golden® 
(August 4, 1959) 


The advantages of a horizontal half-wave resonant antenna for very-low-frequency 
propagation experiments lie in its relatively simple and inexpensive construction and in its 


radiation pattern which is maximum in the vertical direction. 
type of antenna located at the surface of a conducting earth consist of: 1, 


The radiation fields of this 
A horizontally 


polarized space-wave field radiated in the perpendicular bisector plane of the antenna; and 


2, a vertically polarized groundwave field radiated along the axis of the antenna. 
vertically polarized field is zero at right angles to the antenna. 


perimentally verified. 


This 


These fields have been ex- 


The use of a 50-kilocycle horizontal half-wave antenna for vertical-incidence ionospheric 


sounding experiments is described. 


‘he radiation pattern of this antenna is well suite 
Tl diation pattern of this antenna is well suited 


for ionospheric soundings since a receiver located in the groundwave null receives only the 


reflected skywave signal. 


Ground-resistivity measurements made at a number of locations in Central and Southern 


California were correlated with the 


geology of the terrain. 


This correlation showed that 


the ground resistivity is highest (a condition necessary for optimum antenna efficiency) in 


areas where the underlying rock formations are relatively unfractured. 
annual rainfall and other climatic conditions have little or no effect on the 


The amount of 
resistivity. 


Finally, a unique antenna system is presented which employs resonant loading circuits 
to convert a section of an existing power line into a horizontal half-wave very-low-frequency 


transmitting antenna. 


1. Introduction 


A half-wave, horizontal, linear antenna mounted 
above the ground produces a horizontally polarized 
radiation field. This type of antenna is relatively 
inexpensive to construct, requires no tuning ele- 
ments or ground system, and is well suited for many 
vif propagation experiments. It is the purpose of 
this paper to analyze the radiation properties of this 
antenna, and to compare these theoretical results 
with experimental observations. The methods used 
can be generalized to certain types of more compli- 
cated antenna systems. The effects of the under- 
lying geology upon the radiation properties of the 
antenna have also been considered, and the con- 
clusions reached should be of considerable value in 
the selection of vif antenna sites. Finally, a unique 
system is presented whereby a commercial power 
line is used as a vif transmitting antenna. 


2. Antenna Radiation Fields 


The problem of an oscillating dipole located above 
a plane earth of finite conductivity is of great interest 
to radio engineers. The classical investigation of 
this problem was published by Arnold Sommerfeld 


1 This research was supported by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and Development 
Command under contract No. AF 18(600)-1552, with the exception of the re- 
search described in the section on experimental data, which was supported by 
the Office of Naval Research under contract Nonr.-220(07). Tne main results 
of the paper were presented at the Symposium on VLF Radio Waves held in 
Boulder, Colo., January 1957. 

2 University of Southern California, Los Angeles, California. 

3 California Institute of Technology, Pasadena, California. 
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[1], who expanded the Hertz vectors from both the 
primary excitation and the induced secondary effects 
of the ground in a continuous spectrum of eigen- 
functions, and then matched tangential fields at the 
boundary. In order to match these fields for a 
dipole parallel to the earth, Sommerfeld has demon- 
strated the necessity for two components of the 
Hertz vector, 7, and z,. Using the coordinates of 
figure 1: 


























eikRy pik Rs neg 2To(dp)e et? VN—k dd 
ee > | > > 3 > . (1) 
hy R, Jo VN —k? + yk, 
— 
e— (hz) N—k2 2 
rong” —2O=WiSi Dee MOEN 
0 (4 v— a \ cay (V?—k?+ uy —k2,) 
(2) 
where w=k?/ki, k? = wyr€o, k= wpe + wus, and 


the path of the integration is taken along the 
real axis of the complex A-plane. Similar results 
were obtained by H. Weyl [2] who recognized that 
the problem could be treated as the reflection and 
refraction of bundles of plane waves for different 
angles of incidence at the earth’s surface. Un- 
fortunately, (1) and (2) are not readily adapted to 
numerical computation, and in the years following 
Sommerfeld’s original work, many researchers have 
attempted to reduce them to more manageable form. 
A survey of the entire problem is made by J. A. 
Stratton [3]. 


4 Figures in brackets indicate the literature references at the end of this paper 
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FicureE 1. Geometry. 


K. A. Norton [4] has computed the space and 
ground waves in the radiation field (i.e., R>>)) 
of a horizontal electric dipole located on the surface 
(i.e., AO) of a lossy plane earth. From Norton’s 
results, the electric space-wave radiation field in the 
plane at right angles to the axis of the dipole is: 


ad esa B= ae 
1/ aT Faaail 


(3) 











where J is the dipole current, 7 is 120 7, the intrinsic 
impedance of free space, and dz is the length of the 
dipole. 

In order to compute the corresponding field from 
a horizontal half-wave antenna, the contributions 
from each infinitesimal element are integrated along 
a current distribution J, cos kr. (The justification 
for assuming this current distribution is presented 
below.) Then, for the half-wave horizontal an- 
tenna located on the surface of a lossy plane earth, 
the electric radiation field in the plane ¢=7/2 is 

2 cos 6 


aa i(kKR— wt) 
nS oil | 
- v1/u'—s . 


This horizontally polarized field becomes zero at the 
surface of the earth.’ Its radiation pattern (fig. 2) 
has been verified experimentally (see below) and 
degenerates into the correct expansion for the 
agg field of a free-space half-wave antenna 
when u=1. 








5 The horizontally polarized groundwave actually varies as 1/R2 but is 
negligible at vif [5]. 
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Figure 2. Radiation pattern in plane ¢=2/2. 


From Norton’s results, the electric space-wave 
radiation field in the vertical plane (¢=0) of a 
horizontal electric dipole is: 








E ih Indx][2u cos 6V1—wu? sin? OT ei *R- ot) 
Se a ; 
4 cos 6+ uy1—w? sin? 6 R 
(5) 
For a half-wave antenna it is again only necessary 


to integrate (5) along a half-wave cosinusoidal cur- 
rent distribution to find the field at any angle9. 
However, in this case the integration must account 
for the phase differences in the contributions from 
different sections of the antenna. fF is therefore 
replaced by R—asiné in the exponent. Then, for 
the horizontel half-wave antenna located on the 
surface of a lossy earth, the electric radiation field in 


the plane ¢=0 is: 








E,= —inl|  uyi— ue sin’ _| 
7 cos 6+uy1—vu? sin’é | 
cos (5 sin a) rei kR— wt) 
de é | (6) 
cos 6 R 


The radiation pattern of this field in the vertical 
plane of the antenna is plotted in figure 3. Equa- 
tions (6) and (4) are identical when 6=0. 

At the surface of the earth the field of a horizontal 
electric dipole consists entirely of the groundwave 
since the space wave becomes zero when 6=7/2. 
Conversely, the groundwave rapidly becomes negli- 
gible with increasing height. The dominant com- 
ponent of the groundwave of the horizontal electric 


dipole is verticallly polarized: 
i(kKR— wt) 
| ® 


=itk Ee [cos puy1—u? 2F] [ 
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FicureE 3. Radiation pattern in plane ¢=0. 


where 


F=1+iyrwe-” cerf (—ivw) (8) 


and 
> Dap 2 2 

te) (|w| is the numerical distance). (9) 
There is a radial component of the groundwave field, 
smaller than the vertically polarized component by 
a factor of uwyl—w? (the “wave-tilt”). There is 
also a ¢-component, smaller than the vertical com- 
ponent by a factor of u® at large distances, which 
can be neglected for practical values of earth 
conductivity. 

Integration of (7) along the antenna yields the 
vertically polarized groundwave field in the plane 
§=7/2. In evaluating the integral, R is replaced 
by R—z cos ¢ in the exponent. The groundwave 
field of a horizontal half-wave antenna located at 
the surface of a lossy plane earth is then: 





; en cos (5 cos 6) 
anol Jie ~ 
ze, rT V q sin? o 
ad et KR wt) 
x [Fea } a 





This vertically polarized groundwave field in the 
horizontal plane of the antenna is maximum along 
the axis of the antenna and zero at right angles to 
the antenna. The radiation pattern of this vertical 
field is plotted in figure 4. Horizontal components 
of the groundwave field can be neglected for small 
values of the wave-tilt. Equation (10) was also 
derived by Wait [5]. 

Examination of (7) yields information on the 
properties of the groundwave. For large values of 
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Ficure 4. Surface-wave radiation pattern in plane Z=0. 


Rk, F asymptotically approaches —} w, and hence 
the groundwave ultimately varies inversely as the 
square of the distance. In the vicinity of the 
antenna, the value of Fis unity, and the groundwave 
varies inversely as the first power of the distance. 
A complete discussion of the radial attenuation 
"\iauaoe of the groundwave is presented in [4] and 
6]. 

The fields in a plane perpendicular to the center 
of the antenna (¢=7/2 plane) can also be obtained 
by considering the superposition of the directly 
radiated fields and the fields reflected from the plane 
of the earth. 

From the expression for a half-wave antenna in 
free space, it is seen that the entire electric field is 
perpendicular to the plane ¢=72/2. Hence it is 
possible to apply the laws of reflection and refraction 
to this field. This method can be applied to many 
more complicated field problems, which would 
otherwise be difficult to solve. 

The geometrical configuration for the path of the 
direct and reflected fields at distances great compared 
to the height of the antenna is shown in figure 5(a). 
By properly matching the fields at the surface of 
the earth, and neglecting the attenuation due to the 
small difference in the path lengths, one obtains an 
expression for the total electric field of the form 


Eotai= (1+ pe-*) Fatrecty (11) 


where 


Eset 18 the free space field in the plane ¢=7/2 of 
a half-wave antenna and equals 


ota 0. 
2rkR 





__ucos 6—y1—v? sin? 6 
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= —— reflection coefficient. 
u cos 0+-+/1—v? sin? 6 





gfe cos 6, phase delay of reflected wave. 
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Figure 5. Geometrical configuration for the reflection method. 


For cases in which the height of the antenna is 
small compared to a free space waveiength, the ratio 
of the total electric field in the plane ¢=z/2 to the 
corresponding field in free space is given approxi- 
mately by: 





2 cos 6 
Prorat 1 4 p= : < (12) 
Eairect cos 6 +7 1/u?—sin? 69 
Equation (12) is the same as the previously derived 


eq (4). 

This derivation has assumed a perfectly homo- 
geneous earth. In many locations, however, rock of 
high resistivity is covered by a mantle of low re- 
sistivity soil. Hence this case will now be considered. 

A homogeneous earth is assumed to be covered 
with a layer of thickness “a” which has a much 
lower resistivity than the material that it covers, as 
shown in figure 5(b). 

The reflection method is still useful for this case 
since the infinite series obtained due to multiple 
reflections and refractions at the two surfaces So, 
and §,. can be readily summed. One thus obtains 
for the ratio of the total field to the direct field: 


Oe  Pize Ne 3) 
= tal J + ¢-%8 foe Ot ’ (13) 
Esirect 1+ porPise ‘ 


where 
u, COS 6B—V¥1—u? sin? 6 
bens . a 
u, cos 6+ +41—u? sin? 6 





reflection coefficient for waves reflected from So;. 





Pe oy 1—Uu} sin? 6+u,1— u3 sin? 6 





reflection coefficient for waves reflected at Sj». 


1— vu? sin’ 6 
Uy 


5,= (42a/X,) ¥ 


phase delay in top layer. 


Expressing u; in terms of the skin depth, d,, in the 
top layer gives u,=kd,/2. For a resistivity of 100- 
ohm-m, and for frequencies between 5 and 20 ke, the 








skin depth varies from 70 to 35 m. Typical values 
for the thickness of the top layer are several meters. 
If the thickness is small compared to a skin depth, the 
ratio of the fields is very nearly 





2 cos 6 
Frou 4 Porton cos — (1 ) 
“direct rPoPiz cos 6+ 71/u3—sin? @ 


which is the same as expression (12) derived for the 
case of the homogeneous earth. Thus, the influence 
of a good conducting layer can be neglected if its 
thickness is very much less than a skin depth. 

The magnitude of the ratio of the total field 
directly above the antenna to the free-space field for 
a relative capacitivity of 6 is plotted in figure 6 as 
a function of the product of frequency and resistivity. 
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Figure 6. Magnitude of ratio of total field directly above the 
antenna to free-space field. 


For the case of a stratified earth, the reflection 
method becomes cumbersome. This case is most 
readily solved by the wave method in which the 
field is resolved into traveling waves. By assuming 
solutions in each layer and matching the fields at 
the interfaces, one can obtain solutions for the fields 
directly above a horizontal antenna of arbitrary 
length. Wait has applied this method to a long wire 
filament and has obtained an expression for the 
electric field on the surface of the stratified medium [7]. 


2.1. Experimental Results 


The properties of a horizontal half-wave antenna 
were investigated experimentally with three an- 
tennas located over ground with varying electrical 
properties. 

The first antenna, half-wave resonant at 197 Me, 
was located over dry rocky soil. Field strength 
measurements were made in the perpendicular bi- 
sector plane of the antenna. Figure 7 shows the 
theoretical and measured radiation patterns in this 
plane. By noting the ratio of maximum to minimum 
field strength directly over the antenna as the height 
of the antenna was varied, it was possible to calculate 
the relative capacitivity of the underlying ground. 
From (11): 


Ersx _ 1 
ia (p<0). (15) 
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Figure 7. Field pattern of X/2 antenna over a jlane earth 
h=0 (calculated results for e-=16, 10 and measured values for 
5). 


Cp = 

Using a value of 12.5 for the relative capacitivity it is 
seen that the radiation pattern of the antenna is in 
good agreement with the theoretical result given by 
(4). 
The input resistance of the antenna was also meas- 
ured as a function of antenna height. From figure 8 
it is seen that the resistance fluctuated about 70 
ohms when the height was greater than 4/4, but in- 
creased rapidly when the height approached zero. 
At a height of 1.5 cm the input resistance was 80 
ohms. The rise in resistance may be attributed to 
increased ground losses. 
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(a) Calculated for e-=© 
(b) Experimental for ¢=12.5. 
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A second antenna approximately 2,000 m in length 
was constructed above ground of relative capacitivity 
¢-=6 or 7 and resistivity 137 ohm-m. The average 
height of the antenna was 1 m and it was resonant at 
60 ke. The input resistance of the antenna (including 
24 ohms copper loss) was 127 ohms. Changing the 
average height of the antenna to 3.4 m reduced the 
input resistance to 79 ohms. This change in resist- 
ance may be attributed almost entirely to the reduc- 
tion in ground losses. 

The third antenna was erected at approximately 
the same site as the second antenna and consisted of a 
wire 8,000 m long, supported about 3.4 m above the 
ground. By locating switches along the wire, it was 
possible to tune the antenna to different frequencies 
(simply by opening the appropriate pair of switches) . 
The antenna was thus half-wave resonant in the fre- 
quency range between 18 ke and 250 ke. The verti- 
cally polarized field at the surface of the ground was 
in excellent agreement with the theoretical pattern of 
figure 4. The wave tilt was found to be very small as 
expected for this type of terrain. No vertically polar- 
ized field could be detected at the surface of the 
ground in the equatorial plane of the antenna. 

The input resistance to the antenna at 18 ke was 
82 ohms, 20 ohms of which was the estimated copper 
loss. The quality factor, Q, of the antenna was 
measured to be 12 at this frequency. 

Several continuous-wave, vertical-incidence, iono- 
spheric-sounding experiments using this antenna 
were conducted by Bergman et al. [8]. The antenna 
was driven by a 800-w transmitter which was tunable 
over a frequency range from 14 to 70 ke. The re- 
ceiving site was located at a distance of 64 km from 
the transmitter in the perpendicular bisector plane 
of the transmitting antenna. Since no ground wave 
existed in this plane, it was possible to use two 
crossed dipoles to directly detect the relative ampli- 
tude and phase of the downcoming skywave, without 
subtracting a ground-wave component. 

The dipoles were each 30 m in length and were 
oriented parallel and perpendicular to the vertical 
plane of the transmitting antenna. This orientation 
made it possible to record directly the skywave com- 
ponents polarized parallel to and normal to the plane 
of incidence. 

By transmitting a continuous signal, data on the 
variations in height of the ionosphere were recorded. 
This was accomplished by comparing the phase of 
the received signal with a reference phase signal 
transmitted over a direct line-of-sight vhf com- 
munication channel. 

The geometry of the sites is shown in figure 9. The 
particular spacing and orientation was governed by 
the geography of the area, and the requirement of a 
line of sight between stations. A block diagram of 
the complete system is shown in figure 10. 

The experimental antennas thus made it possible 
to verify the theoretical radiation fields of a half- 
wave antennafromegqs (4)and(10). Therapid increase 
in antenna resistance as the antenna height ap- 
proached zero is attributed to the increase in ground 
losses. This result was predicted by Sommerfeld and 
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FicureE 9. Geometry of the transmitting and receiving antennas. 


Renner [9] who determined the radiation and earth 
absorption of a dipole antenna over a finite conduct- 
ing earth. Their results are basically those presented 
in figure 8. This rapid increase is due to the ex- 
tremely high fields in the immediate vicinity of the 
antenna wire. Thus, in order to prevent excessive 
losses, a horizontal vif antenna should be placed at 
least several meters above the earth’s surface. 


3. Form of the Current Distribution 


Coleman [10] has shown that the propagation con- 
stant of waves traveling along a wire located at the 
interface between two media is strongly affected by 
the intrinsic propagation constants of the two media. 
In the case of actual ground constants encountered at 
very low frequencies, the propagation constant for 
waves traveling along a wire located at an earth-air 
interface is 

1 ~ 
Pes (1+2)y ou. (16) 
However the change in propagation constant from 
the free-space value to the interface value is expected 
to be quite sharp, the transition taking place in a few 
diameters of the wire [5]. 
The horizontal, half-wave antenna discussed in 
this paper was mounted on poles, several meters 
above the earth. The fields of eqs (4), (6), and (10) 
were calculated assuming the antenna to lie on the 
earth (i.e., h=0). This approximation is justified 
when it is considered that at very low frequencies 
the wavelength is at least 10 km, so that \>>A. 
On the other hand, the criterion that the antenna 
wire be more than a few wire diameters above the 





earth is also satisfied, i.e., dC<h. Since the prop- 
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Ficure 10. Block diagram of the' transmitting and receiving system. 
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agation constant should then be close to that of free 
space, the approximation has been made that the 
current distribution on the horizontal, half-wave 
antenna is J,;(z) =o cos ker, —* <r< * To deter- 
mine the validity of this approximation, an experi- 
ment was performed using the antenna resonant at 60 
ke. The antenna was approximately 2,000 m long 
and had an average height of 1m. The wire diameter 
was approximately 4% cm. The antenna was driven 
at its center with a power oscillator, and the antenna 
current distribution was determined by inserting a 
thermal ammeter at a number of points along the 
antenna wire. The accuracy of the current distribu- 
tion which was obtained was limited by the linearity 
of the ammeter and any small fluctuations of the 
oscillator power level which may have occurred dur- 
ing the course of the measurements. Within the 
estimated accuracy of 5 percent for the experiment, 
no departure from a cosinusoidal current distribution 
could be detected. 

A second experiment was performed with a 10 Me 
antenna mounted 1 m above the ground with vir- 
tually the same results as for the 60 ke antenna. 





Furthermore, for the high values of ground resis- 
tivity which are of interest, and with the antenna 
located several meters above the earth’s surface, any 
departure from the cosinusoidal current distribution 
should be pronounced only towards the ends of the 
antenna where the magnitude of the current is small. 
The authors believe that the departure from the 
assumed cosinusoidal current distribution would have 
only a very minor if not negligible effect on the values 
of the radiation fields of eqs (4), (6), and (10). 


4. Ground Resistivity 


For antennas of the type being considered, it has 
been shown that the product of the earth’s resistivity 
and the excitation frequency must be high to obtain 
a reasonable value for the radiated fields (see fig. 6). 
In order to find a site with extremely high ground 
resistivity, measurements were made at a number of 
locations in Central and Southern California (see 
fig. 11). The resistivity measurements were made 
by the four-electrode method [11]. The four elec- 
trodes are placed in the ground at specified distances 
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Figure 11. Southern California ground resistivity measurements. 
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apart, and a current is passed between the outer 
electrodes while the potential difference between the 
inner two is measured. From this measurement, the 
ground resistivity can be determined. 

The resistiv. ity measurements were made in three 
general areas of California—the Mojave Desert re- 
gion, a triangular section (indicated by the numeral 
II in fig. 12) of the Peninsular Range province, and a 
section of the Sierra Nevada Mountains east of 
Fresno. 

The Mojave Desert is a broad interior region of 
isolated mountain ranges separated by expanses of 
desert plains. It has an enclosed drainage system 
with playas, except for the bordering Colorado River 
province on the east. There are two important 
fault trends: the NW-SE trend is the more prominent, 
while the E-W trend is secondary. The province is 
wedged in a sharp angle between the Garlock fault 
and the San Andreas fault (see fig. 12). 

The Peninsular Range province consists of a series 
of ranges separated by longitudinal valleys, trending 








NW-SE. The trend of the topography is like that of 
the coast ranges, but the geology is more like that 
of the Sierra Nevada. The dominating rocks are 
granitic, intruded into older metamorphic series. 
The coastal area receives 11 to 18 in. of rainfall per 
year while some of the higher mountains receive as 
much as 50 in./yr 

The Mojave Desert resistivity measurements were 
made in areas which: (1) Received very little rainfall ; 
(2) had a very-low water table (as low as 2,300 ft 
below the surface) ; and (3) were underlaid by granitic 
rocks. However, the resistivity values were much 
lower than expected. These values ranged from 68 
to 330 ohm-m (see fig. 11) 

The low values of resistivity are attributed to the 
extensive faulting which occurs in the province (see 
fig. 12). The rocks are badly fractured, and these 
fractures contain water which is held by capillary 
forces. Thus the resistivity is low, even though the 
area receives little rainfall—as low as 0.5 to 2 in./yr 
in some sections. 
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FIGurRE 12. 
Based mainly on mapping and compilation by C. R. Allen, T. L. 


Map showing major faults in a large part of Southern California. 
Bailey, T. W. 
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The triangular section indicated by the numeral 
II in figure 12 is a large block or batholith which is 
free of faulting. Large areas of relatively unfrac- 
tured granite were found in both this triangular sec- 
tion and the Sierra Nevada Mountains. The re- 
sistivity values for these areas were found to range 
from 2,100 to 5,120 ohm-m. It is concluded that for 
high values of resistivity, the rock formations must 
be relatively unfractured, while the amount of annual 
rainfall and other climatic conditions are of little 
significance. 

It might be inferred from figure 12 that there is 
little faulting in the areas indicated by the numerals 
I and III. However, this is not the case. The 
faults are not shown in these areas, because deep 
aluvium deposits prevent their accurate location. 


5. Power-Line Antenna 


In 1955 a program of research was initiated by the 
California Institute of Technology under the sponsor- 
ship of the Office of Scientific Research of the Air 
Research and Development Command. The pur- 
pose of this research was to investigate various 
aspects of vif propagation. 

Initially it was proposed to construct a horizontal 
half-wave antenna. It was subsequently proposed, 
however, that a commercial power line might be 
used as the transmitting antenna. This proposal 
led to the analysis, design, and construction of a 
unique vif antenna system. This system employed 
a single-phase, medium voltage, commercial power 
line. The antenna section was isolated from the rest 
of the distribution system by parallel resonant 
circuits, or line-traps (see fig. 13). Two of these 
traps were located at each end of the half-wavelength 
antenna section, and two at the center of the antenna. 
The end traps served principally to prevent the radio- 
frequency energy from coupling past the antenna 
section into the remainder of the power distribution 
system. The center traps isolated the antenna 
section into two halves so that it could be fed as a 
balanced, center-fed antenna. The radiofrequency 
traps were designed to present a negligible impedance 
to the flow of 60 cps power and a maximum im- 
pedance to the radiofrequency power. In this man- 
ner it was possible to draw 50 kw of 60 cps power 
from the center of the antenna section to drive the 
transmitter while simultaneously radiating vif en- 
ergy from the same section of line. 

The radiation patterns of the power-line antenna 
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Figure 13, Schematic diagram of the power-line antenna 
system. 
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are virtually identical to those of figures 2, 3, and 
4 [12]. 

The power-line antenna was used primarily for 
ionospheric sounding experiments at 8.4 ke. Meas- 
urements of the amplitude variations of the reflected 
sky wave signal revealed information about the 
lower regions of the ionosphere. Transcontinental 
detection of the 8.4-ke signal from California to 
Cambridge, Mass., indicated that the antenna 
system is also capable of long-range propagation. 


6. Conclusions 


The radiation field of a half-wave, linear antenna 
located above a plane earth of finite conductivity 
consists of: (1) A horizontally polarized field in the 
midplane perpendicular to the antenna, which is zero 
in the plane of the earth; and (2) a vertically polar- 
ized groundwave which is maximum in the direction 
of the axis of the antenna and zero at right angles 
to the antenna. This radiation field, given in eq 
(4), (6), and (10) has been confirmed by experimental 
data. The nature of its radiation field makes this 
simply constructed antenna extremely useful in 
ionospheric propagation experiments. The radia- 
tion is maximum in the vertical direction, and in the 
midplane of the antenna there is no direct ground- 
wave radiation to interfere with the reflected sky- 
wave information. 

To obtain maximum radiation fields, it is neces- 
sary to locate the antenna over ground of high 
resistivity. This type of ground is primarily lo- 
cated in geological areas free of faulting. 
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Effects of High-Altitude Nuclear Explosions on Radio Noise 
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(July 9, 


High-altitude nuclear explosions over Johnston Island in August 1958 appear to have 
had a rather pronounced effect on the radio noise recorded at Kekaha, Hawaii. Graphs 
are presented showing the hour-to-hour variation of the noise during August at eight fre- 
quencies from 13 ke to 20 Me. All frequencies seem to have been affected, and the drop in 
received noise power amounted to as much as 32 db in the hour following the first explosion. 
The period of time over which abnormal noise conditions were observed suggests that high- 
altitude nuclear explosions may have a rather persistent effect on radio communications at 


certain frequencies. 


1. Introduction 


Atmospheric radio noise originates primarily in 
thunderstorms, and the amount of noise received at 
a given location is influenced not only by storms in 
the immediate vicinity, but also by storms a few 
hundred to several thousand miles distant. Since 
the noise from these distant storms is propagated by 
the ionosphere, a record of the radio noise will give 
an indication of changes in the ionosphere, particu- 
larly if there is little or no obscuring effect from 
storms close enough for groundwave propagation. 

Noise records obtained in Hawaii during August of 
1958 indicate an abnormal condition in the iono- 
sphere which apparently persisted for most of the 
month, and which seems to be related to high altitude 
nuclear explosions over Johnston Island. 


2. Observations 


The system of noise recording used in the National 
Bureau of Standards network [1]! obtains a 15-min 
sample of the average noise power each hour on 
eight frequencies ranging from 13 ke to 20 Me.’ 
A median value of all observations made during a 
month at each hour of the day is determined at the 
end of each calendar month and is referred to as 
the “month-hour” median value of the noise. Neces- 
sary calibration factors are applied to convert to 
“db above ktb,” this converted value being referred 
to as “F,,” or the effective antenna noise figure. 

The Kekaha recording station is located on the 
island of Kauai, Hawaii. The nearest areas with 
high thunderstorm activity are on or near the major 
continental land masses several thousand miles dis- 
tant. Records of weather stations on the islands of 
Kauai, Hawaii, and Oahu indicate a mean annual 
number of days with thunderstorms of less than ten, 
and no thunderstorms were observed at any of these 
stations during July or August 1958 [2]. It may be 





' Figures in brackets indicate the literature references at the end of this paper. 
4 Note: A 500-sec time constant is used in the averaging circuits. 
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assumed, therefore, that the noise recorded at 
Kekaha in August was mainly noise originating at 
considerable distances from the station, and that 
most of it was propagated by the ionosphere. 

From April through July of 1958, the median 
noise levels recorded at Kekaha indicated a remark- 
ably constant pattern of noise: both the shape of the 
diurnal noise curve and the median observed levels 
of the noise power (for a particular time of day) 
showed only minor variations from month to month. 
The median levels for August, however, indicated 
some marked changes had occurred: from 51 ke to 
2.5 Me, the median nighttime levels were 5 to 15 db 
lower than previously, while the daytime levels at 
51 ke and 160 ke were from 5 to 10 db higher than in 
previous months. The median diurnal range at 
160 ke amounted to only 23 db in August, compared 
to 42 db in July; but in September the noise was 
once again very close to the July levels (fig. 1). 
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Figure 1. Month-hour median values of radio noise at 
Kekaha. 











The day-to-day and hour-to-hour variations in 
recorded noise power at Kekaha for the period July 
25 to September 4, 1958, are shown in figures 2, 3, 
and 4. The period July 25 to 31 is indicative of 
normal conditions at Kekaha: the noise tends to 
reach its highest levels between 2200 and 04C0 
H.s.t. (Hawatian standard time) with a fairly rapid 
fall starting at or shortly after local sunrise (about 
0530 H.s.t. in late July) and reaching a minimum be- 
tween 0800 to 1200 H.s.t. At 13 ke, however, the min- 
imum value usually occurs in late afternoon; while at 
51, 160, and 545 ke (and occasionally at higher fre 
quencies) there are two minimums: about 0800 to 
1000 and 1600 to 1800, with midday levels at these 
frequencies commonly 4 to 10 db above the minimum 
level. 

Two nuclear devices were set off over Johnston 
Island (about 700 miles southwest of Kekaha) in 
August: one at an altitude of greater than 60 km on 
August 1 at 1050 G.c.t. (0050 H.s.t.), and a second at 
around 30 km on August 12 at 1030 G.c.t. (0630 
H.s.t.) as announced by the AEC [3]. 

Referring to figure 2, note the abrupt drop in the 
received noise which occurred shortly after midnight 
on August 1, at a time of day when the noise is 
normally steady or rising. The original recorder 
charts show that the drop in noise level was practi- 
cally simultaneous with the explosion; the average 
noise power on the low frequency channel recording 
at the time (545 ke) began dropping rapidly at about 





0050 H.s.t. and fell 18 db in 10 min. Because of 
the averaging time delay of the equipment, the actual 
decrease of the noise power during this interval was 
probably much greater, as indicated by the value 
obtained on 545 ke 1 hr later which was 32 db below 
the reading at 0050 H.s.t. 

After the initial decrease in the noise, a partial 
recovery began 1 or 2 hr after the explosion, and it 
appears to have been nearly complete within a few 
hours at 5, 10, and 20 Me as well as at 13 ke. How- 
ever, at 51, 160, and 545 ke and at 2.5 Me the night- 
time levels were 10 to 30 db lower (than the pre- 
blast averages) for about six days, and conditions did 
not appear to be completely normal when the 
second explosion occurred on August 12. 

Coincident with the second blast, the received 
noise level at Kekaha again dropped sharply, but the 
immediate effect of the explosion seemed to be some- 
what smaller than after the August 1st blast. The 
long-term effects seem to have been somewhat 
greater, however, with a very slow rate of recovery at 
51 ke to 2.5 Me for 10 to 12 days afterward and a dis- 
turbed condition prevailing for about another 10 
days. After about September 1, the recorded noise 
again seemed to be near normal (pre-August levels). 


’ Note: The apparent premidnight drop at 545 ke is attributable to the method 
of sampling used in the ARN-2recorder. The value for the ‘‘00”’ hour is recorded 


at any time between 0000 and 0100 L.s.t., depending on the frequency; in this case, 
the values plotted at ‘‘00” for 545 ke and 20 Me were actually recorded about 10 
min after the blast, while the values plotted at ‘‘00” for all other frequeneies were 
recorded before the blast, 
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Radio noise power recorded at Kekaha, Hawaii: July 25 to August 7, 1958. 


Time of explosion indicated by arrows. 
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FIGURE 3. 
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Radio noise power recorded at Kekaha, Hawaii: August 8 to August 21, 1958. 


Time of explosion indicated by arrows. 
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Ficure 4. Radio noise power recorded at Kekaha, Hawaii: August 22 to September 4, 1958. 
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The unusually high levels recorded from 13 ke to 5 
Mc on August 25 and 26 (fig. 4) may have been 
related to some local electrical phenomena on Kauai, 
since the station engineer reported a heavy overcast 
in the vicinity of Kekaha both days. However, no 
lightning or thunder were observed and no rainfall 
was recorded on either day in the southwest part of 
the island [4]. It seems more likely that some 
unusual ionospheric condition was responsible for the 
high noise levels recorded on these days. 

As shown in figure 1, the median noise during the 
daytime at 51 ke and 160 ke was higher than normal 
during August. At 51 ke in particular, there was a 
‘leveling out” of the received noise pattern in the 
daytime; the usual morning and afternoon mini- 
mums were much less pronounced or did not appear 
at all, and the overall daytime levels for several 
days after each explosion were close to the midday 
levels recorded during the pre-August period (fig. 
2 and 3). 


3. Conclusions 


The records of the Kekaha noise station during 
August provide evidence of sudden and large magni- 
tude changes in the ionosphere following the nuclear 
tests at Johnston Island. The main source of at- 
mospheric noise at the time of day when the explo- 
sions occurred was probably in southeast Asia or 
Indonesia, resulting in a propagation path through 
or very near to the blast area. Apparently the region 
in which each explosion took place became very 
highly ionized, resulting in greatly increased absorp- 
tion of signals normally propagated from levels of 
the ionosphere above that region. 

Since an omnidirectional antenna is employed in 
the noise measurements, the horizontal extent of the 
abnormal ionization must have been rather large to 
produce changes in noise level of the degree observed 
at Kekaha. Some indication of the spread of ioniza- 
tion may be obtained from observations of signal 
strengths in a San Francisco, California to Hiraiso, 
Japan path at 13.75 Mc, which show a large loss 
of signal coinciding closely with the time of the first 
explosion [5]. Since this path is some 3600-km 
north of Johnston Island, a very rapid spread of 
ionization must have occurred to the north of 
Johnston. On August 12, however, when the explo- 
sion occurred at a much lower altitude, no significant 
effects were noticed on this circuit, although paths 
nearer Johnston were affected. 
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Because of the relatively short recombination 
time in the region where the explosions are thought 
to have occurred, the increase in absorption should 
have been of short duration. However, the Kekaha 
noise records indicate either a continued high level 
of absorption or a decrease in transmitted noise. 
The major sources of the noise received at Kekaha 
are believed to be several thousand miles distant, 
and it is extremely unlikely that overall thunder- 
storm activity in these regions could have been 
affected by the explosions to a sufficient degree to 
account for the changes in noise level which were 
observed. Therefore, it would seem that some 
mechanism in the ionosphere was acting to cause 
absorption of noise at night for an extended period 
at the frequencies from 51 ke to 2.5 Mc, while at 
the same time some improvement in daytime 
propagation may have occurred at 51 ke and 160 ke. 
Regardless of the exact mechanism involved, the 
Kekaha noise records provide evidence that high- 
altitude nuclear explosions may have a rather per- 
sistent effect on radio communications, particularly 
in the frequency range of 51 ke to 2.5 Me. 

Preliminary investigations of noise records from 
other stations in the NBS network have disclosed 
anomalies which may be related to the Johnston 
tests, but because of the more complicated nature 
of the received noise at these locations (compared 
to Kekaha), no conclusions can be reached until 
more thorough studies of the records can be made. 


The author thanks W. H. Ahlbeck, station engi- 
neer at Kekaha, for the excellent series of noise 
measurements analyzed in this paper, and W. Q. 
Crichlow and W. F. Utlaut for helpful suggestions. 
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Atmospherics'’ 


Tatsuzo Obayashi? 
(August 20, 1959) 


New spectroscopes recording continuously the amplitude-frequency spectra of vlf 
atmospherics have been developed. Two receivers cover the frequency ranges 1 to 10 ke 
and 5 to 70 ke sweeping the respective bands repeatedly, and their outputs are displayed on 
intensity modulated cathode-ray tubes which are photographed on slowly moving film. 

Observations have been carried out since June 1958, and it appears that the results pro- 
vide an excellent experimental basis for comparisons with the mode theory of vlf ionospheric 
propagation. It is found that the frequency spectrum of distant atmospherics indicates a 
pronounced absorption near 3 to 5 ke, a broad intensity maximum around 10 to 20 ke, and a 
general decrease towards higher frequencies with undulating peaks. The selective absorption 
bands appearing in the spectrum are variable according to the time of day and seasons. 
These changes may be interpreted loosely as an ionospheric effect which is associated with the 
cutoff frequency of the waveguide bounded by the earth and the ionosphere. The solar flare 
effect on vif atmospherics propagation is also revealed, which indicates a sudden shift of the 
spectrum to higher frequencies owing to the increase of ionization and the lowering of a re- 








flecting height of the ionosphere. 


1. Introduction 


Considerable attention has been given recently to 
the very-long-distance propagation of radio waves in 
the very-low-frequency band (vlf). It is known that 
naturally-occurring atmospherics can provide excel- 
lent information about vlf propagation. Many in- 
vestigators have found that vlf waves propagate to 
great distances with very small attenuation; how- 
ever, they have also found evidence of a pronounced 
absorption band between 2 to 4 ke. Chapman and 
his colleague [1, 2],’ for example, have made precise 
observations on waveform characteristics as well as 
the amplitude-frequency spectra of individual at- 
mospherics. Their results showed that the spectrum 
of atmospherics varies with the distance of propaga- 
tion, indicating the existence of an appropriate mode 
of propagation and of the strong selective attenuation 
due to ionospheric influences. 

Meanwhile, a new theory of vif ionospheric propa- 
gation, known as the mode theory, was suggested by 
Budden [3] in 1951. According to his theory, waves 
that have traveled considerable distances act as if 
they were propagated in the space between parallel 
reflecting surfaces representing the earth and the 
lower edge of the ionosphere, and the observed pres- 
ence of an absorption band for frequencies of the 
order of 3 ke could be explained with this model when 
an appropriate value for the electron density of the 
reflecting layers is assumed. Further progress in 
theoretical studies have been made recently, par- 
ticularly by Wait [4, 5], who has carried out elaborate 
computation of the modes of ionospheric propaga- 
tion and showed that the characteristics predicted by 
the theory are in good accord with the experimental 
facts gathered from many sources. 





1A preliminary account of this work is given by T. Obayashi, S. Fujii, and 
T. Kidokoro, An experimental proof of the mode theory of vif ionospheric propa- 
gation, J. Geomagnetism and Geoelectricity 10, 47 (1958). 

2 Radio Research Laboratories, Kokubunji, Tokyo, Japan (invited paper). 

3 Figures in brackets indicate the literature references at the end of this paper. 
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In the present investigation, further experimental 
proof of the mode theory of vlf ionospheric propaga- 
tion is presented. A new apparatus is described 
which records continuously the frequency spectrum 
of atmospherics. Two such radio spectroscopes cov- 
ering the frequency ranges 1 to 10 ke and 5 to 70 ke 
are used. The basic action of the spectroscope is to 
scan the respective vlf bands continuously; the out- 
puts are displayed on an intensity-modulated cath- 
ode-ray oscillograph and recorded photographically, 
instead of conventionally recording the amplitude of 
signals at several fixed frequencies. The pattern on 
the photographic film is, therefore, an intensity- 
modulated plot of frequency against time; and the 
variations of frequency spectrum such as the diurnal 
characteristics or ionospheric disturbances are clearly 
demonstrated. 

It appears that the results provide excellent experi- 
mental proof for the mode theory of vif ionospheric 
propagation. The results obtained so far are very 
encouraging. Some novel results are also found and 
their interpretations given in the present paper. 

2. Measuring Equipment 

The main purpose achieved with the present 
apparatus is the continuous observation and a direct 
display of the frequency spectra of atmospherics. 
Although there are several kinds of spectrum 
analyzers which could be applicable to the study 
of atmospherics, a scanning type of spectroscope is 
considered to be preferable because of the require- 
ment of continuous observations. 

The apparatus consists of two sets of radio spectro- 
scopes covering the frequency ranges 1 to 10 ke and 
5 to 70 ke. Each set has a conventional vif atmos- 
pherics receiver, a frequency-scanning device, and a 
display unit including a photographic motion camera. 
A block diagram of the spectroscope is shown in 
figure 1. The antenna is a vertical whip with an 
effective height of 10 m. The receiver is a super- 
heterodyne type consisting of hf and IF amplifiers, 
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Ficure 1. A block diagram of vlf spectroscope. 


mixer, and detector. The local oscillator sweeps 
frequencies between 101 to 110 ke and between 105 
to 170 ke by using a dust-core to alter its inductance. 
The sweep voltage is fed from a sawtooth generator. 
Simultaneously, a synchronized sweep is applied to 
the time-base of a cathode-ray oscilloscope so that a 
given horizontal position of the oscilloscope spot 
corresponds uniquely to a single frequency. By 
mixing this local oscillator with the external signal 
and applying a narrow-band IF transformer of 
100 ke, the receiving frequency ranges are converted 
to 1 to 10 ke and 5to 70 ke. The IF bandwidths are 
+600 cps respectively, and the frequency scanning 
rate is about 10 cps. These are appropriate for the 
present purpose. Special attention has been paid 
to provide a flat frequency response of the receiver 
over the swept-frequency range and with strong 
attenuation for the rest of frequencies. The overall 
frequency response of each receiver is shown in 
figure 2. It is evident that the receiver has a flat 
characteristic over the respective sweep-frequency 
range and a large attenuation more than 30 db at the 
rest of frequencies. 

Thus, as the receiver sweeps the frequencies, giving 
complete covering of vif band, the output is displayed 
as an intensity-modulated line on a cathode-ray 
oscilloscope. This is photographed on a slowly 
moving (1.5 em/hr) 35-mm film, producing a fre- 
quency-time record with intensity of atmospherics 
appearing as variations in photographic density. 
The combination of the film characteristic and the 
logarithmic compressor permits the recording of a 
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Figure 2. Frequency response of the receivers. 
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wide range of signal intensities (more than 20 db) in 
considerable detail. The record is calibrated by the 
frequency markers of the 2 ke- and 10 ke-multi- 
vibrators every hour which is switched on auto- 
matically by a standard time clock. 

This type of vif atmospherics spectroscope cer- 
tainly has a major advantage over that of recording 
of atmospherics intensities at a number of single 
frequencies, and so far the results obtained have 
been very successful. Since the pattern on the film 
is an intensity-modulated plot, an auxiliary apparatus 
to reproduce an amplitude-frequency spectrum has 
also been designed. This is accomplished by suc- 
cessive scanning on the film using a photoelectric 
tube. An original amplitude of the signal is obtained 
in db seale with the aid of a suitable comparison 
technique. 


3. Frequency Spectra of Atmospherics 
Propagated Through the Ionosphere 


Observation of atmospherics using the present 
vif spectroscopes has been carried out at the Hiraiso 
Radio Wave Observatory since June 1958. Simul- 
taneously the continuous measurement of the 
intensity of atmospherics at 28 ke has also been made. 
Some of the records obtained are reproduced in 
figure 3, which are shown by the frequency-versus- 
local-time patterns, highlighted and dark portions 
indicating intense atmospherics and weak or no 
atmospherics, respectively. Signals from radio sta- 
tions are also recorded, which appear at white 
straight lines indicated by ew. As can be seen 
clearly in these records, it is significant that there 
exists a strong absorption band for atmospherics 
propagation around 2 to 4 ke. The. intensity of 
atmospherics is maximum at about 10 to 20 ke, and 
it decreases towards higher frequencies with remark- 
able undulating peaks. Considerable diurnal and 
seasonal variations are noticed. 

In the discussion of these frequency spectra of 
atmospherics, however, the following point must be 
made in order to have an understanding of the 
frequency-versus-time characteristics of atmospherics 
displayed in the present records: since the duration 
of atmospherics is usually less than a few milli- 
seconds, individual atmospherics photographed cover 
only a limited range of the frequency band, since 
the time-base of the oscilloscope is converted to the 
frequency sweep. In other words, the period of 
sweep frequency (order of 0.1 sec) is not short 
enough to cover the whole spectrum of individual 
atmospherics. However, if it is assumed that 
numerous atmospherics are occurring at random 
within a short duration, the film recorded with a 
sufficiently long time exposure should reveal the 
relative amplitude-frequency spectrum in a loose 
statistical sense. 

Looking through the records, it has been found 
that the short-distance atmospherics (probably less 
than 100 km) do not show complicated spectral 
patterns, but they indicate rather a flat spectrum 
over wide frequency range (fig. 4). Therefore, the 
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Figure 3. Frequency spectra of vlf atmospherics of ionospheric propagation. 
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Figure 4. Records of shorl-distance atmospheric, indicating a flat spectrum over a wide frequency range (+ time during which 
local thunderstorms were active). 
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outstanding features of strong selective absorption 
bands appearing in the records must be due to 
atmospherics propagated through considerable dis- 
tances, which may be largely influenced by the 
ionospheric conditions. 

In order to show more clearly the observed 
characteristics of vlf atmospherics, detailed analysis 
is made using those data of measured amplitude 
frequency spectra, which are obtained with the aid 
of the photoelectric scanner. In figure 5, average 
diurnal variations of amplitude-frequency spectrum 
of atmospherics for winter (January) and summer 
(June) seasons are shown, in which local short- 
distance thunderstorms are excluded. The char- 
acteristics of vif radio-wave propagation are well 
represented, though the detailed structure of spec- 
trum is rather smoothed out. For comparison, the 
average diurnal variations at the fixed frequency, 





The 
one around 16 hr is, however, more or less attributed 
to the thunderstorms in the vicinity of Japan, and 
hence the spectrum of atmospherics during this time 
of day shows a slightly different nature when com- 


maximums appear in the summer afternoon. 


pared with other seasons. From this analysis, it is 
confirmed that the nighttime spectrum shows strong 
absorption at about 2 to 3 ke and has a broad 
maximum at 5 to 50 ke with several undulating 
peaks. On the other hand, the daytime spectrum 
has smooth double maximums at 15 ke and 40 ke, 
its intensity being weaker than that of nighttime. 
Such general characteristics are well illustrated in 
figure 7, in which typical amplitude-frequency 
spectra at nighttime and daytime are shown. 

One of the most interesting phonomena appearing 
in the records is the effect at the transition of spec- 
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Figure 5. 


Average diurnal variations of vif amplitude-frequency spectrum at atmospherics in 


winter and summer seasons (shown in upper and lower sets, respectively). 
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Ficure 6. Average \diurnal variations of integrated field inten- 
sity of atmospherics (28 kc) 2observed at Hiraiso. 
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Ficure 7. Typical amplitude-frequency spectra of distant vlf 


atmospherics for nighttime and daytime. 
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types of spectrum interchange rather distinctly at 
local sunset, the daytime maximum about 15 ke is 
shifted towards lower frequencies, while the effect 
at sunrise is reverse. Changes in cutoff frequency 
and the shift of spectral pattern at local sunset or 
sunrise are shown by several records in figure 8. 
These characteristic features of the amplitude- 
frequency spectrum of vif atmospherics cannot be 
explained by the simple Austin-Cohen law of vlf 
propagation, but more likely by the waveguide mode 
theory. The conception that vif radio waves propa- 
gate to great distances via multiple reflections in 
the waveguide bounded by the earth and the iono- 
sphere has been developed by Budden [3] and Wait [4] 
as the mode theory of vif ionospheric propagation. 
An essential part of this theory is the existence of 
definite modes of propagation. In order to simplify 
the evaluation of these mode characteristics, let us 
consider the ground and the ionosphere as a wave- 
guide of perfectly conducting plates. Then, the 
cutoff wavelengths would be given by 2h/n, where n 
is the integer specifying the number of the mode 
and / is an effective reflecting height of the iono- 
sphere. When the boundary of the waveguide is 
not perfectly conducting, as the case of the actual 
ionosphere, the cutoff wavelength is not sharply 
defined and, crudely speaking, the effective reflecting 
height of the ionosphere appears to be higher [4]. 
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From the above consideration, it may be expected 
that the effect of the transition of spectrum from 
daytime to night conditions, which appeared as the 
shifting of the maximum intensity and also the 
cutoff frequencies towards lower frequencies, can be 
explained as the upward shift of the ionospheric 
height or else the decrease of the conductivity in the 
lower ionosphere. On the other hand, it is already 
well known from a number of experiments that the 
reflecting height of vif radio waves in the ionosphere 
varies consistently from 70 km during the day to 
90 km at night [6, 7]. Therefore, this is in accord 
with the present conclusion. 

There is another interesting fact lending further 
support to the mode theory of vif propagation. That 
is the effect of SID’s, which are known as the sudden 
enhancement of atmospherics (SEA). Many SEA’s 
accompanied by prominent solar flares were observed. 
Two such examples of changes of the spectrum of 
atmospherics are shown in figure 9 with the records 
of integrated level of atmospherics at 28 ke. A 
solar flare occurred at 16 hr 50 min (1.t.), March 29, 
1959, which was associated with a very pronounced 
SEA. A sudden shift of the frequency spectrum 
at the beginning of the solar flare is evident. As 
shown in figure 10, the band of strong intensity of 
atmospherics was around 10 to 15 ke before the 
flare as in the case of usual daytime, and then at 
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FiaureE 8. Changes of spectrum at local sunset or sunrise. 


45 





uo 
oO 


w 
°o 





° 
x 10 
tn 
o 
2 
wW 
> 
co 
WwW 
c 
w 
8 
Qa 
bd 6 
iS 
= 
o 
2 7 
Ww 
et 
2 
= 2 


15 16 17 18 19 


MARCH 29,1959 


FIGURE 9. 


16 hr 50 min the intensity was raised up, shifting the 
band of strong intensity towards the higher fre- 
quency band of vif. The intensity of distant at- 
mospherics is also enhanced, while at the frequency 
below 10 ke a sudden reduction in intensity occurs. 
Another record shows the effect of a solar flare at 
15 hr 25 min (Lt.), June 16, 1959. This SEA 
occurred during rather greater thunder activity; 
however, the same effect mentioned above can be 
seen considerably well. It has been confirmed that 
all SEA’s found in the records of 28 ke showed such 
a sudden shift of spectral pattern towards higher 
frequencies, though the amount of shift was variable 
for individual cases. 

Since it is known that during SID’s the electron 
density in the lower ionosphere is increased and its 
height is lowered considerably, these facts would 
eventually vield the explanation that the reduction 
of field intensity in the lower vif band is caused 
by the shifting of the cutoff towards slightly higher 
frequencies, while in the frequency above the cutoff 
the intensity is enhanced owing to the good reflection 
condition in the lower edge of the ionosphere. 

The observed stripe of absorption bands is still 
puzzling. However, it is expected that the actual 
observed intensity of distant atmospherics must be 
the sum of contributions from many waveguide modes | 
[4], which are appreciably influenced by the distance 
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from the source and the condition of the lower 
ionosphere. <A detailed investigation of the theory 
of the waveguide modes would possibly give the 
appropriate solution. 


4. Discussion of the Results 


In the discussion of the frequency spectrum of 
atmospherics, the waveform characteristics must be 
mentioned, which have been studied extensively by 
many researchers in this field. Since the investiga- 
tion of waveforms and of frequency spectrum are 
merely different approaches to a single phenomenon, 
their results must be mutually equivalent. Mathe- 
matically, the waveform G(t), the amplitude-fre- 
quency spectrum S(w) and the phase-frequency 
spectrum ¢(w) have the following mutual relations: 
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Figure 10. Change of frequency spectrum at the SEA on 
March 29 and June 16, 1959 (_--- presolar flare; —— 
during SEA.) 


Therefore, from the known waveform it is possible 
to compute its frequency spectrum. Using these 
Fourier transform expressions, Sao [8] has made the 
frequency analyses of a number of waveforms of 
atmospherics. Two types of frequency spectrum 
are characteristic; one is of the origin of an atmos- 
pheric and the other is of a distant atmospheric. 
Those waveforms and their spectra obtained by him 
are reproduced in figure 11. The frequency spectrum 
at the origin of a lightning stroke shows a gradual 
decrease of amplitude towards higher frequencies, 
having almost flat characteristics at about 10 to 
30 ke. This result is in accord with the frequency 
spectrum of short-distance atmospherics shown in 
figure 4. Waveforms of distant atmospherics are 
more complicated and show the influences of the 
ionosphere. They often have the appearance of a 
damped sinusoid; the apparent frequency within 
the pulse is decreasing with time whereas the mean 
spectral maximum is increasing with range. Such a 
behavior has been predicted theoretically by Wait 
[5,9]. The derived spectrum indicated heavy attenu- 
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Figure 11. Waveforms of atmospherics and their frequency 
spectra (after K. Sao [8]). 


ation around 2 to 5 ke and small attenuation at 
around 10 ke, which is generally in good agreement 
with our observations. 

Another investigation has been carried out by 
Chapman and Matthews [1] who used a spectroscope 
consisting of a number of narrow band-pass filters 
tuned to frequencies in the range of 40 cps to 16 ke, 
recording the amplitude-frequency spectra and cor- 
responding waveforms for individual atmospherics. 
They also discussed the relation between the wave- 
form characteristics and the significant changes in 
the spectrum as the distance of propagation increases. 
Summing up their results, Chapman and Macario [2] 
derived attenuation curves with respect to frequency 
for those of distant atmospherics. It is indicated 
that in the frequency range from 200 eps to 10 ke the 
greatest increase of attenuation occurs at about 2 ke, 
it being about 20 db per 1,000 km by day and 10 db 
by night. 

Here, it might be worthwhile to link up this with 
our result. For this purpose, the frequency spectra 
shown in figure 7 can be used. Since their curves 
were given by attenuation in decibels per 1,000 km, 
our results must be converted to this scale. Although 
the distribution of the originating source of atmos- 
pherics cannot be identified in the present observa- 
tion, according to Kimpara and Kimura [10] distant 
atmospherics received in Japan mainly come from 
regions in south and east China and the Philippines. 
Therefore, the average distance from the sources is of 
the order of 2,000 km. Assuming this, and also that 
the minimum attenuation around 10 ke is about 
2 to 3 db per 1,000 km, the curve of the variation of 
attenuation with frequency in the range 1 to 100 ke 
is illustrated in figure 12. This curve, for the fre- 
quency range of 1 to 10 ke, can be compared with 
Chapman and Macario’s. Also Taylor and Lange 
[11] reported nighttime attenuation values in good 
agreement with values presented here. These results 
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Figure 12. The variation of attenuation with frequency. 
The dotted curves for 1- to 10-kc range are taken from Chapman and Macario [12]. 


give a general idea of the way vif waves are attenu- 
ated and can propagate to great distances. 

In concluding, it is emphasized that the continuous 
observation of the frequency spectrum of atmos- 
pherics reveals important characteristics of vlf radio 
waves propagated through the ionosphere. The 
general agreement between the experimental and 
theoretical results substantiates the mode theory. 
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The fact that certain bands of vlf radio waves 
propagate to great distances with small attenuation 
accounts for the success of long-range navigational 
systems, worldwide communications or standard 
radio-wave systems, and the tracking of atmospheric 
storms. 
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Determination of the Amplitude-Probability Distribution 
of Atmospheric Radio Noise From Statistical Moments 


W. Q. Crichlow, C. J. Roubique, A. D. Spaulding, and W. M. Beery 


(July 23, 1959) 


During the International Geophysical Year, the National Bureau of Standards estab- 
lished a network of atmospheric noise recording stations throughout the world. The ARN-2 
noise recorder at these stations measures three statistical moments of the noise: average 
power, average voltage, and average logarithm of the voltage. An empirically-derived 
graphical method of obtaining an amplitude-probability distribution from these three 


moments, and its development, is presented. 


discussed. 
1. Introduction 


The” interference to reception of radio signals 
caused by atmospheric noise depends not only on 
its average level but also on its detailed characteris- 
tics. A complete description of the noise received 
at a particular location would require an exact 
determination of the variation of its instantaneous 
amplitude as a function of time. Because of the 
complexity of the noise structure and the fact that 
no two samples of noise have identical amplitude- 
time functions, it is necessary to resort to simpler 
types of description of a statistical nature. 

Various methods of measurement have been in- 
vestigated by experimenters throughout the world 
for many years, and the relationship between the 
measured values and the interference caused to 
various types of service has been studied. 

In order to determine the most significant charac- 
teristics to be measured, an international subcom- 
mittee was formed within Commission IV of URSI ! 
to study the problem. A recommendation [1],? based 
on the subcommittee’s report [2], was endorsed by 
Commission IV at the XIIth General Assembly of 
the URSI in 1957. In the Annex to this recommenda- 
tion, it is stated that ‘it would be highly desirable to 
obtain detailed statistical information on the ampli- 
tude-probability distribution of the instantaneous 
envelope voltage, the various time functions, and the 
direction of arrival of the noise at many locations 
throughout the world. However, since continuous 
detailed measurements of this type at all frequencies 
and a large number of stations become prohibitive 
because of the complexity of the equipment involved 
and the large number of personnel necessary to carry 
out the observations, it is recommended that these 
complete studies of the detailed noise characteristics 
be confined to a few selected locations with continuous 
measurements of one or more simple parameters at a 
large number of stations.” 





4 International Scientific Radio Union, 
2 Figures in brackets indicate the literature references at the end of this paper. 
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Possible errors, and their magnitudes, are 


During the International Geophysical Year, the 
National Bureau of Standards established a network 
of 16 noise recording stations distributed throughout 
the world [3]. Measurements are made with the 
ARN-2 recorder which was designed at NBS to 
record the average noise power in a bandwidth of 
about 200 eps on eight fixed frequencies between 
13 ke and 20 Me. In order to obtain additional 
information on the character of the noise, two other 
statistical moments, the average envelope voltage, 
and the average logarithm of the envelope voltage 
are recorded at ten of the stations. These data are 
available from IGY World Data Center A, NBS, 
Boulder, Colo., at a nominal fee. The results of 
data analysis will also be published in an NBS 
Technical Note for public sale. 

The amplitude-probability distribution is very 
useful in assessing the interference potential of noise 
and has been measured at several locations [4, 5, 6, 7]. 
Since data on the moments measured by the ARN-2 
can be recorded continuously over the full frequency 
range with much less equipment and fewer personnel 
than would be required for a comparable amount of 
data on the complete amplitude-probability distribu- 
tion, an investigation was made at the NBS of 
methods of deriving the complete distribution from 
these three moments. 

It is the opinion of the authors that mathematical 
models for the distribution [1,5,7,8] have proved to 
be extremely cumbersome and of doubtful value in 
deriving the distribution from measured moments; 
therefore, an empirically derived graphical method 
has been developed. 


2. Measurements of the Amplitude- 
Probability Distribution 


Simultaneous measurements of the amplitude- 
probability distribution and the three moments 
measured by the ARN-2 were needed over a wide 
frequency range with a variety of types of noise. 
There were two specific purposes in making these 
measurements: 








a. The distribution measurements, alone, were 
needed to establish typical shapes that could be ex- 
pressed by numerical parameters, easily related to 
the measured statistical moments. 

b. The simultaneous measurements of the distri- 
butions and the moments were needed to check the 
accuracy of the ARN-2 noise recorder in measuring 
the moments. 

Accordingly, a distribution meter was constructed 
to be used in conjunction with the ARN-2 recorder. 

The operation of the distribution meter is based 
on counting techniques. The total number of IF 
cycles in the ARN-2 which exceed a specified ampli- 
tude in a given time interval are counted. By proper 
choice of the time interval, the percentage of time a 
level is exceeded can be read directly from the 
counter. Three counters are used to provide simul- 
taneous measurement at three levels, separated in 
amplitude by 6 db. By use of a calibrated, man- 
ually-operated attenuator, the total possible range 
of 100 db can be covered in levels separated by 
multiples of 2 db. The time duration of each sam- 
ple can be preset to provide an automatically timed 
sample having an interval ranging from 1 sec to 1 hr, 
in 1 see increments. 

The actual intervals were chosen of sufficient dura- 
tion to provide a statistically significant sample of a 
slowly varying phenomenon such as thunderstorm 
activity. Longer intervals were required for the 
high-level, low-probability noise pulses than for the 
low-level, high-probability noise. The time neces- 
sary to obtain a complete curve ranged from about 
15 min to 30 min. The longer period was necessary 
for measuring noise with a large dynamic range. 

A check for accuracy of operation was made by 
obtaining a distribution of thermal noise. The 
Rayleigh distribution thus obtained confirmed the 
accuracy of measurement. Figure 1 is a typical 
amplitude-probability distribution of atmospheric 
radio noise at 13.3 ke. This was plotted on Rayleigh 
graph paper, whose coordinates were chosen so that 
a Rayleigh distribution will plot as a straight line 
with a slope of —}3.5. The coordinates are shown as 
noise level in decibels above the root mean square 
voltage versus the percentage of the time that each 
level is exceeded. This measurement was made 
with the distribution meter at the Boulder Labora- 
tories. The dynamic range between the 0.0001 per- 
cent and 99 percent intercepts is approximately 84 db. 

It was found that these amplitude-probability 
distributions for atmospheric radio noise can be ade- 
quately represented by a three-section curve which 
has been drawn through the data points in figure 1. 
This curve has a characteristic shape that can be 
described by means of four numerical parameters to 
be defined later. The accuracy of fit using this par- 
ticular kind of curve composed of three sections is 
typical of more than 100 distributions experimentally 
measured at Boulder. In the particular case of 
thermal noise, this curve becomes a straight line. 


———EE 


3 These coordinates are log of voltage versus— 4 log 19 (—In of probability). 





50 


























i te De rT vit) | 
ioe ay | Frequency - 13.3 kc | 
1537 October 6, 1958 
Boulder, Colorado 
+ + | ae —+_—— —-+4 
E 
ur 1 
Ww 
S | 
ao 
< ¢ ; 
8 | 
a] } | 
Lt | | 
| | 
-10 + pa 
20 $$ —- = = 
| 
-30 | + +—+ t+ } + t aa | T 
| Paap ) | 
| | sm | 
| | | | 
| 
-40 | 1 1) j | | 1 1 
Qo aor os | 5 © 0 34050 60 0 90 95 98 99 


PERCENTAGE OF TIME ORDINATE IS EXCEEDED 


Figure 1. Measured amplitude-probability distribution of 


atmospheric radio noise. 


Data obtained by other experimenters [2] in Alaska, 
Panama, England, and Florida when plotted on 
Rayleigh paper also fit curves of this form. 

The lower portion of the curve, representing low 
voltages and high probabilities, is composed of many 
random overlapping events, each containing only a 
small portion of the total energy. Therefore, this 
portion of the curve must approach a Rayleigh 
distribution. 

The section representing very high voltages ex- 
ceeded with low probabilities is, in general, composed 
of nonoverlapping large pulses occurring infrequently. 
From experimental measurements of atmospheric 
noise distributions, this section has been found to be 
well represented by a straight line on Rayleigh graph 
paper. On this graph paper, the remaining section 
of the distribution has been found to correspond 
quite closely to an are of a circle tangent to the 
above two straight lines. Based on experimental 
evidence, it is assumed that no pulses of amplitude 
greater than those for which the probability of being 
exceeded is 10~° are present in the distribution. 


3. Definition of Parameters and Statistical 
Moments 


Since on the coordinate paper used for the plotting 
of amplitude distributions for atmospheric radio noise 
a Rayleigh distribution will always have a slope of 
—\4, and since the center of the circular are men- 


Were: 
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tioned above will lie on the bisector of the angle 
formed by the Rayleigh and high-voltage, low- 
probability lines, four parameters are needed to de- 
fine the distribution. A point through which the 
Rayleigh line passes, a point and a slope for the 
high-voltage, low-probability line, and a parameter 
of some kind to determine the radius of the circular 
are are needed. 

These four parameters are defined as follows: 

a=point at which the Rayleigh line intersects the 
0.5 probability coordinate. 

b=point on that tangent to the circular are which 
is perpendicular to the bisector of the angle formed 
by the Rayleigh and high-voltage, low-probability 
lines and on the probability coordinate through the 
vertex of this angle. 

c=point where the high-voltage, low-probability 
line intersects the 0.01 probability coordinate. 

s=slope of the high-voltage, low-probability line. 





The three statistical moments experimentally 
determined are defined as follows: 
— 
rms voltage: é:ms= | edp 
0 


a 
average voltage: cane | edp 
0 
antilog of the mean log of voltage: 
a | 
é1og=antilog | log e dp. 
0 


where e is 1/y2 times the instantaneous envelope 
voltage, and p is the probability of e being exceeded. 

Since the ARN-2 noise recorder measures the db 
difference betweeen the é,ms and é,ye and between the 
€rms ANA jog, and in order to minimize the necessary 
graphical calculations, the above parameters are 
altered to relate them to the Rayleigh section of 
the distribution as follows (see fig. 2): 


a si ' 
A=20 log——-=db difference between Rayleigh at 


rms 
0.5 probability and the émn, value. 

B=db difference between the point of intersection 
of the Rayleigh and high-voltage, low-proba- 
bility lines and the tangent to the circular arc. 
(The tangent is drawn perpendicular to the 
bisector of the angle formed by the Rayleigh 
and high-voltage, low-probability lines.) 

C=db difference between c and value of Rayleigh 
at the 0.01 probability coordinate. 

X=absolute value of slope of high-voltage, low- 
probability line relative to Rayleigh. 

X=—2s 
The moments actually measured are labeled as 
follows: 
V,=20 logS™ 


fave 


é 
L.=20 log —™ 


log 
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PERCENTAGE OF TIME ORDINATE IS EXCEEDED 


Ficure 2. Definition of parameters for amplitude-probability 
distribution atmospheric radio noise. 


The é,ms is also measured. 
The following relation will always hold true for the 
distribution: 


é sa Cove< Come 


therefore, Vz and Lz are always positive. 


4. Determination of the Parameters as 
Functions of the Measured Moments 


Since four parameters are needed and only three 
statistical moments are measured, a dependency 
between two of the parameters must be determined 
in order to be able to obtain the remaining three 
independent parameters as functions of the measured 
moments. From experimentally measured distribu- 
tions at eight frequencies and various bandwidths, 
the following linear relation between X and BP is 
found to hold in general (fig. 3). 


B=1,5(X-1) 


Distributions were employed in which C was 
allowed to vary from 0 to 40 db and X from 1 to 12. 
These distributions were numerically integrated in 
order to determine their three moments. From these 
integrations, 17 and Ly, were obtained as functions 
of X and C. A was also obtained as a function of 
X and C (fig. 4). These functional relations were 
solved simultaneously by graphical means to obtain 
X and C as functions of WV and Lg (figs. 5 and 6). 








’ 





Figure 3. Experimental correlation of B and X. 


Figure 7 shows the distribution obtained by the 
above procedure for the following measurements: 


V.z=4.5 db below éms 
Ig=9.2 db below ems. 


On the X versus V, and Z, curves, the above meas- 
urements are seen to give an X of 3.7, and on the C 
versus Vz and ZL, curves the above measurements 
give a C of 15.8 db. Using the A versus X and C 
curves, this pair of values for X and C gives an A of 
12.3 db. Point a is located on the 50 percent coordi- 
nate 12.3 db below the E,,, and the Rayleigh line 
with slope —!4 is drawn. Point ¢ is located 16 db 
above the point where the Rayleigh line intersects 
the 1 percent coordinate, and through point ¢ the 
high-voltage, low-probability line with slope s= 
—X/2=—1.8 is drawn. The angle formed by the 
Rayleigh line and the high-voltage, low-probability 
line is now bisected and B is calculated from the 
relationship B=1.5(X-1). B is found to be 3.6 db. 
Point } is located 3.6 db above the intersection of the 
Rayleigh and high-voltage, low-probability lines and 
through this point the tangent line is drawn perpen- 
dicular to the angle bisector. Distance 2 to 3 is 
made equal to distance 1 to 2, and at point 3 on the 
Rayleigh line a perpendicular to the Rayleigh line 
is constructed. This perpendicular intersects the 
angle bisector at the center of the circular-are portion 
of the distribution. The complete distribution is 
now determined with the construction of this arc. 





It should be noted from the curves (figs. 5 and 6) 
that for a given Vz only a certain range of values of 
Lz will result in a distribution of the above form. 
These ranges are enclosed approximately within the 
dashed lines. Also, the combination of the above 
given Vz and the minimum allowable Z, results in a 
nonunique solution, i.e., there is, essentially (within 
the range of accuracy of measurements), an infinite 
number of distributions, all with the same V, and 
I, of the above special combination. Fortunately 
these special combinations almost never occur. 

The above facts allow us to determine to some 
extent the validity of data received from recording 
stations, and whether a measured sample is true 
atmospheric noise or contaminated noise. 


5. Errors in Noise Measurements and Their 
Influence on the Calculated Distribution 


The accuracy with which a distribution can be 
determined from measured moments depends upon 
(1) the validity of the form factor which has been 
taken to represent the distribution, and (2) the 
accuracy of the measured statistical moments. 

The validity of the form factor is very difficult to 
check because of the fact that 15 to 30 min are 
required to measure the distribution, and the sta- 
tistics of the noise do not always remain constant 
for this period of time. As a check for changing 
noise characteristics, each series of distribution 
measurements was immediately repeated and any 
changes noted. Further, the moments recorded by 
the ARN-2 provided information on the stability 
of the noise statistics. Figure 1 represents an 
example of the fit in the case where the noise moments 
were measured precisely and the noise characteristics 
appeared to be constant during the interval required 
for the measurement of the entire distribution. 
Methods of recording noise samples on magnetic 
tape are under development and these samples will 
enable a more critical study of the form factor as 
well as other detailed characteristics. 

Errors in the ARN-2 could be detected by com- 
paring the recorded three parameters with the same 
three parameters as numerically integrated from the 
curve recorded by the distribution meter. The most 
likely source of error in the ARN-2 was the possible 
saturation of the square law detector with a resultant 
lowered value for Eyms. Since the average voltage 
and average logarithm of the voltage are measured 
in decibels relative to Es, their values would be in 
error by the same amount. 

Approximately sixty sets of distribution measure- 
ments were analyzed for the error made by the ARN- 
2 recorder in measuring the moments. These 
ARN-2 errors were divided into class-intervals and 
plotted as error-probability curves on arithmetic 
probability graph paper in figure 8. The fairly 
straight lines obtained indicated largely random er- 
rors, with some bias due to square-law detector satu- 
ration. For the E,n, values, the standard deviation 
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Ficgure 4. A versus X and C, 


was about 1.1 db, with an average error of —0.4 db. 
Ninety percent of the values were within +2 db 
of the mean. For the £,,. values, the standard 
deviation was about 0.8 db, with an average error 
of +0.2 db. Ninety percent of the values were 
within +1.5 db of the mean. For the F,, values, 
the standard deviation was about 1.4 db, with an 
average error of +0.6 db. Ninety percent of the 
values were within +2.5 db of the mean. 

An effort was made to correlate the error with 
dynamic range between the 0.0001 percent and 99 
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percent intercepts of the amplitude-probability dis- 
tributions. The same data were divided into class- 
intervals and the medians of the class-intervals which 
contained sufficient samples for statistical signifi- 
cance were plotted against dynamic range in decibels 
in figure 9. The best straight-line fit indicates good 
correlation of error with dynamic range, a negative 
error for Ey, and a positive error for F,,. and 
Eg. The error in Ey, at 85-db dynamic range 
varied from —2.7 to +2.1 with a median value of 
about 1 db. 








lq 





20 24 28 32 36 40 


» db BELOW Eymgs 


Figure 5. X versus La and Vq. 


Figures 10 and 11 show the influence of errors in 
the moments measured by the ARN-2 on distribu- 
tions determined from the moments. In _ these 
figures, the measured moments are indicated as 
EK’ me ete., and the moments obtained from the 
simultaneously measured distribution are indicated 
by the same symbols without the primes. The 
examples chosen contain errors typically measured 
by the ARN-2. In figure 10, the errors in the 
measured moments are smail and the distribution 
derived from the slightly erroneous ARN-2 moments 
fits the measured points with negligible error. In 
figure 11, the dynamic range is wider with corre- 
spondingly larger errors in the ARN-2 measured 
moments. Thus, the departure of the distribution 
derived from the ARN-2 measured moments is 
greater. These departures, though significant are 
not considered excessive in view of the fact that 
they are of the same order of magnitude as the 
changes in the noise itself during an hour. 





54 


Thus, it can be concluded that this is a satis- 
factory method of deriving the complete amplitude- 
probability distribution from statistical moments, 
since the departures from the true distribution will 
be small when the moments are measured accurately. 


6. Bandwidth Considerations 


The foregoing method of obtaining an amplitude- 
probability distribution from the three measured 
moments results in a distribution which is only valid 
for the bandwidth in which the moments were 
measured. Fulton [8] developed a method of band- 
width conversion which was accurate for the high- 
amplitude, low-probability portion of the distribu- 
tion, but failed to convert the lower portion of the 
curve as accurately since it was an empirical method 
based upon insufficient measurements. A study is 
now in progress for a more accurate method of 
bandwidth conversion. 
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Figure 7. Amplitude-probability distribution determined for 
Va=4.5 db and Lg=9.2 db. 
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Ficure 6. C versus La and V3. 
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Figure 8. Distribution of errors of measured moments. 
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Figure 9. Error of measured moments versus dynamic range. 





Frequency -!0 Mc 
September 10, 1958 
Boulder, Colorado 


1435 


° Measured distribution 


Obtained from ARN-2 
moments, Vg and lg 











Erms Terms 





db ABOVE Erms 











-50 | 
00001 Op1 0.) | 5 WH 20 304050 70 80 %” 95 98 99 


PERCENTAGE OF TIME ORDINATE IS EXCEEDED 


10. Comparison of measured distribution with that 
obtained from moments measured by ARN-% 


FIGURE 
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The angular deviation of the phase front of a wave propagated across a fresh water 


shoreline has been measured over the frequency range from 3 to 20 Me. 


The deviation is 


found to be roughly half that which theoretically would be obtained if the same sites were 


adjacent to infinitely conducting surfaces. 


1. Introduction 


Some recent measurements of coastal deviation at 
low frequency (If) have been reported by Pressey, 
Ashwell, and Fowler [1, 2] 7. Their results indicate 
the practical difficulty of interpreting measured 
phase front deviations. Irregular coastline and 
nonhomogeneous soil constants create wave inter- 
ference effects which tend to mask the deviation due 
to the boundary. 

This paper presents measurements made at high 
frequency (hf) (3 to 20 Mc) where the site area 
which affects the results can be much smaller than 
in the If case. Observations were made over a num- 
ber of paths at each site, thus reducing to some ex- 
tent the site error. 

Finally, a comparison is drawn between the ex- 
perimental and the theoretical deviations which 
would be expected under certain ideal conditions. 


2. Observations 


Two sites were chosen, each with a reasonably 
straight shoreline along a river but with quite dif- 
ferent soil constants. Measured values are given in 
table 1 for both sites and for the river water. 











TABLE 1. Site ground constants 

‘i | Condue- | Relative 

Site Method tivity, permit- 
| o emu tivity, K 

= 

larable and__..........._-- oS ee ars 1X10-13 9 
2 = ie neon aadssn| A bo Sad ctwe 3X10-4 25 
Seen Surface sample------------ 3X10-16 7 
a Sea 1X10-® 81 








The wave tilt measurements at site 2 are of doubt- 
ful accuracy because the path of propagation was 
within a half wavelength of the water at the low 
frequencies where a value could be obtained. How- 
ever, it is likely that both conductivity and relative 
permittivity will be higher than that obtained in 
samples because of water in fissures in the rock. 





' Division of Electrical and Radio Engineering, National Research Council, 
Ottawa, Canada. 
? Figures in brackets indicate the literature references at the end of this paper. 











A coaxial-spaced loop direction finder was used to 
measure the deviations of the phase front of the 
horizontal magnetic field. The transmitter in all 
cases was situated over the water. In order to elim- 
inate systematic instrumental error, the difference 
between a radio bearing and the visual bearing was 
observed first on a path normal to the shoreline and 
then on a path usually at 60° to the normal. Ob- 
servations were made at 1-Mc intervals in the 3- 
to 20-Mc band. 

At site 1 readings were taken from eight positions, 
all approximately 40 m from the shoreline. The 
mean of the deviations is plotted in figure l(a). The 
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rms fluctuation of individual deviations about the 
mean is about 43 min, indicating the effects of site 
error on the result. 





At site 2, five sets of readings were obtained from 
positions 30 m from the shoreline and two sets at 
10m. The mean deviations are plotted in figure 2(a) 
and (f). The site error contribution appeared to be 
about*the same as at site 1. 
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Figure 2. Coastal deviations at site 2 for @=60°. 


(a) x Mean observed deviation. 

(b) ci} Furutsu, ¢=3 X 10-4, K=1. 

(6) eamassam Wait, o=3 X 10-4, K=1. 

(d) ascam Senior, c=0, K=25. 

(0) anccam Senior, c=0, K=7 

(f) © Observed deviation at 10-m distance. 


3. Theory 


Several papers [3 to 8] deal with the refraction of 
a surface wave crossing the boundary between two 
media. The general expressions for the angular 
deviation of the wave front are not capable of 
numerical solution and in each case simplifying as- 
sumptions have to be made to arrive at values for 





the deviation. For instance, Furutsu [6] provides an 
expression for deviation when one medium is in- 
finitely conducting, the other has finite conductivity, 
and the wave path numerical distance of the receiver 
from the boundary is small. Using parametric 
curves, Wait [7] has derived an expression allowing 
for finite conductivity on both sides of the boundary 
and for unrestricted distances. Senior [8] has in- 
vestigated the deviation when one medium is in- 
finitely conducting and the other a lossless dielectric. 
Whereas the first two cases apply chiefly to the low 
frequencies for groundwave propagation, the last one 
is applicable on higher frequencies. All the solutions 
require the distance from the boundary to be suffi- 
ciently large that only the radiation field is effective. 
Table 2 shows the expressions developed in the above 
papers, together with the limits imposed on each. 
Apart from the dimensions defined in figure 3, 
where distances are in meters, the symbols used are 
defined as follows 


f= frequency, cps, 
\=wavelength, meters, 
Kx 


p2=numerical distance along 72, 


relative permittivity, 
mr: . 
—— cos b for verti- 
r 


cal polarization, 





an 


K+1 
b=arc tan rt 


o=conductivity, emu, 


Ts 


V=—, 
Te 
65V= ams ¢, obtained from Wait’s curves of phase 
versus numerical distance, and 
2 Se ; 
y=— and »=—= in this case. 
VK 























TABLE 2. Theoretical deviations 
—_— ———— — — —— a | —_— - -— ——————————— — er —————— —————— 
| Deviation angle | Conductivity | Distance 
Author | | esaeniieea Normal 
| 62, Degrees lst Medium 2d Medium ie P or 
| HR aie, Count ai 
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3.7 rilrs fK <<1 >>1 
3. ¢ | | << y 
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Senior (eq 26)_- : 4rs ny 43 ca . on a | aso tea | >>1 
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FicureE 3. Geometry of deviation effect. 


Senior’s eq (26) refers to the vertical electric field 
rather than to the horizontal magnetic field devia- 
tions which are measured in the experiment. 

For purposes of comparison, calculations of devia- 
tion for the three expressions have been carried out 
assuming the water path to be a perfect conductor 
in each case. Actually the water behaves as a dielec- 
tric medium above 2.2 Mc because of its low conduc- 
tivity. The deviation, according to Furutsu, is 
plotted for both sites in figures 1(b) and 2(b) for 
3 Me only, for at higher frequencies the numerical 
path p, is no longer small. In the same figures the 
curves (c) and (d) are for Wait’s and Senior’s ex- 
pressions, respectively, using the indicated values of 
conductivity and permittivity. Curve (e) in figure 
2 is for the measured sample value of relative per- 
mittivity. 


4. Discussion of Results 


At site 1 there is sufficiently high conductivity that 
the propagation constant does not become dependent 
on permittivity until the frequency is above 20 Mc. 
Therefore, the observed deviations should approach 
those given by Wait, except near the low end of the 
band where the water propagation constant is chang- 
ing rapidly to that of a lossy medium having the same 
conductivity as the site. This may be the reason 
for the observed reduction of deviation at 3 Me. 

At site 2 propagation over the whole frequency 
range is affected chiefly by its permittivity. There- 
fore, one would expect deviations approaching those 
given by Senior. The observed deviations have a 
similar trend above 6 Mc but are considerably smaller 
than expected for the ideal case. The difference may 
be partly because the measurements refer to the 
horizontal magnetic field while the theoretical curve 
refers to the vertical electric field, and partly be- 
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cause the water permittivity is finite. The drop of 
deviation below 6 Me may again be attributed to 
the change of propagation over the water at low 
frequencies. 

The same general trend is also apparent in figure 
2(f) and the deviations are somewhat larger. The 
distance from the shoreline in this case is, of course, 
too small to permit comparison with any of the 
theoretical expressions. 


5. Conclusions 


In the siting of direction finding stations and 
similar navigational aids near bodies of water, devia- 
tions of the wave front may introduce error in obser- 
vations. All three theoretical expressions show that 
the angular deviation of the wave is approximately 
proportional to tan @ and inversely proportional to 
ro. Therefore, at large values of 6, where the error 
may be considered significant, it is approximately 
inversely proportional to 72 cos 6, the normal distance 
of the receiver from the boundary. By extrapola- 
tion from the observed results one might expect 
deviation errors on a high conductivity site adjacent 
to fresh water to be less than 14 deg if the distance 
from the shoreline were at least 80 m. Similarly 
on a site of very low conductivity, where the observed 
errors had a definite frequency dependence, the re- 
quired distance for the same error limit is about 4 
wavelengths. By comparison, sites beside the sea 
would, according to the theory, have to be about 
twice as far from the shoreline. 


The author thanks J. McDougall and J. Lee for 
carrying out the experimental work. 
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An Exact Earth-Flattening Procedure in Propagation 
Around a Sphere’ 


Benjamin Y.-C. Koo? and Martin Katzin? 


(August 17, 1959) 


By a refinement of the procedure used in the usual earth-flattening approximation, the 
problem of propagation around a spherical earth is reduced to an exact equation of the same 


form. 
heights and distances. 


Thereby the earth-flattening procedure becomes applicable to arbitrarily large 
It is also found that existing solutions of the approximate equations 


can be re-evaluated to yield the exact solutions for slightly different refractive index distribu- 


tions. 


1. Introduction 


The problem of propagation of radio waves around 
a spherical earth has been attacked by many writers 
over a period of more than a half a century. For the 
idealized case of homogeneous atmosphere and earth, 
the presently accepted solution is due to van der Pol 
and Bremmer [1]. This makes use of a modified form 
of the Watson transformation to convert from a very 
slowly converging series of spherical harmonics to a 
more rapidly converging series of residue waves. 
Physically, the transformation is from waves pro- 
gressing radially out from the earth to waves which 
progress along the earth’s surface. 

In order to reduce the mathematical complexities 
accompanying the van der Pol—Bremmer treatment, 
M. H. L. Pryce [2, 3] introduced the so-called earth- 
flattening approximation, in which plausible approxi- 
mations are introduced to simplify the original dif- 
ferential equations. This procedure reduces the 
problem of propagation over spherical earth to 
propagation over a plane earth with an atmosphere 
having a modified refractive index. In this way the 
van der Pol—Bremmer type of result for the homoge- 
neous atmosphere can be obtained in a much more 
direct manner. Furthermore, the method can be 
applied to inhomogeneous atmospheres in which the 
refractive index varies only with height (so-called 
horizontal stratification). 

Pekeris [4] investigated the accuracy of the earth- 
flattening approximation in the case of the standard 
atmosphere (in which the modified refractive index 
increases linearly with height). He found that the 
accuracy decreased with increasing distance along 
the earth’s surface and also with increasing height 
above the surface. If r is the great-circle distance 
and a the earth’s radius, the error with distance is 
proportional to (r/a)? independently of the frequency, 
amounting to about 8 percent at r/a=1. The error 
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with height, however, is proportional to frequency, 
and to height as h'”, The height error becomes 
serious in the microwave region at heights in the 
order of a few thousand feet. 

In this paper we improve and extend the Pryce and 
Pekeris treatments to obtain exact differential equa- 
tions for the spherical geometry in terms of equations 
of plane earth type. The solutions of these hold for 
arbitrary heights and distances. Comparison with 
the previous earth-flattening approximation leads to 
an interpretation of the errors therein. 


2. Formulation of the Problem 


We consider propagation from a source above a 
spherical earth of radius a with an atmosphere whose 
refractive index n is a function only of the radial 
distance (i.e., horizontally-stratified atmosphere). 
The treatment is simplified without any essential 
restriction by assuming that radiation from the source 
is independent of azimuth (we shall indicate later the 
extension to remove this restriction). Then it can 
be shown [5] that the electric and magnetic fields at 
any point may be derived from a radial Hertz vector 
y, which satisfies the reduced wave equation 


VV kny=0, 
where kp=22/\=2zf/e. By adopting a spherical co- 
ordinate system (#,6,¢) with origin at the center of 


the earth and with the source on the polar axis, (2.1) 
(with the assumed azimuth independence of y) 


reduces to 
oy ) 
oR) 


This equation can be separated in the usual way by 
letting 


(2.1) 


ae. 
R? sin 006 


1 0 


: ) ‘ 
" s 22 2 2a 2. 
R sR sin 05% +kn?y=0. 


v=TO@)U(R), 































whereby there result the two ordinary differential 
equations 
om 2 dU ‘ *) 7 » 
et Rants [ <{ R. |r — Sew 
27) 7 
q As i ot os (as)?T=0, (2.4) 


de? dé 


in which (as)? is the separation constant and S=s/k,. 
We now introduce the transformations * 


n=a log(R/a), 
r=ae. 


Tquations (2.3) and (2.4) become, respectively, 


oo 2% a he? (n7e?1/4_ §?)[ [=0, (2.7) 
Sati cot (rja) O+eT=0. (2.8) 


S’ is the eigenvalue of the differential eq (2.7), which 
eventually is determined by the boundary conditions. 

Che problem of solving (2.1) thus is equivalent to 
solving (2.7) and (2.8). 


3. The Height-Gain Function U 


We consider first (2.7) for the height-gain function 
U’. By introducing a new variable V, given by 





1 
U=(a/R)*V=Ve-w™, (3.1) 


(2.7) becomes 


?V io sn 
etki o*)V =0, (3.2) 

dy? 

in which we introduce as our definition of the modified 

refractive index 


N=ne"*=nR/a, 


and define 


?— §?+-1/(2koa)?. 
(3.2) is exactly the same in form as the plane-earth 
equation, which is 


ait 


o+h2(N — $?)U)=0, (3.3) 


where h=R -a is the actual height above the earth’s 
surface, and 


N?=n?(1+h/a)?= 


n?(1+2h/a). 





3 These are the transformations used by Pryce [3], who credited Pekeris for the 
range transformation and E. T. Copson for the height transformation. 
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The method of the usual earth-flattening approxi- 
mation is to approximate U by Up, which is the 
solution of (3.3). But U can be obtained exactly 
by means of (3.1), in which V is the solution of (3.2). 
This fact will permit us to interpret properly the 
significance of the earth-flattening approximation 
with respect to the height dependence. 


4. Interpretation of the Earth-Flattening 
Approximation 


Equations (3.2) and (3.3) are identical only in 
form. However, the height variable 7 differs from 
h, and, for a given atmosphere, N as a function of 
» will not have the same analytical form as N as a 
function of h. In addition, the eigenvalue o? differs 
from S? by the small real quantity 1/(2koa)?._ Thus 
it follows that a given solution Up of the approximate 
earth-flattened eq (3.3) corresponds (but is not 
equal) to the exact solution of a slightly different 
problem. The approximate solution differs from 
the corresponding exact solution in three respects, 
namely: (a) By the factor (a/R)'” in (3.1) (this 
factor usually is nearly unity); (b) the modified 
index profile is different because of the difference in 
height scale;* (¢c) the eigenvalue is shifted slightly. 
Both (b) and (c) lead to differences between Up and 
U’ which involve the frequency. (b) probably is the 
more important effect, so that the error of the earth- 


flattening approximation as a function of height prob- 


ably is due primarily to the choice of height seale. 
5. The Standard Atmosphere 





The standard atmosphere is now defined by 
N?(h)=1+qh, 
q=3/(2a). 

equation, whose 


In this case, (3.3) becomes Stokes’ 


solutions are Airy functions, or the modified Hankel 


functions of order one-third [6]. In view of the fact 
that an exact solution is available in terms of our 
function U’, it appears that it may be desirable to 


define the standard atmosphere by the relation 


N?(n)=1+ 40. 
In this case (3.2) likewise becomes Stokes’ equation. 


6. The Distance Function T 





The distance dependence is given by the function 
T, which satisfies the Legendre differential eq (2.8). 


In the earth-flattening approximation, 7 is approxi- 
mated by a function Jo which satisfies the differential 
equation 


@Ty 1 iat 


4 This shall be discussed in greater detail for specific cases in a later paper. 
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which is the Bessel equation of order zero. Equa- 
tion (6.1) gives the distance dependence for plane 
earth. 

In investigating the accuracy of this approxima- 
tion, Pekeris [4] assumed that Z' could be written 
in the form 

T(r) =T)(r) + (as)~?T,(r) + (as)~*Ti(r)+.... (6.2) 
After substituting (6.2) into (2.8), expanding cot(r/a) 
in a power series in r/a and equating the coefficients 
of like powers of (as)~*, he obtained a system of 
simultaneous differential equations, which is written 
in terms of the operator 





ad 
aclae +5 +1)T, 
as follows: 
L(T))= (6.3a) 
_ 2 dT (Qs 
L(T,)= 3 dr’ (6.3b) 
- v?dT, , xdT, — 
Ei — “45 an +3 _ (6.3¢) 
ij Se Ss ej 


945 dz o ‘dx '3 dr 


where z=sr. 

Pekeris wrote the solutions of (6.3a) and (6.3b) 
in terms of the Hankel functions (corresponding to 
an implicit time function e‘*‘) 


T= Hi” (sr) ) 


T= = ” HY (er), 


and used 


(as) ~?T,(r) =— (1/12) (r/a)?HY (sr) 
as the term to estimate the error in using 7) as the 
solution of (2.8). 

We now proceed to extend Pekeris’ treatment to 
solve for 72,(r) for arbitrary n. The solution will be 
obtained in terms of cylinder functions of corre- 
spondingly higher order. Hence it is possible to 
obtain 7(7) in the form (6.2) to any desired degree 
of accuracy for any distance r 

Let Z,(x) be any cylinder function of order n. 
Define 

Ch (x) =2"Z, (x) 
and 


L(T)=T"' +27’ +T, 


where primes indicate derivatives with respect to z. 
Then C, satisfies the differential equation. 


L(C,) = (2n/x)C;. (6.4) 
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Now a solution of (6.3a) is 


I= C=, (6.5a) 
and since 
Co=—27*C;, 
(6.3b) becomes 
L(T.)==— (1/3)2-1C3=— (1/12) 42-!C3. 
Hence from (6.4) it follows that 
T,= — (1/12) C,= — (1/12) (sr)?Z,(sr). (6.5b) 
Similar procedures may be applied to (6.3), (6.3d), 


. by applying the following reduction formula to 

reduce the terms on the right-hand side to a sum 
f terms of the form 2nz7'C,, 
of terms of the form 2nx2~'C’, 


- Be). : 

xr*( i ak theta, k=1,2, Sa (6.6) 
a=0 
where 
Co,x,0=9, 
ak! (m-+k--1)!2*-« 

Ca L—— =(— b)—,-—_ mt+ax<0. 

a aE aT "(m+a—1)!’ ee 

(6.7) 


Equation (6.6) may be derived from the recurrence 
formulas for the cylinder functions. The solutions 
for T; and TJ, are given below: 


m 1 , 
aa ses C0 cee. CO 
T; 30 U3t 4) 


160 (6.5¢e) 


_ pn C;— 61 y 
Py=— sin Ot a0 | ~~ 120,960 Cs 


(6.5d) 
In most cases of propagation around the earth, one 
or two terms of (6.2) give sufficient accuracy. 

Finally, the treatment may be extended in a simi- 
lar way to the case of d¥/0¢#0. Equation (2.4) 
then is replaced by the associated Legendre equation, 
for which we have obtained a solution in terms of 
generalized C functions 


C,, m (x) = ag) n (x) . 


The details of this development will be reported 
elsewhere. 


7. Conclusions 


By a refinement of the procedure used in the usual 
earth-flattening approximation, we have shown that 
the problem of propagation around a spherical earth 
can be reduced to an exact equation of the same 
form. Thereby the earth-flattening procedure be- 
comes applicable to arbitrarily large heights and dis- 
tances. It is also found that existing solutions of the 
approximate equations can be re-evaluated to yield 
the exact solutions for slightly different refractive 
index distributions. 
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Limit of Spatial Resolution of Refractometer 
Cavities 


William J. Hartman 
(July 9, 1959) 


Filter factors that determine an upper limit for the wave numbers for which refractom- 
eter measurements can be used to calculate the spectrum of refractivity are derived in this 
paper based on the assumption that refractometers measure a weighted average of the refrac- 
tive index in a volume of air surrounding the center of the refractometer cavity. Two models 
are used assuming the weighting function has spherical symmetry around the center and one 
model is used assuming the function has cylindrical symmetry. All models result in a simple 
mathematical form which should be easy to use in further theoretical developments. 


1. Introduction 


The wave number power spectrum of refractivity is determined for large wave numbers / 
by the correlation of the refractive index variations at points which are separated by small 
distances [1].!_ Thus, refractometer measurements discriminate in two ways against the spec- 
trum for large wave numbers. First, the refractometer does not measure the variation of the 
refractive index at a point, but rather, a weighted average of the variations in the volume of 
air in the vicinity of the center of the refractometer cavity, and second, the centers of two 
cavities may not be placed arbitrarily close because of obvious physical limitations. The first 
of these effects is evaluated in this paper assuming several different weighting functions and 
neglecting further practical limitations such as finite response time and noise characteristics of 
the instrument. The result shows that the measured spectrum is a filter factor times the 
theoretical spectrum. With appropriate approximations, the effect is also evaluated for the 
measured frequency spectrum of refractivity. 

The exact weighting function is determined by, among other things, the size and shape of 
the cavity and the size and shape of the openings which allow the passage of air through the 
cavity. The commonly used microwave refractometer cavity [2] consists of a right circular 
cylinder with the ends partially opened to permit the flow of air and operated in the T,, mode 
at about 9 kMe. Considering the weighting function for a closed cylindrical cavity operated 
in the 7T’Eo, mode, it appears that the weighting function for an open cavity with the same 
dimensions, and operated in the same mode, decreases approximately as a partial sine wave 
across a section of the cavity perpendicular to the axis and gaussianly along the axis from the 
center [3]. For mathematical simplicity, however, the most desirable weighting function is one 
that has spherical symmetry about the center of the cavity, as will be seen later in the analysis 
in this paper. (This would be a very good approximation, for example, for a refractometer 
using a cavity consisting of two concentric spheres, the outer sphere being a grid to allow for 
the passage of air.) Two of the weighting functions used in this paper have spherical sym- 
metry, and a third function is used which has cylindrical symmetry. The results for the three 
different forms differ significantly only in the region where data become unreliable because of 
other limitations. 


2. Theoretical Development 


It may be assumed that the refractometer measures a weighted spatial average of the 
variation An=n—no where np denotes an average value of the refractive index n. Let the 
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weighted average of An at any time t be given by 
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‘ | d’rAn(r’,t) f(r) | @ran(R+r,t)f(r) 


ee 
| drf(r) fare) 


> > 
where v is a volume centered at R, the center of the refractometer cavity, and f(r) is the weight- 
ing function for the cavity. Figure 1 shows two spherical cavities and the vectors associated 
with these. 
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FiGuRE 1. Geometry for lwo spherical refractometer cavities. 









~ > 


Using two refractometers with centers at R,; and Rs, it follows that 





. . > ~ ~> > 
| wr (Bpy< An(ry, tL) An(ry,t) >f (1; )f (72) 
Spoiled | °2 ae - 








——.: ae. 
<An( f,,t)An(Ro,t) >= _*"? — ——_—= (2) 
J er, Bry f(r) f(r) 
M1 Po 
where < > denotes a time average or ensemble average. 
Following Wheelon [4]*, one obtains 
f" *, 9 A C l F P, “ iy 4 , , 
Kan(ri,t)An(ri,t) >=<an>CUi = | PkS(k) exp [—1k-(r;—79)] (3) 
OT Jo 
‘> 
where <An*> is the variance of the fluctuations of the refractive index. C(rj—rj) is the cor- 
> ~ > 






relation of the fluctuations at two points determined by the vectors rj and r;, and S(k) is the 
wave number power spectrum of refractivity. 
Similarly, one may define 








=" 


a a 
<An(R,,t)An(R,,t) >=< An? >C,(P) (4) 






> 
where (,(P) is the correlation function between the centers of the cavities of two refractom- 
> > - = 


eters, and the vector P is the vector between the two centers, P=R,—R,. 







2 The magnitude of the S(k) defined by Wheelon is about one-fourth as large as the one used here since he used Ae & 2nAn instead of An. 











Combining (2), (3), and (4) one finds that 


; | adr, a @ry< An SO(n —1 r) f(r) fre) 
<an(R,, t)An( R2, t) >=<An?>C,(P)=— ; 
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i anf ir, fa, fcr, 


ic oe 2 rf Sry f (ry) f(r ) exp = 3 (7,—r,)] 
= agi |, dk exp [—ik-PIS(h) 9 * - 6) 
a f ef Pr of ( 11) f(r) 





The factor in the braces in (5) is called the filter factor E and this determines the upper 
> 


limit of k for which the refractometer may be used to measure S(k). It should be noted that in 
the above formulation, the exact form of the structure of the atmospheric turbulence, whether 
isotropic or anisotropic, affects the weighting function but will have no other effect on FE. In 
practice, P must be greater than the size of the cavity, but for theoretical purposes, one may 
assume that P can take on any value greater than or equal to zero. Then, taking the inverse 
Fourier transform of (5), one finds 


ES(k)= | @P exp [ik-P|<An?>C,(P) 6) 


vt 


which is the quantity obtained from measurements. 
In the following we will evaluate F assuming the following forms for f(r): 


es 1 for In|<a, 
1° f(r) = = 
0 for |r|>a 
2° f(r) =exp{ —r?/a’}, 
and 
3 fG)= exp {—r3/b?} for yr2+r<a 
0 for /72+r2><, 
where r;, 7,, and r, are the components of r in the z, y, and z directions respectively. The 
first form, 1°, gives an upper bound for any closed spherical refractometer cavity of radius a 
and the second form, 2°, gives an upper bound for such a cavity operated in the 7 Eo, mode. 
In each of the three forms it is possible (but not necessary) to identify the parameter a (or 5) 
with the dimension of the cavity. 
For the first case, 1°, if one has two refractometers which measure a small spherical volume 
of air of radius a and 5, respectively 


7 2r a 
E= | - . — |, sin dds f a, ridr, exp [—ikr, cos ),] 
(3 3 0 0 0 
3 ra ) 





La °2er b 
unis {- sin alr | a, ridr, exp [tkrz cos dq] ss 
(37°) 0} 0 0 ORE) 
3 
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The quantities in the braces in (7) are the same, except that the parameter (a) is changed 
and one is the complex conjugate of the other. Thus we may write 


E=g(k,a)g*(k,b) (8) 


where g*(k,6) is the complex conjugate of g(k,b). One then obtains by integrating 
p jug ) g g 


y(k,a) = "7 ya [sin ka—ka cos ka} (9) 


ka 


and thus, 


Pe agp (sin ka—ka cos kalfsin kbh—Kd cos kb] (10) 


(ka)*(k 


For the second case, 2°, one finds that 


E={ 3 52372 :. sin sa “do, | rdr, exp [—tkr, cos \\] exp { —7?/a?} } 


x {a= sin Adz § ‘do |) r3drz exp [ikrz cos d] exp { —73/b?} } (11) 


Again, one may set the two factors of the right hand side of (11) equal respectively to g(k,a) 
and g*(k,b). After performing the \ and @ integrations, one obtains 


g(k,a) at acl, le exp {—?°/a*}dr (12) 


which yields, using relation No. 19, page 73, of reference[5], 
ie yak | a°k? , 
y(k,a) = i 4 Ff! w {4 E}- exp {-" (13) 


E= exp { —k*?(a?+b?’)/4}. 


Thus 


Figure 2 shows the filter factors for the sharp spherical cutoff E,(ka) and for the gaussian 
cutoff E,(ka) versus ka, assuming that the refractometers used to determine £, (or F,) are the 
same. 


For the case 3°, Eis given by 


E= (a, 6)9*(e, d) (14) 


where 


iB dr fe dr +f dr, ¢ tk "exp { —r,7/b? } 
g(a, b)="—= a (15) 
if a {- dr, fia ', exp {- 2/82} 


with L=a?—r,? and g*(c, d) is the complex conjugate of g(c, d). After integrating the de- 
nominator of (15) one obtains 


sd a L 
g(a, 6)=- J f ar.{ ar, | dr, exp |[—i(r,k,+1,k,+7.k,)] exp {—r7/b?}. (16) 
rab J -« -a -L 
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- 
- = as ; Figure 3. Geometry for locating the propagation vector k in 
ka relation to a cylindrical cavity with its axis parallel to the 
x-axis. 





FicurE 2, Filter factors for gaussian cutoff and sharp cutoff. 





The r, integration may be done using relation No. 23, page 121 in reference [5] and one 
obtains 


»¥ __j. 2h2/4) (°4 °*L 
g(a,b) =P —aeeTas | dr dr, exp {—@(tyky+r.k.)}. (17) 


=p 


Changing to polar coordinates, (17) becomes 


exp {—k 


» 22/4} (a °2r es : a 
g(a,b)= a b | uly | dé exp [—tyyk,’?+k-? sin 6], (18) 
, 0 0 





which may be integrated to yield 


(a,b) = — J — J (avky+k.?) exp [—""} (19) 
: avky+k? ‘ 4 


where J;(Z) is the Bessel function of order 1. Referring to figure 3, one finds that 


vk? +k -hy/1—sin? 6 cos? B (20a) 
and 
k?=k? sin? 0 cos? B, (20b) 


—> 
where @ is the angle which & makes with the vertical, and 8 is the angle in the XZ plane with 
the z-axis assuming that the cavities are both alined along the z-axis. Combining (14), (19), 
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(20a), and (20b) it follows that 














E.= : ~ J, (aky1—sin? 6 cos? 6) J, (ek 1—sin? 6 cos? B) 


~ ack?(1—sin? @ cos? B) 
pf SPL cay 





4 


¢, is plotted versus ka in figure 4, assuming two identical cavities, and also that a equals 6 in 
(21a), for the values B equal zero and several values of 8. 


One may also write 
¥1—sin? @ cos? B=cos ¢, 


r . . . . . 
where ¢ is the angle * forms with the z-axis. With this notation, (21a) becomes 


4 k?(b?+d?) sin'¢ |. 


i J, (ak cos ¢) J; (ck cos ¢) exp{ — 4 (21b) 


~*~ ack? cos? 

In figure 4, the curves for 6 equal to 0°, 45°, and 90° correspond to ¢ equal to 90°, 45° and 0°, 
respectively. 

If one assumes isotropic turbulence and then carries out the angular integrations in (5) 


using the filter factor (21a), a new filter factor is obtained which, as in the two previous 
> 


forms, i8 dependent only on the magnitude but not on the direction of k. 











=a 
. Soe 9 = 90°or $= 0° 
2 | | 4 6 =45°or ¢ = 45° 

\ 9= 0°or $=90° 
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Figure 4, Filter factor for a cylindrical refractometer cavity 
with its axis in the horizontal direction. 





















» 
6 is the angle a vector k, in the zy plane makes with the vertical axis, and the 


angle ¢ is the angle a vector k makes with the axis of the cylinder. 
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It may be noted here that zeros of the functions shown in figure 2 and figure 4 can actually 
occur, the only requirement being that the weighting function for the refractometer decrease 
slowly over a small volume surrounding the center of the cavity. 

The frequency spectrum of refractivity is given by [6] 


W.o)=| dr cos vr An(7,, t)An(7,, t-+-7) >. (22) 
0 


Many measurements of this type, taken with a stationary refractometer, are available [2] 

Assuming (somewhat arbitrarily) that the structure of the turbulence is frozen in blobs which 
. . . . > . 

are carried past the refractometer by the wind with the constant velocity y, one may write 


> > > 


<An‘r,,t)An‘n,, t+ 7) >=<An(7,,t) An’7,+471,t) >, (23) 


and then, using (1), it follows that 


a > vaeay —_— ~ ee “+ 
<An(r,,t)An(r,, t+7) >=<An(r,,t) An(7,+u7,t) >. (24) 


It should be noted that in the above expressions ((23) and (24)) no allowance is made for the 
“self motion” [4] of the air, and this may be of considerable importance. Applying (24) and 
(5) in (22), one obtains 


: ey a ae = ae me: ! 
WW nal)= | dr COS vt rt | Pk exp [—ik- ur] S(k) E(ka), (25) 
0 . v 


where Wha(v) is the spectrum which is actually measured and v=22f where f is a frequency. 
For the case of isotropic turbulence (25) yields 


a ioe 
i) na (V) = | dkkS(k) E (ka), (26) 
4p, 


/p 


using either 1° or 2° for the filter factor. 
Substituting v= in (26) and differentiating both sides with respect to /, one obtains 


kS()E(ka)__ dt w py (27) 
dk 


pAr 


Norton [7] and Wheelon [4] each obtained the result 


kS(k) d y a0' 
= via = dk YW n (Kp) (28) 


which, when combined with (27) yields 


dW, (km) _ 1 dW yal kp) 


=F (29) 


d(kp) Eka) d(kp) 











which relates the slope of the actual spectrum to the slope of the measured spectrum. 


3. Discussion of Results 


Because no data are available for calculating the wave number spectrum, the interpreta- 
tion of results will be confined to the frequency spectrum. It is well to bear in mind, however, 
the assumptions made (eqs (23) and (24)) to obtain these results. 

Referring to figure 2 and figure 4 it is seen that E(ka)™1 for ka<0.5, so that in this range 
the filter factor has very little effect. If one assumes that a=2.5 centimeters, which corresponds 
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to a microwave refractometer cavity [2], it follows that #<0.2 per centimeter. For the con- 
stant wind velocity z of 5 meters per second (approximately 11 mph) this yields f< 100/27 
cycles per second as the range in which the frequency spectrum is unaffected by the filter factor. 
The available data [8] gives a spectrum accurate to frequencies of at most 10 cycles per second, 
and the filter factor does not alter the spectrum in this range. 

If the filter factor does go to zero, as in figure 2 and figure 4, the first zero determines a 
definite upper limit for & (or f) for which the refractometer determined spectrum is valid. 
However, refractometer measurements are generally inaccurate because of noise, etc., before 





this limit is realized. 


The need for more data to determine the weighting function and the two spectra is ap- 
tn] ton) 


parent. 
would give a satisfactory approximation. 


Even if such data were available, it is felt that one of the three forms derived bere 
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Conference on Arctic Communication 
R. C. Kirby and C. G. Little 


(Received July 23, 1959) 


1. Introduction 


A Conference on Arctic Communication was 
sponsored by the Central Radio Propagation Labora- 
tory and held at the Boulder Laboratories, National 
Bureau of Standards, March 3 to 6, 1959. Approxi- 
mately 275 persons attended, representing univer- 
sities and research, consulting, and engineering 
organizations, as well as the Department of Defense 
and other government agencies. Foreign represen- 
tation included Canada, Great Britain, SHAPE Air 
Defense Technical Center, and (by communication) 
the Norwegian Defence Research Establishment. 

The objectives of the conference were to review 
the results of recent arctic radio research and to 
discuss current research and operational problems. 
The opening session was devoted to a review by 
various laboratories of their arctic research programs. 
Forty-six papers were then presented at four open 
and two classified sessions. The conference closed 
with an informal discussion period, during which 
three panels, devoted respectively to communication 
at vif to If, hf to vhf, and uhf, discussed fields requir- 
ing further research. The full proceedings of the 
conference will not be published, as it is expected 
that appropriate papers will be published in technical 
journals by individual authors. 


2. Review Session 


Dr. C. T. Elvey, Director of the Geophysical 
Institute, University of Alaska, reviewed the radio 
propagation research undertaken by the Institute. 
He first described studies of the scatter and reflection 
of radio waves at oblique and vertical incidences from 
the ionosphere. Field strength studies at various 
frequencies, including some transpolar work between 
Alaska and Norway, were also described. Dr. Elvey 
then briefly outlined the application of radio astro- 
nomical techniques to the study of ionospheric 
absorption and scintillation. An experiment involv- 
ing the use of three Doppler-recording stations on 
artificial earth satellites, and a new program involving 
the study of radio wave interaction at frequencies 
of several megacycles, were also described. This 
latter experiment is designed to give information on 
the electron density and electron-collision frequency 
over the height range 50 to 80 km. 

H. S. Marsh described the Air Force Cambridge 
Research Center’s (AFCRC)- propagation research 
program. A number of studies are supported at 
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other research organizations and universities. Four 
stations are in operation for synoptic studies of 
transmissions from the oblique sounders at Fairbanks 
and Thule. In Alaska, ionospheric backscatter 
techniques are in use to determine electron-density 
profiles in the ionosphere. AFCRC is also sponsor- 
ing a study of low frequency propagation during 
polar blackouts. Another program is devoted to a 
study of the literature on arctic propagation, with 
emphasis on anomalous effects. AFCRC has an 
“in-house” program to measure the amplitude dis- 
tribution of high frequency signals received from the 
Thule backscatter sounder. 

A paper summarizing vhf and uhf radar studies 
of the aurora, in the absence of the authors, R. L. 
Leadabrand and A. M. Peterson, was read by 
R. Presnell. The paper reviewed the results of 
work by several organizations. Topics discussed 
included position of the aurora in space, strength 
of the echoes, fading rates, spectra, percent occur- 
rence, polarization, wavelength dependence, and 
latitude dependence. 

The fourth paper, by R. C. Kirby, T. N. Gautier, 
and A. D. Watt, was a survey of arctic propagation 
studies at the National Bureau of Standards. The 
work included NBS-sponsored and other agency 
programs carried out by the Central Radio Propaga- 
tion Laboratory. Regular synoptic observations 
of vertical incidence ionospheric characteristics are 
made, as well as studies of high frequency field 
strength, atmospheric noise, very low frequency and 
low frequency propagation, and ionospheric and 
tropospheric scattering. 

Operational studies of arctic communication prob- 
lems by the U.S. Army Signal Research and Develop- 
ment Laboratory were described in a paper by C. E. 
Sharp and A. H. Waite. Investigation of factors 
affecting transmission ranges of military communi- 
cation equipment in arctic regions were described. 

A report on propagation phenomena observed in 
operating the DEW line over a 2-yr period was given 
by W. Donaldson of the International Telephone 
and Telegraph Laboratories. Performance of tro- 
pospheric scatter, ionospheric scatter, and high fre- 
quency communication systems was discussed, 
including the effects of unusual propagation phe- 
nomena, such as ducting at uhf, long range vhf 
interference, multipath, and backscatter. Propa- 
gation phenomena effecting the long range detection 
by L-band radar were also discussed. 

A review of performance of polar region high fre- 
quency communication circuits was given by W. R. 
Vincent, R. L. Leadabrand, and A. M. Peterson, 








of Stanford Research Institute. Logs of selected 
circuits were analyzed for relation of propagation 
outage to magnetic disturbances. 

The interest of the Voice of America in arctic 
radio propagation was described by G. Jacobs of 
the U.S. Information Agency. The operational 
requirements of the Voice in connection with its 
worldwide broadcasts were described, as well as 
methods for bypassing the northern auroral regions. 
Research sponsored by the USIA includes a visual 
aurora program and high latitude field strength 
studies. 

Arctic communication experience in the North 
Atlantic region of the Airways and Air Communica- 
tion Service was described by Col. W. E. Geyser, 
USAF. He described the radio communication 
facilities in the northern regions, including high 
frequency, low frequency, ionospheric scatter, tropo- 
spheric scatter, microwave intersite links, and long- 
line telephone. The operational reliability, flexi- 
bility, and limitations of each of these systems was 
discussed in relation to Air Force requirements. 
Col. Geyser outlined ultimate communication sys- 
tem requirements and some ideas for a minimum 
essential communication capability. He stressed 
the need for a technique which, though possibly 
severely restricted in information capacity and speed, 
would offer the highest possible order of propagation 
reliability and jamming resistance over ranges in 
excess of 3,000 miles. 

Frequency-planning problems for arctic communi- 
cation were discussed by G. W. Haydon of the De- 
partment of the Army. He stressed the lack of 
basic propagation data for frequency engineering, 
noting especially the requirements for statistical 
mapping of absorption in arctic regions and further 
measurements of noise from aurora. These factors 
could conceivably become limiting factors as re- 
ceiver noise figures at vhf and uhf are significantly 
reduced. He also noted that prediction of high 
frequency signal strength and noise level were in an 
unsatisfactory state for arctic regions, and that the 
zonal concept continued to limit the usefulness of 
MUF predictions at high latitudes. 

F. Lied, director of the Norwegian Defence Re- 
search Establishment, communicated a review of 
ionospheric studies in and near the auroral zone 
undertaken by that organization. Programs re- 
viewed included studies of forward scatter, drift 
and fading, auroral reflections, absorption, D-region 
during blackouts, vif and If recordings, hf recordings, 
and sporadic-E ionization. 

The following is the list of papers presented at the 
review session: 


Survey of radio propagation research at the Geo- 
physical Institute, University of Alaska, C. T. 
Elvey, Geophysical Institute, University of 
Alaska, College, Alaska. 

Survey of Air Force Cambridge Research Center’s 
current long-range propagation research pro- 

am, H. S. Marsh, Air Force Cambridge 
esearch Center, Bedford, Mass. 
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A summary of vhf and uhf radar studies of the 
aurora, R. L. Leadabrand and A. M. Peterson, 
Stanford Research Institute, Menlo Park, Calif. 

Survey of NBS arctic propagation studies, R. C. 
Kirby, T. N. Gautier, and A. D. Watt, Central 
Radio Propagation Laboratory, National Bu- 
reau of Standards, Boulder, Colo. 

Signal Corps operational studies of arctic com- 
munications problems, C. E. Sharp and A. H. 
Waite, U.S. Army Signal Research and De- 
velopment Laboratory, Fort Monmouth, N.J. 

ITT report on DEW-line observations, W. Don- 
aldson, ITT Laboratories, Nutley, N.J. 

A review of the performance of polar region com- 
munications circuits, W. R. Vincent, R. L. 
Leadabrand, and A. M. Peterson, Stanford Re- 
search Institute, Menlo Park, Calif. 

The Voice of America’s interest in arctic radio 
propagation, G. Jacobs, U.S. Information 
Agency, Washington, D.C. 

Arctic experience of NORLANT AACS and sys- 
tems limitations, Col. W. E. Geyser, Head- 
quarters North Atlantic AACS Region, USAF, 
Westover AFB, Mass. 

Frequency engineering problems in arctic com- 
munications, G. W. Haydon, Office of Chief 
Signal Officer, Department of the Army, Wash- 
ington, D.C. 

Ionospheric studies in and near the auroral zone 
undertaken by the Norwegian Defence Re- 
search Establishment (communication from F. 
Lied, director, Norwegian Defence Research Es- 
tablishment, Oslo, Norway). 


3. Classified Sessions 


Two classified sessions were held. Representa- 
tives of Army, Navy, and Air Force described 
operational plans and requirements, and classified 
results of research programs were presented. 

Requirements of the Strategic Air Command and 
arctic communication experience of that organiza- 
tion were discussed by Col. C. W. Bagstad, Head- 
quarters, SAC, Offutt AFB, Nebr. A discussion of 
USAF future communication requirements was 
given by Col. T. N. Dickens, and a description of 
plans for fulfilling these requirements was given by 
Col. H. R. Johnson. Both represented Head- 
quarters, USAF. 

A further Air Force study of air/ground communi- 
cation requirements in arctic regions for air defense 
systems was reported by Maj. W. Athas of the Air 
Defense Systems Integration Division and J. F. 
Roche of Lincoln Laboratory, Massachusetts Insti- 
tute of Technology. 

The Navy’s communication requirements in polar 
regions were discussed by J. L. Harris, Office of the 
Chief of Naval Operations, Navy Department. 

Army operational requirements for communica- 
tion in the Arctic were described by A. Brown of the 
U.S. Army Signal Research and Development 
Laboratory at Fort Monmouth. 
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A study by SHAPE of ship/shore communication 
problems in the North Atlantic was reported by Dr. 
N. Knudtzon, Chief of the Communications Group, 
SHAPE Air Defense Technical Center, The Hague, 
Netherlands. 

A special study of arctic vlf propagation, involving 
transmission Over ice, was reported by A. G. McNish 
of the National Bureau of Standards. 

The status of an experimental study of the useful- 
ness of scatter propagation for air/ground communi- 
cation was reported by T. F. Rogers on behalf of the 
Air Force Cambridge Research Center. 

Arctic tropospheric scatter results were discussed 
in two presentations. A description of DEW 
DROP, “a link between Thule and Omaha,” and its 
operational performance was given by Glen Mellen 
of the Massachusetts Institute of Technology. 
Tropospheric scatter in the arctic over high altitude 
paths was discussed by A. E. Teachman of Page 
Communication Engineers, Inc. 


4. Open Technical Sessions 


Twenty-two papers were presented during three 
open technical sessions. Abstracts are reproduced 
below, in alphabetical order by first author. 


HF Field Strength Measurements in the Arctic 


V. L. Aay, Central Radio Propagation Laboratory, National 
Bureau of Standards, Boulder, Colo. 


High frequency cw transmissions on 7.815 and 
10.905 Mc from Bismarck, N.Dak., and Maui, Hawaii, 
were recorded at Anchorage and College, Alaska, 
using narrow-band receivers, for the period from 
about April 1, 1958 to December 31, 1958. In spite 
of the narrow bandwidth of the receivers, interference 
from stations on or near 10.905 Me rules out the use 
of recordings at this frequency for detailed compari- 
sons. The 7.815-Mce recordings, for the most part, 
however, have been satisfactory. 

For the period covered by the recordings the fol- 
lowing conclusions may be drawn: 


1. The paths from Bismarck (Bismarck-Anchor- 
age, Bismarck-College) are not notably different 
from a propagation standpoint. Certainly the large 
differences in field strength expected on the basis of 
an assumed sharply defined auroral absorption zone 
(more or less coincident with the visual auroral zone) 
do not occur. 

2. Correlations exist between field strength varia- 
tions observed over any pair of the four paths (Bis- 
marck-Anchorage, Bismarck-College, Maui-Anchor- 
age, and Maui-College) which are in general much 
larger than those observed for propagation paths 
entirely free of auroral zone effects. 

3. Distributions of field strength values for the 
Bismarck paths for nighttime hours have an inter- 
decile range of around 30 db, while for the Maui 
paths the interdecile range is about 15 db. This 
cag is attributed to auroral zone attenuation 
elects. 
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4. In addition, after correction for differences in 
transmitter power and path length, a median differ- 
ence in field strength (Maui minus Bismarck) at 
either receiver of about 15 db can be ascribed to 
auroral zone absorption. 


Abnormal [Ionization in the Lower Ionosphere 
Associated With Cosmic-Ray Flux Enhancements 


D. K. Barey, 


. : Inc., 
Washington, D.C. 


Page Communications Engineers, 


Abnormal ionization in the lower ionosphere 
associated with cosmic-ray flux enhancements is 
discussed mostly in terms of the great solar event of 
February 23, 1956. Two kinds of abnormality were 
recognized: Early effects observable in the dark 
hemisphere at the time of the sudden cosmic-ray 
enhancement, and late effects which began gradually 
and reached a maximum a few hours after the cosmic- 
ray enhancement. The late effects died away over a 
period of several days in geomagnetic latitudes above 
70°, but more rapidly in lower latitudes. Both 
effects were more intense in higher geomagnetic 
latitudes. Early effects, though much the less intense 
of the two, appear to have been observable in 
lower geomagnetic latitudes than were the late effects. 

The early effects are explained as a consequence 
of a plausible difference in composition between 
streams of solar particles of cosmic-ray energies and 
ordinary cosmic rays. The late effects are explained 
in terms of ionization produced in the lower iono- 
sphere (the range of height from 30 to 110 km is 
studied) by the passage or stopping of solar particles— 
mostly protons. Such particles are shown, like the 
more energetic solar cosmic rays, to be arriving 
essentially isotropically after the maximum effects 
occur. A plausible extension of the observed 
magnetic-rigidity spectrum of the solar cosmic rays 
downward in rigidity by about a power of 10 would 
provide the protons necessary to account for the 
observations. The absence of auroral and significant 
magnetic activity accompanying the abnormal ioniza- 
tion is consistent with the explanations offered. 
Moreover, certain more recent high-latitude absorp- 
tion events, unaccompanied by groundlevel cosmic- 
ray flux enhancements, are explicable in similar 
terms. 

An interesting by-product of the investigation is a 
provisional evaluation not only of the coefficient of 
collisional detachment of electrons from negative 
ions, probably mostly O;, but also of the negative- 
ion-to-electron ratio and the effective recombination 
coefficient at night between 30 and 110 km. 


Predicting the Performance of Long Distance 
Tropospheric Communication Circuits 


A. P. Barsts, K. A. Norton, anv P. L. Rice, Central Radio 
Propagation Laboratory, National Bureau of Standards, Boulder, 
Colo. 


Performance of long-distance tropospheric commu- 
nication circuits is predicted in terms of the prob- 





ability of obtaining a specified grade of service or 
better for various percentages of the time. The 
grade of service is determined by the minimum 
acceptable ratio of hourly rms carrier to rms noise 
for the type of intelligence to be transmitted. It is 
shown that the prediction errors, expressed in deci- 
bels, have a standard deviation which depends upon 
the percentage of hours the specified grade of service 
is required and on the angular distance characterizing 
the propagation path. Finally, the possibility of 
reducing this standard deviation by making path-loss 
measurements is discussed. Thereby the reliability 
of the prediction might be increased. 

As the prediction uncertainty was determined from 
analysis of a great amount of propagation data 
representing a variety of climatic regions, and the 
initial determination of basic transmission loss for 
any propagation path involves the use of meteoro- 
logical parameters for the area concerned, the predic- 
tion method is equally applicable to arctic communi- 
cation problems. Calculation schemes and graphical 
aids have been prepared which enable the practicing 
engineer to use the prediction method for any 
particular communication link. 


Climatological Effects on Radio Propagation 


B. R. Bean, Central Radio Propagation Laboratory, National 
Bureau of Standards, Boulder, Colo. 


The National Bureau of Standards is conducting 
extensive studies of climatic effects upon radio waves. 
Among these studies is the development of an expo- 
nential reference atmosphere which facilitates the 
estimation of refraction effects in any region for 
which surface weather observations are available. 
Worldwide maps of the mean value of the refractive 
index have been prepared for this purpose. In 
addition, a specific study has been made of radiosonde 
observations to determine the occurrence of ground- 
based radio ducts. Maximum observed incidence 
of ducts was determined as 13 percent in the tropics, 
10 percent in the Arctic, and 5 percent in the temper- 
ate zone. Annual maximums are observed in the 
winter for the arctic and in the summer for the 
tropics. 


Frequency Correlation in HF Auroral Propagation 


J. W. Craic, Lincoln Laboratory, Massachusetts Institute of 
Technology. 


Transmissions at spaced frequencies were made 
from Thule to Ipswich, Mass., to study the effect 
of disturbed conditions on the correlations of such 
signals. The data are now substantially reduced and 
some indication of the “correlation distance” in 
frequency obtained. Implications for possible new 
communication systems to operate under disturbed 
conditions will be discussed. 
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Performance of the Canadian Janet B Equipment in 
the Auroral Zone 


J. H. Cryspaup, Defence Research Telecommunications 
Establishment, Ottawa, Ontario 


The Canadian Janet B equipment has been oper- 
ated on a circuit in the auroral zone during the past 
year. The terminals of this circuit, which is approxi- 
mately north-south and 1,000 km in length, are 
located at Edmonton and Yellowknife. The circuit 
is operated at two closely spaced frequencies in the 
vicinity of 40 Mc and at two closely spaced frequen- 
cies in the vicinity of 50 Me. 

One of the most serious problems encountered is 
auroral zone blackout associated with solar flares. 
During July, the circuit was not usable for at least 
two days because of this phenomenon. From a 
review of the performance of other vhf circuits, it has 
been found that extended blackouts are by no means 
infrequent. 

Experience to date suggests that the meteoric 
signal does not predominate during substantial pro- 
portions of the time. A deeply fading signal of 
essentially constant or slowly varying peak amplitude 
is often obtained and is associated with moderate 
error rates. Very rapidly fluctuating signals, often 
of considerable amplitude and probably associated 
with aurora, are frequently observed. With signals 
of this type, the error rate can be excessive, the 
transmissions in many cases being garbled com- 
pletely. 

The analysis of circuit performance is_ being 
expedited by the use of an IBM 650 computer which 
is programed to obtain fairly complete burst length 
and error rate information from the received test 
message tapes. 


A Proposal for Sweep-Frequency Soundings of the 
Ionosphere With Oblique Incidence at High 
Latitudes 


K. Daviss, Central Radio Propagation Laboratory, National 
Bureau of Standards, Boulder, Colo. 


High frequency communications (3 to 30 Me) 
are still the most convenient for many purposes in 
the Arctic regions. In order to predict such charac- 
teristics as maximum usable frequency and received 
field strength, a knowledge of the mode structure of 
the received signal is desirable. The most convenient 
method of determining this mode structure is the 
sweep frequency pulse technique. This technique 
is generally used in vertical incidence ionospheric 
soundings; and hence, a knowledge of the relation- 
ship between vertical incidence and oblique incidence 
data is essential as a first step in the solution of 
this problem. 

A most desirable feature in any oblique-incidence 
experiment is a vertical incidence ionosonde operating 
at or near the midpoint of the path. This require- 
ment is difficult to realize in the Arctic and, as far 
as is known, has never been achieved. However, at 
present there are three vertical incidence stations 
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located on the west coast of Greenland which are 
nearly equidistant. These stations are at Thule, 
Godhavn, and Narsarssuak. Thule and Godhavn 
are about 1,900 km apart and Godhavn is within 
50 km of the midpoint. 

The existence of these stations thus provides a 
unique opportunity to investigate radio propagation 
in a normally inaccessible area. 


VLF Aircraft Measurements 


R. H. Douerty, Central Radio Propagation Laboratory, 
National Bureau of Standards, Boulder, Colo. 


Three vif stations, NSS, NPG, and GBZ (Annap- 
olis, Seattle, and Rugby) were monitored on a flight 
into the arctic region of Greenland. The flights were 
made in the winter, and the propagation paths were 
mainly nighttime paths. 

Signals which had traversed the icecap were not 
excessively attenuated, but flights over the cap 
indicated a large directional effect. The directional 
effect has been attributed to the use of a trailing 
wire antenna and the large wave tilt associated with 
the low conductivity of the icecap. Preliminary 
calculations have been made in an attempt to 
evaluate the conductivity of the icecap. These 
results are compared with Dorsey’s! values for the 
physical constants of ice. The values deduced from 
the experiment were considerably higher, indicating 
influence of the more highly conductive ground 
beneath the ice. 


Utilization of Sporadic-E Propagation in the Arctic 


R. M. Gauuet, H. I. Lerauron, ano E. K. Situ, Central 
Radio Propagation Laboratory, National Bureau of Standards, 
Boulder, Colo. 


A normal procedure in hf communication in the 
Arctic is to decrease transmission frequency during 
disturbed periods inasmuch as the F2 muf is normally 
depressed during such times. Actually sporadic 
is more prevalent during disturbed than quiet periods 
and can be used to back up medium distance hf 
circuits (1,000 to 2,000 km) even during periods of 
polar blackout. However, to make the best use of 
sporadic / the transmission frequency needs to be 
increased rather than reduced. 

Es data obtained from the worldwide network of 
ionosphere sounders indicate that sporadic FE in 
the auroral zone tends to be most prevalent near 
the 100-percent isochasm (maximum occurrence of 
aurorae) and in the neighborhood of geomagnetic 
midnight. Sporadic F recorded at 24 and 48 Me 
on an experimental scatter circuit between Anchorage 
and Barrow, Alaska, and on the College, Alaska, 
ionosphere sounder is used to illustrate the temporal 
variations of sporadic F and signal levels to be 
expected when the /s mode of transmission is used. 


_ 


IN . E. Dorsey, Properties of ordinary water substance (Reinhold Publishing 
Co., New York, N.Y., 1940). 
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Summary of Path Loss Measurements on Tropospheric 
Beyond-Horizon Radio Paths 


R. M. Hawexorre, Bell Telephone Laboratories, Whippany 
Laboratory, Whippany, N.J. 


One of the most important factors that must be 
considered in the engineering of tropospheric beyond- 
horizon radio relay systems is the loss on the path 
between the transmitting and receiving antennas. 
Path loss measurements have been made on a num- 
ber of paths ranging in length from about 60 to 
more than 800 mi. Frequencies ranging from about 
100 Me to more than 4,000 Me have been used on 
these various paths. Some of these published 
results of loss on paths over land, frozen sea water, 
and open sea water have been reduced to 800 Me 
for engineering of military communication systems 
in the 750- to 950-Mc band. The 800-Me scatter 
loss on a path over land is in close agreement with 
that on a path of equal effective length over frozen 
sea water, but is greater than the loss on a similar 
path over open sea water. 


200-Mc Forward Scatter Results Which May Have 
Implication for Arctic Communication 


J. L. Herrracr, Smyth Research Associates, San Diego, 
Calif. 


In 1958 a survey was made of ionospheric signals 
received from a powerful 200-Mc transmitter. On 
oblique transmission paths, at geomagnetic latitude 
about 40°, signals were received which resembled 
auroral propagation in several ways. 

Great-circle ionospheric forward scatter was below 
detectability while rapidly fading signals with 30-db 
signal-to-noise ratio were received at sites to which 
specular transmission was possible via -layer ion 
columns alined with the earth’s magnetic field. 

These signals were named the Hg scatter because 
of their connection with the earth’s magnetic field 
at H-layer height. The system sensitivity was 
high—the minimum transmission loss of the Hg 
scatter relative to free space loss was about 105 db. 
This figure is roughly comparable with the 40-db 
transmission loss reported by Dyce for amateur 
220-Mc auroral transmissions at higher latitude. 

The Hg scatter signals have two forms, a short 
burst-like form and a longer lasting form—lasting 
up to 20 min. Both forms exhibit a rapid fading 
from the onset. The repetition rate of pulsed trans- 
mission was low—the autocorrelation function was 
zero for adjacent pulses. 

The diurnal variation of duty cycle is similar to 
that found for auroral transmission. During night 
hours Hg scatter duty cycle swamps the meteor 
burst duty cycle. Seasonal data is not yet available. 

The above results suggest that at higher geomag- 
netic latitudes, systems of intermediate sensitivity 
might find Hg scatter a useful propagation mode. 
It is advocated that a number of experiments be 
undertaken to learn more about the frequency and 
latitude dependence of this form of scatter. 





Results on Critical Frequency Studies for the Arctic 


G. E. Hux, AVCO Research and Advanced Development 
Division, Wilmington, Mass. 


Monthly medians of f,£ and f,/2 for January, 
March, and June 1957, were collected from all 
available Northern Hemisphere ionospheric sounding 
stations. The data were arranged according to 
G.m.t., in 3-hr intervals, plotted on polar stereo- 
graphic maps, and analyzed for isopleths of the 
critical frequencies (eight maps per month). Instan- 
taneous synoptic data from the IGY network, 
including f,/,, were handled similarly for 11 through 
15 July 1957 (eight maps per day). 

The monthly maps show the following: As ex- 
pected the daytime f,£ essentially follows a cosine 
dependence on the solar altitude. The f,/, generally 
decreases toward high latitudes forming a ‘‘polar 
low.”’ This polar low is more extensive in winter 
than summer. This polar low moves around the 
globe at high latitudes following the sun, the winter 
radius being about twice the summer radius. The 
high daytime winter values of f,F/, in auroral lati- 
tudes are related to the position of the polar low. 
Evidence of solar tidal effects is found (the polar 
low becomes a complex of three lows). 

The synoptic series in July show that the features 
evident on a monthly average are present on a daily 
basis also. The strong regularity of the H-layer 
appears daily as well as monthly. The daily features 
of f,F2, however, show some important departures 
from the monthly median variations. These depar- 
tures, or disturbances, have characteristic velocities 
ranging from about zero to several hundred m/sec. 
There exist preferred areas of development, but 
these areas are not permanent. Depressions occur 
at all times of the day, frequently about noon. 
The occurrence of sporadic £ in temperate latitudes 
is mainly in a broad belt nearly encircling the earth. 

A minimum is found at early morning longitudes. 
At night #, is found in northern latitudes. During 
the five day period wide departures from this 
simplified picture for EZ, occur. There appears to 
be some correspondence between patterns of f,F, 
and £, occurrence. 

The effect of the ionospheric general circulation 
is discussed, although no specific circulation model 
is presented. 


Planning Intersite Paths for Communications 
Facilities 


R. §S. Kirsy, Central Radio Propagation Laboratory, 
National Bureau of Standards, Boulder, Colo. 


In selecting terminal locations for long distance 
communication facilities, such as scatter and hf 
circuits, one of the primary site conditions is to have 
good intersite paths to the communication relay 
centers. In remote areas of the world this intersiting 
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is normally accomplished with a microwave relay 
operating in the 2,000- to 8,000-Mec range. Often 
the sites are situated in such a way that line of site 
paths do not exist between the two ends. With 
low-powered relay equipment currently in use, this 
requires the siting of one or more relays at remote 
intermediate locations. 

With higher powered relay transmitters, up to 
2 kw at 8,000 Me, the siting requirements for inter- 
site paths can be relaxed and nonoptical paths can 
conceivably be used. This paper presents a study 
of the propagation problems associated with trans- 
mitting high-power broad-band shf signals over the 
horizon using diffraction and scatter modes of 
propagation. Particular attention is given to special 
meteorological conditions prevalent in the Arctic. 






















HF Radio Wave Absorption in Northern Latitudes 







H. Lernspacu ANpD G. C. Rerp, Geophysical Institute, Uni- 
versity of Alaska, College, Alaska. 






Anomalous absorption in the lower ionosphere in 
the arctic regions can be classified into two types: 
(a) aurorally-associated absorption (type II) and (6) 
absorption arising from ionization of the lower 
ionosphere by charged particles from solar flares 
(type IIT). 

Aurorally-associated absorption (type IT) is strong- 
est at the southern edge of the auroral zone, 1.e., in 
the vicinity of 65° geomagnetic latitude. Type II 
absorption reaches a maximum at this latitude 
during the post-breakup aurora (early morning 
hours, local time), often reaching hourly average 
values in excess of 2 or 3 db at 27 Mc. A 5-Me wave 
passing once through the absorbing region at mod- 
erate obliquity could thus suffer upwards of 200-db 
attenuation, so that hf communication would become 
impossible using normally attainable powers. 

Type III absorption is much less frequent, but 
is of considerable importance since complete absorp- 
tion of hf waves may occur over the entire polar 
region north of 65° geomagnetic latitude. Further- 
more, the absorption may remain heavy for periods 
of up to four days. Six to eight type III events per 
year may be expected during the sunspot max- 
imum years. 

The above statements are based primarily on 
IGY absorption data obtained in Alaska and Green- 
land using the cosmic noise technique at 27.6 Me. 
















































Radio Star Scintillation Studies at College, Alaska 





C. G. Lirriz,? Central Radio Propagation Laboratory, 
National Bureau of Standards, Boulder, Colo. 





The methods used in a study of the amplitude and 
angular scintillations of the Cygnus and Cassiopel 







2 Formerly of Geophysical Institute, University of Alaska. 
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sources are briefly described. The results are pre- 
sented in diagrams giving: 


(1) The probability of occurrence of five different 
levels of scintillation activity. 

(2) The probability, for each level of activity, of 
observing a given increase or decrease of signal 
strength. 

(3) The probability, for each level of activity, of 
observing angular scintillations greater than a 
given value. 

(4) The solar-time variation of the mean fractional 
deviation of power, |A P|, for each source. 


F 


(5) The elevation angle dependence of |A P| for 


P 








each source. 


The observations have led to the following con- 
clusions relating to the College data: 

a. The scintillation activity during 1957-58 was 
some 20 times more intense than in England during 
1949-51. 

6. The solar-time variation of scintillation activity 
is very much less than at temperate latitudes. 

ec. The scintillation amplitudes were largely 
independent of the zenith angle of the source. 

d. The scintillation activity of the Cassiopeia 
source was significantly less than for the Cygnus 
source, owing to its large angular size. 

e. The ionospheric blobs responsible for the scintil- 
lations are elongated along the geomagnetic field 
lines by a factor of about 6. The 0.5 correlation 
distance transverse to the magnetic field is of the 
order 300 m. 

jf. The rms deviation in electron density in the 
irregularities is of the order 500 electrons/cm® (or 
less) during quiet periods and is approximately 5,000 
electrons/em* during disturbed conditions. Values 
of 20,000 electrons/em’ would be adequate to explain 
the very occasional (less than 1% of the time) 
disappearance of the source on the interferometer 
recordings. 


Application of Data from the Vertical Incidence 
Ionospheric Network to Auroral Zone and Polar 
Cap Communication Problems 


M. E. Nason, National Bureau of Standards, North Pacific 
Warning Service, Anchorage, Alaska. 


A network of eight NBS associated vertical 
sounding stations maintains a continuous schedule 
of ionospheric observations at auroral zone and polar 
cap locations ranging from Reykjavik, Iceland, to 
Barrow, Alaska. These data are primarily useful 
for long-range predictions of maximum useful fre- 
quencies. However, by telegraphic reports they can 
be used in the day-to-day forecasting of short term 
fluctuations of the MUF over important radio paths. 
Auroral zone and polar cap absorption effects are 
observable and of potential use in assessing the 


Backscattering and Propagation of Radio Waves 


L. Owren, H. Bates, anp R. Hunsacker, Geophysica 
Institute, University of Alaska, College, Alaska. 


Oblique incidence sweep-frequency backscatter 
sounding of the arctic ionosphere over the frequency 
range 1 to 25 Mc has shown a prevalence of anom- 
alous echoes. A direct F-layer echo is observed. 
regularly and is associated with electron density 
irregularities at actual heights between 350 and 600 
km. Both the 1F (direct) and 2F (groundscatter) 
echoes received at College, Alaska, from the north 
usually connect to the extraordinary branch of the 
vertical incidence trace while the 2F echoes from the 





south appear to connect to the ordinary branch. 
2F echoes from the north and south indicate that at 
times the reflecting layer is tilted 2° to 3°. 

The relative signal strength of fixed frequency pulse 
transmissions on 12, 18, and 30 Me from College, 
Alaska, recorded at Kiruna, Sweden, have been 
compared with simultaneous groundscatter echoes 
received at College from the polar region. Analysis 
for December 1958 shows that the 12- and 18-Me 
signals are propagated by two and three-hop modes 
as well as a one-hop tilted layer mode. The two-hop 
mode is mainly a daytime mode, Alaska time, while 
the dominant three-hop mode occurs both day and 
night. Minimum received signal and polar ground- 
scatter is observed at the time of maximum D-layer 
absorption for the outgoing radiation. 

The research program is supported by the Elec- 
tronics Research Directorate, Air Force Cambridge 
Research Center. 


Theory of Spread F 
Jacques RENEAUv, Cornell University 


On the assumption that aspect sensitivity plays a 
major role in the energy backscattered from ionized 
irregularities elongated along the earth’s magnetic 
field, a formula for the delay time associated with a 
ray from the ionospheric sounder to the position of 
perpendicularity in the F-region, with allowance for 
refraction, has been derived. 

In the hope that this mechanism may explain the 
phenomenon of spread Ff’, computations of delay time 
versus frequency were carried out for several stations 
located at various magnetic latitudes, and the results 
compared to observed ionograms. It is concluded 
that the model does not explain arctic spread F' but 
clarifies the main features of the equatorial spread F. 


A Proposed Technique for Improving the Intelligibility 
of Voice Radio Transmissions in the Presence of 
Auroral Flutter Fading 


O. G. VituarD, Jr., anp K. C. Yeu, Radio Propagation 
Laboratory, Stanford University, Stanford, Calif. 


It would appear to be possible to make a significant 
improvement in the intelligibility of voice radio 





degree of probable disturbance. 
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transmissions garbled by auroral flutter fading, by 








transmitting the voice at a higher-than-normal rate, 
followed by an equal slow-down at the receiving end 
of the circuit. This has the effect of reducing the 
effective speed at which the individual frequency 
components of the voice signal are made to fade as a 
consequence of transmission via a disturbed iono- 
sphere. A slow-down in fading speed can be expected 
to improve intelligibility because present evidence 
suggests that the voice quality of amplitude- 
modulated transmissions falls off very rapidly when 
the average carrier fading speed becomes higher than 
roughly 10 eps. 

Since the increased transmission speed requires an 
increase in bandwidth and a consequent reduction in 
received signal-to-noise ratio, the method will be 
useful only when adequate signal-to-noise ratios are 
initially present. The required equipment is rela- 
tively simple and adaptable to existing communica- 
tion systems. 


Some Sporadic Phenomena of the Auroral Zone 


E. S. Warren, Defence Research Telecommunications 
Establishment, Shirley Bay, Ontario 


Some effects of the sporadic ionization revealed by 
ionograms in the auroral zone are reviewed. The 
oblique incidence equivalents of spread F, polar 
spurs, and forked records are illustrated by oblique 
sounding records. The influence of these phenomena 
on hf point-to-point communication is discussed. 
Suggestions are made for the improvement of long- 
term predictions, in particular for the calculation of 
the MUF and the LUF and for handling the statis- 
tical variations. For the operators problem it is 
suggested that information from a few oblique- 
incidence sounders be disseminated as it is produced. 


Observations on Some Low Frequency Propagation 
Paths in Arctic Areas 


A. D. Wart, E. L. Maxwe Lu, ann E. H. WHE tan, Central 
Radio Propagation Laboratory, National Bureau of Standards, 
Boulder, Colo. 


The very low ground conductivities encountered 
in arctic area, and the particular ionospheric condi- 
tions prevailing at high latitude, can lead to rather 
unusual radiation and propagation conditions. In 
order to determine the magnitude of these effects, 
field intensities from transmitters located in the 
Labrador and Greenland areas were measured both 
on the surface of the earth and during several 
aircraft flights over this area. 
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Under conditions where the initial portion of the 
propagation path is across icecap or permafrost, the 
attenuation observed is very great, and when the 
propagation path extends out over sea water, the 
field intensity recovery taking place after the coast- 


line is crossed is very marked. Estimates of skywave 
field intensity appear to agree with the observed 
results provided the radiated field pattern is suitably 
modified by the antenna cutback factor which 
accounts for the presence of a finitely conducting 
curved earth. These vertical patterns based on 
work by Wait, along with the field intensity flight 
data, indicate that the siting of low frequency 
stations several miles or more inland in arctic regions 
may cause a great increase in total transmission 
path loss. 


Initial Investigation of Techniques for Prediction of 
Short-Term f,F, Variations in the Higher Latitudes 


J. M. Wetpon, National Bureau of Standards, North Atlantic 


Warning Service, Fort Belvoir, Va. 

This paper discusses initial attempts by the North 
Atlantic Radio Warning Service to develop tech- 
niques for predicting high frequency radio propaga- 
tion conditions over specific high latitude transmis- 
sion paths. A description of the radio forecasting 
methods used in the general area forecast service 
currently provided is presented. It is suggested that 
while the service now offered is quite reliable over the 
general North Atlantic Path for which it is primerily 
intended, i.e., New York to London, Washington to 
Paris, etc., there is need for the inclusion of a specific 
path forecasting mechanism designed for operational 
use in the higher latitude circuits which are more 
susceptible to geomagnetic disturbance. The prob- 
lem is approached by studying the ionosphere along 
the particular paths with the aim of finding useful 
relationships that can be applied toward predicting 
radio quality and proper frequency ranges to employ 
for daytime, nighttime, and transition periods. 
Correlative studies between F, layer critical fre- 
quencies at probable control points of several paths 
and solar activity indices, magnetic indices, and 
radio quality data are described generally and con- 
clusions are drawn based on the results. Large 
negative deviations are readily associated with 
predictable magnetically active periods. However, 
to date few encouraging relationships have been 
found involving magnetically quiet period fiF; 
variations. Future experiments are suggested to 
test further the feasibility of specific path forecasting. 
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Tropospheric Scatter Propagation and Atmospheric 
Circulations 


William F. Moler! and D. B. Holden! 


(August 10, 1959) 


Transhorizon vhf and uhf fields exhibit deep fades or large signal enhancements of several 
hours’ duration, as the propagation mechanism alternates between partial reflection and 


scattering caused by turbulent dielectric fluctuations in the atmosphere. 


Such alternations 


occur when strong refractive layers develop below 3,000 ft. Surface wind streamline analyses 

show that mesoscale centers of convergence or divergence cause local redistribution of 

refractive layering, tending to produce the change from one mechanism to the other. 
Current scattering theory and the empirical findings of others are examined to determine 


the gross meteorological factors that influence changes in scattered fields. 


The two variables 


in the turbulent scattering coefficients, the scattering angle and the intensity of dielectric 
fluctuations at high wave numbers, are found to be dependent upon the refractive layering 


and the thermal stability of the airmass. 


It 


has been shown elsewhere that refractivity 


and stability are principally functions of the vertical velocity in the atmosphere. It is shown 
here that the direction and relative magnitude of the vertical velocity can be inferred from 


the upper-tropospheric wind velocity divergence. 


Received scattered signals are found to 


be well correlated with computed velocity divergence. ; 
It is suggested that the variations of scattered signal level or range can be predicted in 
a routine manner by regular meteorological personnel using ordinarily available meteoro- 


logical data. 


1. Introduction 


Future Navy communication networks and early 
warning radar may depend to a great extent upon the 
tropospheric scatter mode of radio propagation. 
The development of high-gain low-noise receivers 
and statistical target identification techniques makes 
the vhf and uhf region of the radio spectrum useful 
for ranges well beyond the radio horizon. 

The signal in the far transhorizon region is char- 
acterized by a rapidly fluctuating power amplitude 
superimposed on a more slowly changing average 
signal level. The rate of fast fading depends on 
distance and radiofrequency, indicating the existence 
of uncorrelated multipath transmission from num- 
erous moving scattering centers. The slow fading 
has seasonal, average diurnal, and random day-to- 
day or hourly components. Seasonal and average 
diurnal fluctuations are amenable to statistical 
analysis and are predictable within relatively nar- 
row limits) [1].2_ The random daily or hourly varia- 
tions in signal level have been less well understood. 
These are the fluctuations in signal level (or range) 
in which the Navy may be most interested. 

The best current theories explain the scatter propa- 
gation mechanism by making use of scattering co- 
efficients which are functionally related to the gross 
refractivity of the lower atmosphere and the intensity 
of turbulent dielectric fluctuations at radiofrequency- 
dependent scale sizes. The scattering coefficients 
are difficult to measure and, at the present time, are 
unpredictable. It is possible to predict some aspects 
of the atmosphere’s refractive structure which, from 
elementary considerations of theory, are most likely 


1 U.S. Navy Electronics Laboratory, San Diego 52, Calif. 
? Figures in brackets indicate the literature references at the end of this paper. 
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to control the magnitude of the scattering coeffi- 
cients and hence the transhorizon signal strength. 

This report indicates the meteorological factors 
which appear to control the electromagnetic scatter- 
ing mechanism and suggests an operational method 
for predicting the direction and relative magnitude 
of signal level change. 


2. Discussion of Theoretical and Fmpirical 
Relationships 


The theories proposed to explain the large other- 
than-diffraction transhorizon fields are based on two 
propagation mechanisms: (1) partial reflection of in- 
cident radiation by horizontally stratified dielectric 
layers [2, 3, 4], and (2) scattering by turbulent dis- 
continuities in the dielectric structure of the atmos- 
phere [5, 6, 7]. The phenomenon of partial reflection 
has been recognized and studied for over ten years. 
In the microwave region, for usual refractive gradi- 
ents, the effect of layers decreases exponentially with 
height, so that reflections of this sort become unim- 
portant for layers above about 3,000 ft. More 
recently, Bauer, Friis, et al. [8, 9] theorized that 
energy may be partially reflected in much the same 
manner from thin, highly refractive sublamina within 
the region illuminated by both antennas. Refrac- 
tometer measurements made during convective at- 
mospheric conditions by Navy Electronics Labora- 
tory (NEL) failed to show the existence of such 
layering at times when transhorizon radio transmis- 
sion was normal. It is likely that, under conditions 
of a well-established elevated layer, both propagation 
mechanisms may exist concurrently [10], but that in 
the absence of strong relatively low elevated layers, 
the turbulent scattering mechanism is dominant. 








The turbulent scattering theories, following the 
original work of Booker and Gordon [5], postulate in 
common an equation of the general form: 


1 
Pra— ~y P(A). (1) 
In” 
sin 9 
Pr=received power, 
6=intersection angle of rays from transmitter 
and receiver, 


K=4r sin : 


— 


Xx ? 





A=radio wavelength, 
F(K)=function of dielectric fluctuation intensity at 
wave number, k, and 
n=exponent, dependent on form of F. 


By incorporating the modern theories of turbulence 
put forth by Obukhoff, Kolmogoroff, and others with 
radio scattering theory, Batchelor [7] found that, for 
an isotropic radiator, n has the value 11/3. For 
propagation with narrow beam antennas, the expo- 
nent becomes 14/3. It should be noted that for 
grazing propagation and ducting gradients, expres- 
sion (1) fails; propagation is line-of-sight and, dis- 
regarding focusing effects, power is maximized. 


2.1. Scattering Angle 
The strong dependence of signal level upon scat- 


tering angle (mean refractive gradients) is demon- 
strated in figure 1. The abscissa is the signal level 
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Figure 1. Scattered field signal level as a function of scattering 
angle and refractive gradients in a homogeneous refractive 
atmosphere normalized to standard gradient. 








in decibels above that received in a standard atmos- 
phere (—12 N units/10* ft) for ratios of the standard 
atmosphere scattering angle to the actual scattering 
angle (ordinate on the left) given by the N gradients 
(along the right of the graph). It is noteworthy 
that with high signal levels and near-ducting gra- 
dients, deep fades usually associated with other 
modes of propagation can occur with very slight 
changes in the low level refractive gradients. 

A method for determining the scattering angle 
from the refractive index profiles over the scatter 
propagation link is outlined in appendix A. The 
method is generalized for a multilayered atmosphere, 
the layers having a limited degree of horizontal 
homogeneity. 

Other investigators concerned with developing 
methods for predicting transhorizon fields through 
use of meterorological parameters have found cor- 
relation between scattered fields and low-level re- 
fractive gradients. Bean [1], reasoning that lower 
tropospheric refractive gradients are directly related 
to the surface value of refractive index, found 
statistical correlation between transhorizon fields 
and the surface refractivity. Misme [11], using a 
weighted average tropospheric refractivity, found 
correlation between this ‘useful gradient” and the 
received signal. 

Time-averaged low-level refractive gradients have 
been shown by Moler and Arvola [12], to be princi- 
pally a function of the large-scale vertical motions 
in the atmosphere. Later in this report, computa- 
tions of convergence at the 300-millibar (mb) level 
and the implied subsidence (see app. B) throughout 
the troposphere are compared with the development 
and descent of a strong refractive layer and the 
resultant change in scattering angle and radio signal 
strength. 

Low-level gradients may also be temporarily 
altered with the development of minor eddies in 
the surface wind flow. Occasionally, during the 
NEL scatter propagation experiments, radio signal 
levels and characteristics would indicate a change 
in the propagation mechanism from scattering to 
partial reflections. Subsequent analysis of the small- 
scale wind circulations showed that local regions of 
convergence (divergence) which develop within a 
relatively homogeneous large-scale weather regime 
cause raising (lowering) of refractive layers and, 
consequently, a change from one dominant mode of 
propagation to another. Examples of this will be 
given in a later section of this report. 


2.2 Turbulent Dielectric Fluctuations 


Little is known about the variation of intensity 
of turbulent dielectric fluctuations at wave numbers 
important for microwave scattering as a function 
of the meterorological situation. Recent work by 
Gossard [13] indicated that the refractive index 
spectral intensity at high wavenumbers in the inertial 
subrange of turbulence is only weakly dependent 
upon atmospheric stability or refractive gradients. 
From this work, it may be concluded that variations 
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in signal level result almost entirely from refractive 
changes in scattering angle or that there are thin 
zones of quite variable turbulent intensity which 
superimpose an amplitude modulation upon a low 
average signal. 

Batchelor [7] suggested that the fluctuations of 
refractive index may be due to turbulent convection 
in the presence of a spatial gradient of mean refrac- 
tive index. If this suggestion is correct, it seems 
likely that the greatest intensity of dielectric fluctua- 
tion would occur along the lower boundary of 
elevated stable layers (refractive layers) where con- 
vective energy from the lower, less stable region is 
absorbed and dissipated. 

Based on empirical evidence, Misme [11] found 
that “for equal refractive index gradients, the atmos- 
phere which is characterized by the greatest stability 
permits the highest fields to be received from a 
great distance.” By “equal gradients”, he meant the 
refractivity which determines the scattering angle. 

Gordon [14], using assumed values of fluctuation 
intensity, concluded that the contribution of scat- 
tered energy from a single turbulent layer may be 
greater than that from the remaining common 
volume. The theories of partial reflection [2, 3, 4, 
8, 9] require the presence of highly refractive sub- 
strata within a mean refractive gradient with greatest 
radio fields associated with intense elevated refrac- 
tive layers. 

All evidence indicates that departures of radio 
fields from a low ambient level can best be forecast 
indirectly through a prediction of the atmospheric 
thermal stability. It is well known that, in general, 
atmospheric stability is largely a function of the 
vertical components of the winds. At the onset of 
subsidence, refractive layers develop; continuous 
subsidence causes lowering and intensification of the 
layers and increases the thermal stability of the air- 
mass. Rising motion tends first to elevate the layers 
and later to cause their complete dissipation. 

The behavior of radio signal levels under the in- 
fluence of positive as opposed to negative vertical 
motion will be shown in a later section. The method 
for deducing the sign and relative magnitude of the 
vertical wind component from upper tropospheric 
constant pressure maps will be found in appendix B. 


3. Operations 


In January 1958, NEL activated three trans- 
horizon radio links which were in periodic operation 
until mid-April. Stations at Santa Barbara (190 
statute miles) and at Point Mugu (144 statute miles) 
transmitted 9,380 Mc (X-band) and 1,365 Me (L- 
band) pulsed signals. A third station on San 
Clemente Island (78 statute miles) transmitted at 
9,380 Mc only. All receivers were located on Point 
Loma, San Diego. Figure 2 is a map of the southern 
California operating area. Signal levels used in this 
report were measured over 1-min intervals on 
integrating equipment and recorded in decibels with 
respect to 1 milliwatt. 
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Navy Electronics Laboratory scatter propagation 
experiment operations area. 


FIGURE 2. 


Strong low-level elevated refractive layers are a 
dominant feature along the southern California coast 
and frequently cause ducting or abnormally strong 
signal enhancement from internal reflections when 
the layers are lower than about 3,000 ft [3, 4]. In 
order to avoid such conditions, the links were placed 
in operation only when there was a reaonable assur- 
ance that refractive layers would be absent or at a 
high elevation. Synoptic experience has shown that 
airmasses are most unstable and thermal layering 
absent when under the influence of a strong cyclonic 
circulation through most of the troposphere. For 
this reason, the bulk of data was taken during periods 
when a deep low pressure system at the 500-mb level 
(18,000 ft) was near or over the radio link. 

Radio link operations were discontinued whenever 
signal characteristics indicated that a propagation 
mode other than scattering was dominant and likely 
to continue. Unfortunately, as a result very little 
data were taken during periods of high signal level 
and conditions of airmass subsidence. 

The southern California sectional maps were con- 
structed from hourly airways teletype reports and 
from weather logs of two aircraft carriers which were 
operating in coastal waters. The surface synoptic 
and 500-mb charts are copies of National Weather 
Analysis Center maps transmitted over the facsimile 
network. Calculations of vorticity advection at the 
300-mb levels were made from maps plotted at NEL, 
using data from the Daily Bulletin of Northern 
Hemisphere Data Tabulations published by the 
U.S. Weather Bureau. 


4. Measurements 


4.1. Signal Level and Refractive Layering 

The constant pressure contours for the 300-mb 
pressure surface for 1600 P.s.t., March 16 to 19, are 
shown in figure 3. The field of relative vorticity 
(dashed lines) indicates positive vorticity advection 
(horizontal divergence) east of the upper level trough 
and negative vorticity advection (horizontal con- 
vergence) west of the trough. From continuity con- 
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Ficure 3. Three hundred millibar pressure-height contours (solid) and isopleths of relative vorticity (dashed) in units of 10-*t~} 
at 1600 P.s.t. for (a) 16 March (b) 17 March (c) 18 March (d) 19 March. 


siderations (app. B), positive vorticity advection 
implies negative vertical velocities. Figure 4 shows 
v-V 300 mb as a function of time compared with a 
series of refractive index profiles derived from the 
Los Angeles radiosonde observations. The func- 
tional relationship between the scattering angle @ 
and the refractive gradients has been derived in 
appendix A. Figure 5 shows the scattering angle for 
the grazing ray and height of the common volume for 
the Santa Barbara link during the 3-day period. 
The upper curve shows the signal level as a function 
of the scattering angle normalized for a standard 
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atmosphere. The second curve is the radio field 
strength for the Santa Barbara X-band link for the 
period 0800 to 1600 P.s.t., 19 March. Radio data 
were not taken the previous days. 

On March 26 there was an anomalous 20-db 
enhancement of signal level during a 3-hr period near 
noon that appeared unexplainable on the basis of 
radiosonde data or by vertical velocities inferred 
from the upper-troposphere divergence field. The 
refractive index profiles reduced from Los Angeles 
radiosonde observations for 0460 P.s.t. and 1600 
P.s.t. show an elevated layer near 4,000 ft (fig. 6) 
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Ficure 4. 
index profiles for the period 16 to 19 March 1958. 
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Figure 5. Upper curve indicates power depending upon 
scattering angle, 6, for the period 17 to 19 March 1958. 
Second curve shows the received power in decibels per milliwatt 
for Santa Barbara X band. The lower two curves show the 
height of the scattering volume, hy, and the scatiering angle, 6, 
during the same period, 


and computations of y-V made at 300 mb (upper 
curve fig. 6) indicate a continuous reduction in 
stability taking place. A series of isobaric and 
streamline southern California sectional charts were 
analyzed at hourly intervals for the day. Figure 7 
shows the map series and includes the large-scale 


Horizontal velocity divergence at the 300-mb pressure 
level (upper graph) and Los Angeles and San Diego refractive 
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Figure 6. Refractive index profiles reduced from Los Angeles 
rabiosonde and (upper curve) 300-mb velocity divergence for 26 
to 27 March 1958. 


synoptic chart for 1000 P.s.t. Figure 8 is the Santa 
Barbara X-band signal for the day. From figure 7, 
at 0900 P.s.t., a cyclonic eddy with two centers 
northwest of San Diego lay across the Santa Barbara 
radio link. Streamlines indicate convergence and 
consequent upwelling of the surface air in the con- 
vergent areas. By 1100 P.s.t. the cyclonic eddy had 
weakened, due to the onset of a sea breeze and sub- 
sequent low-level divergence and subsidence of air 
over the Catalina channel. The 1200 P.s.t. map 
shows only a weak remnant of a zone of convergence 
south of Point Mugu and signals have risen 20 db. 
By 1300 P.s.t. offshore convergence had ceased 
entirely and signals had reached a peak level for the 
day shortly before 1300 P.s.t. The 1300 P.s.t. map 
indicates a strengthening of the pressure trough north 
of Point Mugu with a tendency for the trough to 
extend seaward. Signal levels started to fall after 
1300 P.s.t. By 1500 P.s.t., the convergence zone 
had undergone strong redevelopment across the 
Santa Barbara link and signal levels had fallen about 
22 db from the peak level. 


4.2. Signal Level and Upper-Tropospheric 
Divergence 


During the period 26-28 March inclusive, the 
radio links were in operation from 0800 P.s.t. to 1600 
P.s.t. daily. The weather regime was dominated by 
an upper-level cyclone which developed off the 
northwest coast of California and moved southeast- 
ward across the radio link. A series of 500-mb 
height contour charts drawn at 12-hr intervals during 
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Figure 7. (A) Surface synoptic chart 1000 P.s.t. 26 March 
1958. (B-F) Sea level isobaric and streamline maps for 
southern California coastal waters during 26 March 1958. 
Dashed curves ‘are isobars, solid arrows indicate surface wind streamlines. 
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FIGURE 8. 


Santa Barbara X-band signal level for 26 March 
1958. 


the period are shown in figure 9. The isopleths are 
contours of the height of the 500-mb pressure sur- 
face drawn for 200-ft intervals. The velocity 
divergence along the streamlines 5° upstream from 
the operating area was computed for each map dur- 
ing the period. Figure 10 is a graph of the velocity 
divergence at 500 mb and average signal level re- 
ceived from the Santa Barbara L-band and Point 
Mugu X-band transmitters, both plotted as a func- 
tion of time. The signal levels are average values 
for the periods 0800-1000 P.s.t., and 1400 to 1600 
P.s.t. plotted at 0900 and 1500 P.s.t., respectively, 
and connected with a smooth curve. Solid portions 
of,the curve are for hours of radio transmission. The 
dashed curves are extrapolations of the solid curve 
slopes. Unfortunately, periods of radio silence were 
longer than transmission periods so that one can 
only assume that the signal strength curves are 
reasonably close to those extrapolated. Although it 
would be impossible to predict absolute signal level, 
the correlation between the sign and relative magni- 
tudes of the time derivatives of the curves is good. 
Computations of vorticity advection were made 
at the 500-mb pressure level for all days when there 
was a reasonably good sample of radio data and at 
the 300-mb level for periods of particular meteoro- 
logical interest. Signal levels for the 2-hr period 
nearest map time were averaged for the conditions of 
positive and negative vorticity advection (positive 
and negative vertical velocities). Table 1 gives these 


Average values of signal level for conditions of positive 
and negative vertical wind velocities 


TABLE 1. 














w>0 w<0 
Pt. Magu and Santa Barbara 
transmitters 
500 mb 300 mb 500 mb 300 mb 
—69.5 —71.0 —62.1 —63. 8 
—67.0 —70.0 —57.6 —60.0 
—68. 4 —67.1 —58. 4 —61.0 
—66.0 —71.0 —62.3 —64.4 




















average values of signal under the two conditions 
from a sample size of 33 at the 500-mb level and 18 
at the 300-mb level. Both the X- and L-band signal 
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levels are significantly higher under conditions of 
subsidence with no apparent frequency dependency 
to be noted. 


5. Results and Conclusions 


Other surface streamline charts and upper-tropo- 
spheric synoptic series were analyzed, but to present. 
the results here would be repetitious and redundant. 
All concurrent meteorological and radio signal level 
analyses showed essentially the same features as 
indicated in the previous sections. 

During the NEL experiment, sea level values of 
refractive index were essentially invariant with time, 
yet signal levels ranged over approximately 60 db. 
It seems clear that for over-water paths, short-term 
propagation characteristics are independent of sur- 
face refractivity. 

Nonducting low-level refractive layers influence 
transhorizon fields in two ways: (1) refraction and 
subsequent decrease of scattering angle, and (2) 
partial reflection at the interfaces of superrefractive 
layers as the layers approach critical reflection 
heights and intensities. The second effect dominates 
for layers below about 2,000 ft. For example, if after 
Batchelor [7], a dielectric fluctuation spectrum of the 
form E (K) « K-* is accepted, then for narrow-beam 
propagation, the received power dependency upon 
scattering angle would be Pr  0/2-7**. Assuming 
standard propagation early in the morning of March 
19, the Los Angeles sounding for 1600 P.s.t. March 19 
(fig. 4) would indicate a lessening of scattering angle 
sufficient to cause a 12.7-db rise in signal level (fig. 
5). The actual rise in signal was approximately 35 
db. In order to account for such a signal rise by 
refraction, the scattering angle would have had to 
decrease by nearly one-sixth. It is unlikely that the 
overwater refractive gradients were sufficiently 
greater than those shown by the Los Angeles 
radiosonde to account for this much refraction. 
One is forced to conclude that the partial reflection 
mechanism becomes more important for transhorizon 
propagation than scattering when relatively low 
layers are present. This suggests that the refractive 
index climatology charts for oceanic areas [15] 
could be useful for determining the distribution of 
dominant modes of transhorizon propagation. 

The short term prediction of change of radio range 
for oceanic areas becomes greatly simplified if the 
problem can be looked upon as one concerning only 
changes in thermal stability. Except for coastal re- 
gions where continental air may undergo rapid mod- 
ification, refractive layering and thermal stability 
over the oceans are principally functions of vertical 
wind velocities. Techniques for computing exactly 
or making qualitative estimates of the vertical wind 
velocities similar to the one outlined in appendix B 
are familiar to meteorologists. It is likely that 
satisfactory estimates of radio scatter propagation 
ranges can be made indirectly from regularly avail- 
able weather charts. 
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FicureE 9. Five hundred millibar pressure-surface contour charts at 12-hr intervals from 0400 P.s.t. 26 March to 0400 P.s.t. 
28 March. 
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Figure 9.—Continued. 
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Figure 10. Santa Barbara L-band and Point Mugu X-band 
signal levels and 500-mb velocity divergence for 0400 P.s.t. 
for'26 March to 1600 P.s.t. 28 March inclusive. 


Dashed signal level curves are extrapolated values for periods of radio silence. 


6. Appendix A: Scattering Angle and Height 
of the Common Scattering Volume 


The scattering volume is the portion of atmosphere 
common to both transmitting and receiving antenna 
beams. The acute angle at the beam intersection is 
called the scattering angle. It is possible to com- 
pute the height of the base of the scattering volume 
and the magnitude of the scattering angle from the 
gross refractive index profile reduced from radiosonde 
or refractometer data. 








The atmospheric model (fig. 11) assumes horizon- 
tal homogeneity of a refractive layer for the distance 
that a ray segment remains within the layer. The 
number of refractive layers may vary with distance 
over the scattering link. The horizontal distribution 
of vertical refractive index gradients may be inter- 
polated from soundings taken near either end of the 
radio link. 

In figure 11, unprimed quantities refer to param- 
eters between the transmitting (receiving) antenna 
and the beam intersection; primed quantities refer 
to parameters between the intersection and the 
receiving (transmitting) antenna. Symbol meanings 
are as follows: 

















A=antenna heights, 

d,=distance to the radio horizon, 

d,=projection on the earth of the ray path in 
the 7-th layer, 

D=distance between antennas, 

w,=thickness of i-th layer, 

M=modified _ refractive 
+0.048 h, 

h,=height of base of the common volume, 

6=scattering angle. 








index= (n—1) X 10 























Subscript v refers to the refractive layer wherein 
the beams intersect. From figure 11: 


v—1l 


S=d,+d,=D—D> d;. (Al) 
0 


The angle which the ray makes with the local 
horizontal upon emerging from the n-th layer is given 
by 


d,=10-*{ 100942 35 We i (Aa) 
1 dh : 


For the case of grazing propagation a, is the angle 
the ray makes with the horizon and is zero. For 
nongrazing propagation a, is the elevation angle of 
the antenna beam. Figure 12 is a graph of 2WdM/dh 
as a function of w and AM/1,000 ft. Figure 13 is a 
nomographic solution of (A2). The incremental 
distances d, and d, can be easily determined from 
figure 14, the solution of 


-171 
a—10°| 24 (S>) |: (A3) 


The parameter H is either antenna height or the 
depth of the surface-based refractive layer at each 
end of the link. 


The incremental distances d; from dz to d,_; may be 
determined from figure 15, a graphical solution of 
dM\~! 
dh 





1,=10°(a)—a-+)( (A4) 


S may now be determined according to (A1). 
The remaining distances, d, and d,’, are given by 





The height of the base of the common volume is now ' 


(5 VU ’ 
a.) 0 $+ Sa,_,+AW determined from 











“— ( if - 1, dM 
sci -) 10-°+,-1+05-1 h,=d (a 1+10°F = TSM, (A7) 
end and the scattering angle from 
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ga, (A6) | eat ee (A8) 








Figure 11. Schematic diagram of scatter propagation link with nonhomogeneous, layered 
atmosphere. 
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Figure 12. Nomogram of 2w am dh!“ AM/105 ft). 





FicurE 13. Nomogram of a,=f(W;, AM/10°ft, a). 
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FIGURE 14. 


7. Appendix B 


7.1. Method for Estimating the Relative Magnitude 
and Direction of the Vertical Component of the 
Wind 


It may become necessary for the radio meteorolo- 
gist to prepare operational propagation forecasts for 
areas where machine-computed vertical velocity 
charts are not available. The following simple 
method for obtaining a “‘better-than-guess”’ estimate 
of the vertical-motion field is suggested as a forecast 
aid. 

The atmospheric model assumes the following 
conditions: 

1. An equivalent barotropic level (or level of non- 
divergence) exists in the midtroposphere, usually at 
a lower altitude than the 500-mb surface and cer- 
tainly below the 300-mb surface. 

2. The horizontal wind velocity divergence changes 
sign at the level of nondivergence (from here on 
“LLND”) on the vertical coordinate and at no other 
elevation. 

3. The direction and magnitude of vertical velocity 
throughout the troposphere are the same in sign and 
proportional in magnitude to those at the LND. 

4. Vertical velocities are nonexistent at the surface 
of the earth and the outer boundary of the atmos- 
phere. 

One form of the equation of continuity is 


Pvp tev-V +5 (W)=0 (BI) 
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where p=density of the air, V=horizontal wind 
velocity vector, V=horizontal gradient operator, 
Z=vertical coordinate, W=vertical wind velocity. 

Integration of (B1) from the LND to the outer 
atmosphere results in 


a | VvpdZ+ | SF z+ | ov-VdZ. 
LND ~7 LND a LND 
(B2) 


It: is usually observed that 0p/0t<py-V so that under 
most circumstances (B2-b) may be disregarded. It 
is also observed that cold air advection below the 
tropopause is accompanied by warm air advection 
in the stratosphere. For such a case (B2-a)—0. 
With these assumptions (B2) reduces to 


(W) inp ~t { pV -VdZ. (B3) 
P JLND 


Horizontal velocity divergence is defined as 


ov, 080 
ay on 
in the natural coordinate system. Evaluation di- 
rectly from the wind field is difficult to accomplish 
with any degree of accuracy. For this reason an 
alternate expression for the integrand of (B3) is 
sought. 








The vorticity equation is expressed 


tt 


dt (B4) 


=—V-V 


where ¢ is the vertical component of the absolute 
vorticity. The substantial derivative equated to its 
partial components is 


dg _ or 
dt 


oF WSs (B5) 


where s is along the streamlines. Substituting eq 


(B5) in (B3) we have 


Sed pos) Z +f 0 pP ra 
(W)ixp= “| fot ce LND £ "Os ad 
p ~or 
VW M4 B6 
my az! | (B6) 


The first integral on the right becomes proportion- 
ately smaller with increasing height above the LND 
and at the 300-mb level is generally quite small com- 
pared with the second integral. This is merely a 
statement that, in general, the winds blow through 
the pressure contours faster than the pressure con- 
tours are moving. The third integral is small because 
in the integral over the entire upper atmosphere the 
only contribution can pass through the lower bound- 
ary. Because the vertical velocity is several orders 
of magnitude smaller than horizontal components, 
the contribution cannot be great. 
We can then write 


ic oO 
W)we—>{ oh haz. 


The absolute vorticity, ¢=f/+¢,, and its gradient 
d¢/0s=df/Os+ Of,/0s May * evaluated directly from 
a constant pressure chart. The gradient of the 
Coriolis term, 0¢/0s is, under most circumstances, at 
least an order of magnitude less than the gradient of 


relative vorticity, 0f,/0s. 


(B7) 


The magnitude of the vertical component of relative 
vorticity is en Substituting in eq 
(B7) we have finally 


lw <. 


7 = 
(W)ixo= pJinn £08 


oe 7-3) dZ (BB) 


If the assumptions stated at first are reasonable 
then the sign of 


ov oO 
(W)~p=—sign of [s(e , - >) h>hyp 


Further, the 300-mb level is near the jetstream 
(region ‘of maximum winds) and (with somewhat 
less certainty) one can also say 


relative magnitude (Wiyp=relative magnitude of 
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ge __ Ou 


Vo ) 
Fash 300 mb, 


7.2. Computation of ¢, 
The computation of relative vorticity on a con- 


stant pressure chart is greatly simplified if one makes 
use of the geostrophic wind approximation 


g dh . 
f dy 1 


g dh 


cc f dr 


The finite difference equation for the relative vortic- 


ity is then 
Ap (Ax)? Tay? > 


The vorticity field is computed by reading the con- 
stant pressure surface height at evenly spaced grid 
points and carrying out the computation 


(B9) 


7p (H+ Het} Hy} He 
where f is the Coriolis parameter (twice the angular 
velocity of the earth times the sine of the latitude), 
g the acceleration of gravity, D is the grid spacing, 
and H,, H2, H;, Hy, H; are the pressure surface 
heights at the points P; . P; as shown in figure 
16. The computed vortic ity is the average value for 
the grid space and is plotted at P;. 


4H,) 





Schematic of grid used to compute relative vorticity 
on a constant pressure surface. 


Figure 16. 


In this report the relative vorticity was computed 
using a grid size of 5° latitude for a grid centered over 
Catalina Island and another grid 5° latitude upwind. 
The vorticity gradient was assumeé#‘to be the finite 
difference between ¢, at the two positions divided 
by the 5° latitude distance between points. 
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Journal of Research of the National Bureau of Standards—D. Radio Propagation 
Vol. 64D, No. 1, January-February 1960 


Layered Earth Propagation in the Vicinity of 
Point Barrow, Alaska’ 


Glenn M. Stanley? 


(September 1, 1959) 


The relative field strength of a vertically polarized low-frequency radio signal was 
measured as a function of distance over several radial paths in the vicinity of Point Barrow, 


Alaska. 


The attenuation of the recorded signal was very much less than predicted by the 


theory of propagation of a ground wave signal over a plane, homogeneous, infinitely con- 
ducting earth. The analysis of these data in terms of a plane, layered, finitely conducting 


earth appears to resolve the anomaly. 


1. Introduction 


For several years, studies of effective ground con- 
ductivities in Alaska have been in progress by the 
Geophysical Institute at the University of Alaska. 
The project has been carried on under the auspices 
of the U.S. Navy and the Arctic Institute of North 
America. The data used in this paper were gathered 
under a Buships contract administered by the 
Signal Corps. 

The relative field strength, as a function of dis- 
tance from the transmitting antenna, was measured 
along several radials from each of 25 Civil Aero- 
nautics Administration radio ranges and beacons in 
Alaska. These ranges and beacons operate in the 
frequency range of from 200 to 400 ke. The meas- 
urements were made from a low-flying aircraft 
equipped with a sensitive receiver, an Esterline- 
Angus recorder, and a nearly vertical trailing wire 
antenna. The effective ground conductivity is ob- 
tained by a comparison of the experimental relative 
field strength values with families of theoretical 
curves obtained by Norton’s method. From this 
comparison, the value of conductivity that best fits 
the experimental data is taken as the value of 
effective conductivity over the path. 

Signals were recorded continuously along radii from 
the transmitting antennas for distances up to 120 
miles. Check points along the flight paths were 
obtained from U.S.G.S. 1:250,000 topographical 
contour maps. The aircraft used was equipped with 
&@ gyrocompass, and constant course checks were 
made with maps. In most instances, deviations 
vey the radial course were less than a few hundred 
eet. 

As all signals were recorded along radii from the 
transmitting antenna, no corrections were necessary 
for assymetrical transmitting and receiving antennas. 
At a distance of approximately 30 wavelengths, no 
appreciable change in the signal level was apparent 
in @ }4 mile horizontal deviation from the radial 





! This paper was presented at the Symposium on VLF Radio Waves held in 
Boulder, Colo., January 1957 (invited paper). 
? Present address: Arctic Aeromedical Laboratory, APO 731, Seattle, Wash. 
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flight path. In addition, no appreciable changes in 
the signal levels were noted for changes of a few 
hundred feet in elevation at the same distance. The 
elevation of the receiving antenna, however, was 
kept to within 400 ft of the local terrain (and in 
general, was nearer to 200 ft) to reduce the effect of 
interference between the direct and the reflected 
signal. 

Relative field strengths were used throughout the 
computations of effective conductivity and no 
attempt was made to measure absolute field strength. 

Measurements made in the vicinity of Point 
Barrow, Alaska, showed that the signals did not 
attenuate as rapidly as might have been expected 
for a region known to be underlain with permafrost 
to depths of 500 to 1,000 ft. Flight runs were made 
from Point Barrow in June and again in August. 
With one exception, the signal strength decreased 
less rapidly than predicted by the theory of a plane 
homogeneous earth for an infinitely conducting 
ground. 


2. Theoretical Consideration 


To make clear the implications of the above 
mentioned anomaly, it is appropriate to review 
briefly the theory underlying the experimental 
measurements. The surface wave field strength at 
short distances is given by the relation 


E=2E,|F,| and E cn 





’ (1) 


where #,=the maximum field strength of the 
antenna if it were located in free space 
p=the distance from the transmitting 
antenna to the receiving antenna and 
|F’,|=the surface wave attenuation factor; 


provided the antennas are very near the ground 
and that 


50 ; 
<< Fl me mi. (2) 








The surface wave attenuation factor may be obtained 
by methods given by Norton [1].° 

Taking the ratio of the relative field strengths 
at two points at distance p, and p, respectively, from 
the transmitting antenna, where p, is greater than 
pz, it may be seen that 


E,_|Felabe si 
E, |FelePn 
Using this relation a relative field strength curve 
may be drawn from any convenient initial point. 
Each set of values of ground constants will give one 
such curve. Figure 1 shows a family of these curves 
for f=236 ke, e=5 e, and an initial point of 2.3 mi 
from the transmitting antenna. 
The surface wave attenuation factor F, is given by 





F.=1 -i(x p,)'e-? erfe (ip), (4) 
where p, is the effective numerical distance and is 
given by 

Pe=|pele”. (5) 
Assuming a homogeneous earth, 6 is negative and 
\F.| is less than unity. However, Wait has shown 
that (for certain conditions of horizontally stratified 
media) 6 may be positive and |F,| greater than 
unity [2, 3, 4]. Wait presents tables of |F,| as a 
function of |p,| for positive values of 6 to +75 
degrees and for negative values of 6 to —90 degrees. 
The negative values were obtained using the results 
of Norton. |p,| can be computed in terms of the 
impedance of the surface of the top layer looking 
normally downward. The impedance of the top 
layer is related to the impedance of each succeeding 
lower layer by a recurrence equation. For a two- 
layer earth, where o. >> o;, and h, is not too small, 








___ "PRO 42) 72). 7 
Pel=(308)?hoo, A+B): (6) 
pie 
b=tan7! (44R): (7) 
where 
____tanh w sec? w_ (8 
1+tanh ? w tan? w’ 
tan w sech? w 
B= —_.—  — 3 
1+tanh? w tan? w (9) 
and 
1 
(o,uw)*h 
w= 71K hy, (10) 


v2 


3 Figures in brackets indicate the literature references at the end of this paper 





From these relations the effective numerical distance 
|p|, and the phase angle b, may be obtained for a 
given frequency, a given thickness and conductivity 
of the upper layer. When |p,| and 6 are known, the 
surface wave attenuation factor |F| can be deter- 
mined. Since |F,| is the only unknown entering the 
equation for the relative field strength, curves may 
then be drawn for different values of the parameters 
o, and hy. Figure 2 shows curves of relative field 
strength for some values of h; taking o; to be constant 
and equal to 1 mmho/m. 





3. Results and Discussion 


Returning to the experimental values of relative 
field strength obtained near Point Barrow, an at- 
tempt is made to explain the low attenuation of the 
signals in terms of layered earth propagation. 

The existence of highly conducting saline layers or 
lenses at depths of from 10 to 100 ft in the immediate 
vicinity of Point Barrow is deduced from test wells 
driven by the Arctic Contractors during the course 
of their work on U.S. Navy Petroleum Reserve #4. 
The extent and exact nature of these layers or lenses 
is not known. However, relative field strength 
measurements indicate that the propagation charac- 
teristics change markedly at distances of from 60 to 
100 mi southward from Point Barrow. In addition, 
there is visual evidence of an abandoned beach line 
at about this same location. Mr. Max Brewer, of 
the Arctic Research Laboratory at Point Barrow 
reports that the salinity of these layers near Point 
Barrow is equal to, or greater than that of sea water. 

Figure 3 shows flight runs 93-95 made in June 
1954. The vertical lines depict the spread of the 
three runs while the circles represent average values. 
Other flight runs in the vicinity have shown similar 
conditions of anomalous propagation. 

Thus, it is reasonable to approximate the ground 
in the vicinity of Point Barrow by a two layer ground. 
The conductivity of the lower layer has been assumed 
to be equal to that of sea water (5000 mmho/m). 
Several families of relative field strength curves 
were drawn for different values of the conductivity 
of the upper layer o, and for different thicknesses 
of the upper layer h;. The thickness of the lower 
layer was assumed to be semi-infinite. Figure 4 
shows the average values obtained from flight runs 
89-92 and 202-205 superimposed on the relative 
field strength curves for o; equal to 10 mmho/m. 
The comparison of the experimental curve with the 
theoretical curves suggests that the apparent thick- 
ness of the upper layer h; is equal to approximately 
9 m. 

Flight runs 93-95 and 197-199, which were about 
30 deg to the East, and flight runs 193-196, approxi- 
mately 30 deg to the West of those shown in figure 2 
have similar characteristics. In contrast, flight runs 
85-88, show a very high signal level. No combina- 
tion of ground constants that has been tried will 
produce a relative field strength curve which matches 
the experimental curve corresponding to this high 
signal level. 
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Figures 1, 2, 3, 4. Field strength versus distance curves. 


The analysis of these data indicates, that at a 
frequency of 236 ke, there is, indeed, layered earth 
propagation in the vicinity of Point Barrow, Alaska. 
The analysis further suggests that the ground con- 
ductivity of the upper 9 m is approximately 10 
mmho/m, when measured by the method outlined. 

The area of measurement which encompasses most 
of the Arctic slope is essentially flat and free from 
manmade interference such as fences, railroads, 
powerlines, and other sources of disturbance. It 
therefore appears that this area would provide an 
excellent test site for various low-frequency propaga- 
tion studies. 


97 





4. References 


[1] K. A. Norton, The calculation of ground-wave field 
intensity over a finitely conducting spherical earth, 
Proc. IRE, 29, 623 (1941). 

[2] James R. Wait, Radiation from a vertical electric dipole 
over a stratifield ground, Trans. IRE PGAP, AP-1, 
9 (1953). 

[3] James R. Wait and W. C. G. Fraser, Radiation from a 
vertical dipole over a stratified ground (part IT), Trans. 
IRE PGAP, AP-3, 144 (1954). 

[4] James R. Wait, The theory of electromagnetic surface 
waves of geological conductors, Geofis. pura e appl. 
(Milano), 28, 47 (1954). 


Bou.pEr, Coto. (Paper 64D 1-43) 








Pi NPL A eC 7 A a ON a 





ANN IMO Bs NAAR AA ec Nee RRA a LES Se Re 




















Announcement of Systematic Ionospheric Electron 
Density Data 


Reduction of hourly ionospheric vertical soundings 
to electron density profiles has become a part of the 
systematic ionospheric data program of the Central 
Radio Propagation Laboratory, National Bureau of 
Standards. Scalings of ionograms for this purpose 
are being provided by ionosphere stations operated 
by CRPL and the U.S. Army Signal Corps. For the 
present, the hourly profile data from one CRPL sta- 
tion, Puerto Rico, are appearing in the monthly 
CRPL-F Reports, Part A.’ These data are in place 
of the standard ionogram reductions formerly pro- 
vided by this station. The very considerable task of 
scaling the ionograms for this purpose is being under- 
taken by T. R. Gilliland, Engineer in Charge, Puerto 
Rico Ionosphere Sounding Station; the computations 
are performed at the NBS Boulder Laboratories by a 
group headed by J. W. Wright. Basic conversion of 
virtual to true heights uses the well-known matrix 
method developed by K. G. Budden of the Cavendish 
Laboratory, Cambridge University, programed for 
an IBM 650 computer. 

The quantities given for each hour of each day of 
the month are: The electron density at each 10-km 
interval of height, including the maximum electron 
density proportional to (foF2)?; hmm, the height of 
zero or very low electron density, obtained by linear 
extrapolation of the N(h) curve; hmax, the height of 
maximum electron density, determined by fitting a 
parabola to the upper portion of the profile; and 


S(hmax), the integrated electron density between hain 
ANE Rix: 

Tabulations of two arithmetic mean electron den- 
sities are also given for each hour. One average is 
for the “undisturbed” ionosphere which includes the 
soundings taken when the magnetic character figure 
Kp is less than 4+; the other includes the remaining 
data to form a ‘‘disturbed” average. The latter may 
have little physical significance because the number 
of disturbed hours is usually small and the behavior 
of the ionosphere during disturbed hours is not 
consistent. 

Before the averaging process, the individual pro- 
files are extrapolated above hmax by a Chapman 
distribution of 100-km scale height. This assumed 
model seems to agree well with the few published 
measurements dealing with the topside profile of the 
F-region. Extrapolation is necessary in order to 
calculate homogeneous averages near Ama, and the 
average profiles are, in fact, given up to 950 km. 
Also given are the integrated electron densities esti- 
mated to infinity, S(hip;); this is an approximation to 
the total electron content in a vertical column of the 
ionosphere of 1 cm? cross section. 

1 The CRPL-F Reports, Part A, Ionospheric Data, have a limited press run 
and normally are available only on an exchange basis. However, compilations 
of tables of medians of ionospheric data and of tabulations of electron density 
appearing in this publication may be purchased in booklet form at the price of 
$1.10 per booklet. Please make inquiry of: IGY World Data Center A, Airglow 


and Ionosphere, Central Radio Propagation Laboratory, National Bureau of 
Standards, Boulder, Colo. 
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Selected Abstracts 


Earth currents near a monopole antenna with sym- 
metrical top loading, James R. Wait, J. Research 
NBS 62, 247 (June 1959). 


Expressions for the fields are developed for a vertical ground- 
based monopole with a cone or disk located at the top of the 
antenna to simulate umbrella top loading. The current dis- 
tribution on the structure is assumed. Using spherical-wave 
functions, the magnetic-field distribution on the ground plane 
near the base of the antenna is computed and illustrated by 
graphs. For the case where the antenna is electrically small, 
the currents flowing on the cone or disk are shown to con- 
tribute only slightly to the total field. 


Earth currents near a top-loaded monopole antenna 
with special regard to electrically small L- and 
T-antennas, H. Lottrup Knudsen, J. Research NBS 
62, 283 (June 1959). 


An investigation has been made of the ground currents near a 
oe monopole with nonazimuthal symmetry. Formu- 
las have been developed for the surface current density pro- 
duced by an inclined, straight wire over a horizontal ground 
plane for an arbitrary current distribution on the antenna. 
Working formulas have been developed and numerical cal- 
culations of the surface current density on the ground plane 
have been carried out for the case of a small antenna with a 
linear current distribution. These results have been used for 
the calculation of the contribution to the surface current 
density due to the top loading in the case of an L-antenna and 
in the case of a T-antenna. In each case both the absolute 
value of the surface current density arising from the top 
loading and the relative value of its ¢-component have been 
plotted. This component under certain circumstances may 
be important in calculating the ground losses in the case of a 
system of radial ground wires. 


World maps of F2 critical frequencies and maximum 
usable frequency factors, D. H. Zacharisen, NBS 2 
Tech. Note (PB151361) $3.50. 


This report was prepared for the purpose of presenting six 
months of contour maps and charts for use in predicting 
F2-layer maximum usable frequencies. Prediction maps for 
each even hour of Greenwich Mean Time and charts in which 
time is continuous along the abscissa are given for the months 
of January, March, June, July, September, and December. 
The four parameters used for predicting MUFs are foF2 and 
the 4000 km MUF factor for a twelve-month running average 
Zurich sunspot number of 50, and the rates of change of foF2 
and 4000 km MUF factor with sunspot number. The first 
three parameters use a map presentation with GMT constant 
over the surface of the map. The fourth parameter uses a 
chart presentation in which the ordinate is geomagnetic lati- 
tude and the abscissa is local time. 


Low- and very-low-radiofrequency tables of ground- 
wave parameters for the spherical earth theory: 
the roots of Riccati’s differential equation a 
mentary numerical data for NBS Cire. 573), J. R. 
Johler, L. C. Walters, C. M. Lilley, NBS Tech. Note 
(PB151366) $2.25. 


The roots of Riccati’s differential equation are tabulated in 
detail for the low- and very-low radiofrequencies. The zeroes 
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and certain other parameters used in the calculation of the 
amplitude and phase of the ground wave by the conve ntional 
“residue series”’ are also tabulated. 


Green coronal line intensity and geomagnetism, 
C. Warwick, J. Geophys. Research 64, 527 (May 
1959). 


Climax Observatory spectrograms of the green coronal line, 
5303, for the period 1942 to 1944 near solar activity minimum 
have recently been remeasured. Analysis of these revised 
intensities indicates that the most consistent feature in the 
relation of green line intensity to geomagnetism is a minimum 
in geomagnetic activity following central meridian passage 
(CMP) of regions of high green line intensity. This effect 
may be interpreted as a result of the tendency of solar activity 
regions to coincide with regions of high green line intensity 
and to avoid M regions. In the period October 1953 to 
October 1954, at sunspot minimum, no relation appeared 
between green line intensity and geomagnetic activity. 


Calculated patterns of slotted elliptic-cylinder an- 
tennae, James R. Wait and Walter E. Mientka, 
Appl. sci. Research, Sec. B 4, 449 (1959). 


The model assumed is a perfectly conducting elliptic cylinder 
of infinite length which has a narrow axial slot of finite 
length. Patterns are presented for various ratios of the 
major to minor axis. It is indicated that for reasonably 
large elliptic cylinders the patterns are dependent mainly on 
the surface curvature in the neighborhood of the slot. 


A study of limb flares and associated events, C. 
Warwick and M. Wood, Astrophys. J. 129, 801 
(May 1959). 


Measured heights of limb flares were used to derive a fre- 
quency distribution of flare height and to assess the impor- 
tance of height in the production of flare-associated events. 
The observed height distributions can be explained by a real 
distribution with maximum at zero, decreasing toward 
greater heights. The occurrence of SWF (short-wave fadeout) 
depends strongly on flare height. This dependence could be 
explained as an effect either of absorption of the ionizing 
radiation in the sun’s atmosphere or of a mechanism of pro- 
duction of ionizing radiation that depends critically on the 
height of the flare. Center-to-limb variation of SWF occur- 
rence, while not conclusive, favors the former interpretation. 
The relation between optical flare characteristics and occur- 
rence of associated bursts of radionoise is strongest for deci- 
meter bursts and weaker for bursts at meter wave lengths. 


Some characteristics of VLF propagation using 
atmospheric waveforms, William L. Taylor and L. 
Jerome Lange, Recent advances in atmospheric elec- 
tricity, p. 609 (Pergamon Press, 1959). 


Simultaneous observations have been made of the waveforms 
of atmospherics (‘‘sferics’’) at four widely separated stations. 
VLF attenuation characteristics have been computed by 
comparing the spectra of the waveforms recorded at the four 
locations for each discharge. The results of some prelimi- 
nary measurements of VLF attenuation are presented for the 
band of frequencies from 4 ke to 30 ke at distances of 1,200 
km to 6,500 km. 








Other NBS Publications* 


Journal of Research, Section 63A, No. 3, November— 
December 1959. 70 cents. 


Multiple ionization of rare gases by electron impact. 
M. Krauss, R. M. Reese, and V. H. Dibeler. 

Light scatterimg by commercial sugar solutions. 
Carl J. Rieger and Frank G. Carpenter. 

Analysis of the first spectrum of ruthenium (Ru 1). 
K. G. Kessler. 

Supplementary Zeeman data for the first spectrum 
of ruthenium (Ru). J. Rand McNally, Jr., and 
Karl G. Kessler. 

Low even configurations in the first spectrum of 
ruthenium (Ru1), part 2. R. E. Trees. 

Thermal degradation of polymers at high tempera- 
tures. Samuel L. Madorsky and Sidney Straus. 

Influence of impurities on the pyrolysis of poly- 
amides. Sidney Straus and Leo A. Wall. 

A preliminary list of levels and g-values for the first 
spectrum of thorium (Th 1). Romuald Zalubas. 

OH in the solar spectrum. Charlotte E. Moore and 
Herbert P. Broida. 

Use of Chebychev polynomials in thin film computa- 
tions. Klaus D. Mielenz. 


World maps of F2 critical frequencies and maximum 
usable frequency factors, D. H. Zacharisen, NBS 
Tech. Note 2 (PB151361) $3.50 (see abstracts 
above). 

Low- and very low-radiofrequency tables of ground 
wave parameters for the spherical earth theory: 
The roots of Riccati’s differential equation. 
(Supplementary numerical data for NBS Circ. 
573) J. R. Johler, L. C. Walters, and C. M. 
Lilley, NBS Tech. Note 7 (PB151366) $2.25 (see 
abstracts above). 

Calculated behavior of a fast neutron spectrometer 
based on the total absorption principle, J. E. Leiss, 
NBS Tech. Note 10 (PB151369). $1.00. 

Penetration of gamma rays from isotropic sources 
through aluminum and concrete, M. J. Berger and 
L. V. Spencer, NBS Tech. Note 11 (PB151370). 
50 cents. 

Prediction of the cumulative distribution with time 
of ground wave and tropospheric wave trans- 
mission loss. Part 1. The prediction formula, 
P. L. Rice, A. G. Longley, and K. A. Norton, 
NBS Tech. Note 15 (PB151374). $1.50. 

The changing character of chemical research in 
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PILOT—A new multiple computer system, A. L. 
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Selected Abstracts 


Earth currents near a monopole antenna with sym- 
metrical top,loading, James R. Wait, J. Research 
NBS 62, 247 (June 1959). 


Expressions for the fields are developed for a vertical ground- 
based monopole with a cone or disk located at the top of the 
antenna to simulate umbrella top loading. The current dis- 
tribution on the structure is assumed. Using spherical-wave 
functions, the magnetic-field distribution on the ground plane 
near the base of the antenna is computed and illustrated by 
graphs. For the case where the antenna is electrically small, 
the currents flowing on the cone or disk are shown to con- 
tribute only slightly to the total field. 


Earth currents near a top-loaded monopole antenna 
with special regard to electrically small L- and 
T-antennas, H. Lottrup Knudsen, J. Research NBS 
62, 283 (June 1959). 


An investigation has been made of the ground currents near a 
top-loaded monopole with nonazimuthal symmetry. Formu- 
las have been developed for the surface current density pro- 
duced by an inclined, straight wire over a horizontal ground 
plane for an arbitrary current distribution on the antenna. 
Working formulas have been developed and numerical cal- 
culations of the surface current density on the ground plane 
have been carried out for the case of a small antenna with a 
linear current distribution. These results have been used for 
the calculation of the contribution to the surface current 
density due to the top loading in the case of an L-antenna and 
in the case of a T-antenna. In each case both the absolute 
value of the surface current density arising from the top 
loading and the relative value of its ¢-component have been 
plotted. This component under certain circumstances may 
be important in calculating the ground losses in the case of a 
system of radial ground wires. 


World maps of F2 critical frequencies and maximum 
usable frequency factors, D. H. Zacharisen, NBS 2 
Tech. Note (PB151361) $3.50. 


This report was prepared for the purpose of presenting six 
months of contour maps and charts for use in predicting 
F2-layer maximum usable frequencies. Prediction maps for 
each even hour of Greenwich Mean Time and charts in which 
time is continuous along the abscissa are given for the months 
of January, March, June, July, September, and December. 
The four parameters used for predicting MUFs are foF2 and 
the 4000 km MUF factor for a twelve-month running average 
Zurich sunspot number of 50, and the rates of change of foF2 
and 4000 km MUF factor with sunspot number. The first 
three parameters use a map presentation with GMT constant 
over the surface of the map. The fourth parameter uses a 
chart presentation in which the ordinate is geomagnetic lati- 
tude and the abscissa is local time. 


Low- and very-low-radiofrequency tables of ground- 
wave parameters for the spherical earth theory: 
the roots of Riccati’s differential equation (swpple- 
nentary numerical data. for NBS Cire. 573), J. R. 
Johler, L. C. Walters, C. M. Lilley, NBS Tech. Note 
(PB151366) $2.25. 


Vhe roots of Riccati’s differential equation are tabulated in 
Cetail for the low- and very-low radiofrequencies. The zeroes 





and certain other parameters used in the calculation of the 
amplitude and phase of the ground wave by the conventional 
“residue series” are also tabulated. 


Green coronal line intensity and geomagnetism, 
C. Warwick, J. Geophys. Research 64, 527 (May 
1959). 


Climax Observatory spectrograms of the green coronal line, 
5303, for the period 1942 to 1944 near solar activity minimum 
have recently been remeasured. Analysis of these revised 
intensities indicates that the most consistent feature in the 
relation of green line intensity to geomagnetism is a minimum 
in geomagnetic activity following central meridian passage 
(CMP) of regions of high green line intensity. This effect 
may be interpreted as a result of the tendency of solar activity 
regions to coincide with regions of high green line intensity 
and to avoid M regions. In the period October 1953 to 
October 1954, at sunspot minimum, no relation appeared 
between green line intensity and geomagnetic activity. 


Calculated patterns of slotted elliptic-cylinder an- 
tennae, James R. Wait and Walter E. Mientka, 
Appl. sci. Research, Sec. B 4, 449 (1959). 


The model assumed is a perfectly conducting elliptic cylinder 
of infinite length which has a narrow axial slot of finite 
length. Patterns are presented for various ratios of the 
major to minor axis. It is indicated that for reasonably 
large elliptic cylinders the patterns are dependent mainly on 
the surface curvature in the neighborhood of the slot. 


A study of limb flares and associated events, C. 
Warwick and M. Wood, Astrophys. J. 129, 801 
(May 1959). 


Measured heights of limb flares were used to derive a fre- 
quency distribution of flare height and to assess the impor- 
tance of height in the production of flare-associated events. 
The observed height distributions can be explained by a real 
distribution with maximum at zero, decreasing toward 
greater heights. The occurrence of SW F (short-wave fadeout) 
depends strongly on flare height. This dependence could be 
explained as an effect either of absorption of the ionizing 
radiation in the sun’s atmosphere or of a mechanism of pro- 
duction of ionizing radiation that depends critically on the 
height of the flare. Center-to-limb variation of SWF occur- 
rence, while not conclusive, favors the former interpretation. 
The relation between optical flare characteristics and occur- 
rence of associated bursts of radionoise is strongest for deci- 
meter bursts and weaker for bursts at meter wave lengths. 


Some characteristics of VLF propagation using 
atmospheric waveforms, William L. Taylor and L. 
Jerome Lange, Recent advances in atmospheric elec- 
tricity, p. 609 (Pergamon Press, 1959). 


Simultaneous observations have been made of the waveforms 
of atmospherics (‘‘sferics”) at four widely separated stations. 
VLF attenuation characteristics have been computed by 
comparing the spectra of the waveforms recorded at the four 
locations for each discharge. The results of some prelimi- 
nary measurements of VLF attenuation are presented for the 
band of frequencies from 4 ke to 30 ke-at distances of 1,200 


_km to 6,500 km, 
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Optimum Frequencies for Outer Space Communication 


1 


George W. Haydon? 
(November 10, 1959) 


Frequency dependence of radio propagation and other technical factors which influence 
outer space communications are examined to provide a basis for the selection of frequencies 
for communication between earth and a space vehicle or for communication between space 


vehicles. 


1. Introduction 


The probable future rapid advances in the use of 
satellites and space vehicles will intensify the require- 
ments for adequate space communications. Since 
only modest transmitter power will be initially avail- 
able in the space vehicle, careful engineering of the 
space circuits will be necessary to assure adequate 
communications and particular attention to the selec- 
tion of radiofrequencies will be required. Optimum 
frequencies can be selected on the basis of the signal- 
to-noise ratio for a g ven transmitter power, a mini- 
mum distortion of phase and amplitude, the mini- 
mum likelihood of interference from other equipment, 
ete. This report takes signal-to-noise ratio as the 
sole criteria of frequency selection recognizing that 
diffraction and other distortions may cause problems 
ia tracking and location. 


2. Factors Affecting the Selection of 


Frequencies 


All communication between earth and outer space 
must pass through the earth’s atmosphere (including 
the troposphere aod ionosphere). Communication 
between satellites will primarily involve radio paths 
outside the influence of the earth’s atmosphere. 

The atmosphere is frequency selective, allowing 
some frequencies to pass through readily while 
severely attenuating others. A range of frequencies 
in which waves readily penetrate the atmosphere is 
often called a “window.” 

Two principal ranges of frequencies pass readily 
through the atmosphere. They are: (1) The range 
between ionospheric critical frequencies and frequen- 
cies absorbed by rainfall and gases (about 10 to 
10,000 Me), and (2) the combined visual and infra- 
red ranges (about 10° to 10° Me). 

The atmosphere is known to be partially trans- 
parent in a third range below about 300 kc. Waves 
are propagated through the ionosphere in this range 
by what is sometimes called the whistler mode. 
Prop: gation in this mode is not yet well understood. 

i range 10 to 10,000 Me is the most practical 
munication purposes considering the pres- 
vasic material in this paper was unanimously adopted by the Interna- 
idio Consultative Committee at the IX Plenary Assembly in Los 
April 1959, and is being issued as CCIR Report No. 115, Factors 
+ Oa of frequencies for telecommunication with and between 
i States Army Radio Frequency Engineering Office, Office of Chief 


‘fficer, The Pentagon, Washington, D.C.; now with Central Radio 
ion Laboratory, National Bureau of Standards, Boulder, Colo. 





ent state of development in radiofrequency power 
generation. The upper limit of this range may be as 
low as 5,000 to 6,000 Me during heavy rainstorms 
and the lower limit may be as high as 80 to 100 Me 
depending upon the degree of solar activity, the 
location of the earth terminal, and the geometry of 
the signal path. On the other hand, the window 
may extend from as low as 2 Mc for polar locations 
during night-time periods to as high as 50,000 Me 
at high altitude rain-free locations. 

In the midportion of this window favorable propa- 
gation conditions exist, and circuit performance can 
be estimated on the basis of free-space propagation 
conditions by the following formula: 


rae 
GG, 


where: P;=required transmitter power, P;=mini- 
mum permissible receiver input power, f=frequency, 
d=distance between transmitter and receiver, G,= 
transmitting antenna gain power, G,—receiving 
antenna gain power. 

Actual propagation conditions vary substantially 
from this free space assumption at frequencies near 
the edge of the radio window, and it is necessary to 
correct for ionospheric and tropospheric effects to 
obtain a true estimate of frequency dependence. 
This correction requires an estimate of tropospheric 
absorption [1]? at the higher frequencies and an 
estimate of ionospheric absorption at the lower fre- 
quencies [2]. In addition to estimating ionospheric 
absorption, an estimate of the probability of radio 
signals penetrating the ionosphere must be made [3]. 

To determine optimum frequencies, the variation 
of background radio noise within the radio window 
must also be considered: 

(1) Cosmic noise predominates at the lower edge 
of the radio window and decreases with frequency 
until noise within the receiving equipment pre- 
dominates. 

(2) In most present-day facilities the receiving 
equipment noise tends to predominate above about 
100 to 200 Me for antennas directed toward average 
sky noise areas and above about 300 to 500 Me for 
antennas directed toward high cosmic noise areas 
such as the Milky Way. 

(3) If low noise receiving equipment such as the 
MASER amplifier is used, receiver noise may pre- 
dominate above about 600 to 1,000 Me. 


3 Figures in brackets indicate the literature references at the end of this paper. 


, 
Pie 
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(4) Noise within conventional receivers normally 
increases slowly as the operating frequency is in- 
creased, but may tend to decrease at the higher 
frequencies if MASER amplifiers are employed. 

For antennas of fixed physical size, high frequencies 
have the advantage of greater’ gain but the disad- 
vantage of narrow beamwidths and associated track- 
ing problems. 

High speed vehicles traveling so that the distance 
between transmitter and receiver is rapidly changing 
have apparent frequencies differing from the actual 
transmitter frequencies by the Doppler frequency 
shift component in the direction of reception. 

Within the solar system there is evidence of ap- 
preciable densities of electrons out to great distances 
from the sun. 

Transmission time delay will become substantial 
in outer space communications, e.g., 2.6 sec are 
required for a round trip radio signal to the moon. 
This time delay is essentially independent of operat- 
ing frequency. 


3. Discussion 


Although great distances are involved, the 
propagation medium in space beyond the first 500 
miles of the earth’s atmosphere is believed to be 
essentially transparent to radio waves. Thus we 
may estimate performance on the basis of free-space 
propagation. Frequency dependence of receiver in- 
put power under free-space propagation conditions 
depends upon the type of antenna at the transmitter 
and receiver. This frequency dependence is shown 
by the following free-space propagation formula: 


P a(S) 
Tr Pa 


where: P, is receiver input power, P, is transmitter 
power, and other symbols have the same meaning as 
before. 

Frequency dependence of receiver input power for 
free space propagation conditions can be summarized 
as follows: 

(1) If both the transmitting and receiving termi- 
nals of a free-space communication link use non- 
directive antenna (e.g., two vehicles in space) or if 
beamwidths at both terminals are fixed, the receiver 
input signal power increases as the frequency is 


decreased: 
rN Pa? 


(2) If one terminal of a free-space communication 
link uses a directive antenna of fixed physical size 
and can operate with narrower and narrower beam- 
widths as frequency increases and the other terminal 
uses a nondirective antenna or a fixed beamwidth 
antenna, e.g., a directive antenna on the earth’s sur- 
face (G,  f*) and a nondirective antenna on a space 
vehicle, the receiver input signal power is independ- 
ent of frequency [P, « (P,/d’)]. 
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(3) If both terminals of a free-space comnitinica- 
tion link use directive antennas of fixed physical size 
and can operate with narrower and narrower |eam- 

















































































widths as frequency increases, e.g., a directive an. § : 
tenna on the earth’s surface and a directive aritenna 
on a more elaborate space vehicle (G, « /* and 
. . 4 . . . 3 
G, « J”), the receiver input signal power increases as § 
the frequency is increased [P, o (P,f?/d?)]. ; 
Frequency dependence for practical space-com- § : 
munication circuits requires that atmospheric cffects é 
be included. Receiver input signal power and = 
. . . i ° . . & 
receiver input noise power for a directive receiving § ? 
antenna and nondirective transmitting antenna are : 
shown in figure 1. The receiver input power in- § : 
cludes ionospheric and tropospheric effects for a 
1,000-mile propagation path tangential to the earth’s ; 
surface for summer midday operation during periods | 
of high solar activity and for moderate rain conditions 
such as experienced 1 percent of the time in the § 7, 
Ww sg, ec D.C., area. This is typical of the 
most adverse propagation conditions normally en- : 
countered in the absence of sudden ionospheric dis- J, 
turbances, instances of intense sporadic £, areas of 
auroral activity, or rain conditions of cloudburst § va 
proportions. During more favorable propagation § gi 
conditions, such as a propagation path normal to the J ye 
earth’s surface during the night at the lower fre- 
quencies. or in a high altitude rain-free location for § hig 
the higher frequencies, the receiver input power can § the 
be expected to be essentially independent of fre- § iss 
quency over a wider range of frequencies. The § the 
receiver input power as shown between 100 and 500 & fre 
Me in figure 1 will be typical over a much wider § ply 
frequency range during these favorable propagation § at 
periods. slig 
Figure 2 shows essentially the same information § rec 
as figure 1, except that the distance is increased to § sio1 
300,000 miles, the receiving antenna diameter is § exp 
increased to 120 ft, the use of cooled amplifiers such § is b 
as the MASER is anticipated, quasi-maximum § 6,0( 
and 
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FicurE 2. Technical considerations in selecting frequencies for 
radio communication to earth from a space vehicle based on 
800,000 miles (distance to circle moon). 
Omnidirectional vehicle antenna—60- and 120-ft diam parabolic receiving 
antenna, One watt transmitter—one kilocycle bandwidth. 


values of cosmic noise for high gain antennas are 
given, and receiver input power is shown for a 
vertical path in a dry rain-free location. 

Figure 3 shows the theoretical improvement at the 
higher frequencies if a directive antenna is used on 
the space vehicle. Although receiver input power 
isshown only for a 15-ft diam parabolic antenna on 
the space vehicle, this improvement with increased 
frequency applies for all directive antennas of fixed 
physical size. Since the increase in antenna gains 
at the higher frequencies more than offsets the 
slightly increased power requirement due to increased 
receiver noise at these frequencies, the first impres- 
sion is that the higher the frequency the better the 
expected circuit performance as long as the frequency 
is below the upper limit of the radio window. (About 
(6,000 Me for oblique paths during moderate rainfall 
ud up to 50,000 Me for high altitude rain-free 
location.) The physical problem of antenna design 


ind tracking, however, establishes minimum per- : 


nissible antenna beamwidths and is believed to 
place practical limits on this upper frequency at 
much lower values. 

Theoretical effective power requirements for 
greater distances are shown in figure 4 as a function 
of frequency. Power requirements shown are the 
ninimum detectable radiated power (6 db S/N ratio) 
om _» space vehicle to a 60 ft diam earth-based 
iitenia under the most adverse propagation con- 
litions normally encountered. Allowances for fading 
iid antenna beamwidth limitations are not shown 
by the chart. Approximate distances from earth to 
the moon, the sun, certain planets, and to typical 
hanmide satellites are shown. 

For systems with minimum permissible beam- 
width:, any inerease in antenna size reduces this 
practi al upper frequency since antenna beamwidth 
leere: ses with increase in antenna size. The rela- 
llonsh p between antenna size, operating frequency, 
md » itenna beamwidth for parabolic antennas is 
show: in figure 5. If either the ground terminal or 
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Figure 3. Technical considerations in selecting frequencies for 
radio communication to earth from a space vehicle based on 
300,000 miles (distance to circle moon). 


Fifteen foot diameter parabolic vehicle antenna—60-ft diam parabolic receiving 
antenna, One watt transmitter—one kilocycle bandwidth. 
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Ficgure 4. Theoretical effective radiated power required from 
space vehicle to permit detection on earth. 

One kilocycle bandwidth—6 db signal-to-noise ratio—receiving antenna—60-ft 
parabola—daytime operation—high solar activity—rain and gaseous absorption 
based on 1 percent of time (Washington, D.C.). Radio path approximately 
horizontal to earth—receivers of current design. 


space vehicle maximum antenna physical size and 
minimum antenna beamwidth is fixed, the optimum 
frequency can be estimated from figure 5. 

Figure 6 is a nomogram to estimate the bandwidth 
allowance required to accommodate the Doppler 
frequency shift for radio transmissions from high 
speed vehicles. 


For communication between vehicles in outer 
space, free-space propagation conditions apply over 
a wide frequency range. Frequencies above or 
below the earth’s radio window can be expected to 
minimize interference problems with operations on 
earth. These frequencies will be below about 10 
Me or above about 10,000 Me. Selection of an 
optimum frequency can be based on free-space 








propagation but requires an estimate of noise § 
powers in outer space, particularly as to the radio 9) 
noise at frequencies between 2 and 10 Mc. Fre. § “ 
quencies below 2 Me are considered impractical J" 
because of antenna sizes required and the substantial 

plasma frequencies probably occurring in outer space § ™ 
during periods of severe magnetic storms. If radio § 
noise is excessive below 10 Me and if antenna orienta. § 
tion problems limit the use of high gain antennas, § ! 
the optimum frequency for communication between § 
space vehicles may fall within the 10 to 10,000 Me § » 
radio window. ph 


ANTENNA BEAMWIOTH | 
<___IN DEGREES 


4, Conclusions = 
or 
Communications between earth and outer space § wi 
are theoretically possible within two broad frequency Jj pr: 
bands; about 10 to 10,000 Me and in the infrared § the 
and optical regions. At the current state of the & oth 
equipment art the lower band is definitely favored. § tec 
The upper limit of the lower band is dependent § cre 
a ee ey upon tropospheric conditions, and the lower limit § opt 
SC 7 ene gg ge nage depends upon ionospheric conditions. The band, que 
FREQUENCY , Mc therefore, is not sharply defined but is dependent apy 

upon geographic location and time of operation. § ynt 

Ficure 5. Chart to estimate optimum frequencies for outer | Woy reliable communication to any earth terminal §f lish 


space communication when directive antennas are used al err: ae Aine OPES ” 
both terminals, and physical antenna size and minimum per- location, this lower band narrows to about 70 to § ear 


missible antenna beamwidth are fixed factors. 6,000 Me. ; for 
Example: Based on a 1 deg minimum beamwidth for the earth terminal, the Within the 70- to 6,000-Me band the optimum § of f 


optimum frequency for a 60-ft diam parabolic is about 1,200 Mc and the optimum frequency will depend upon the specific communi- 
vehicle antenna size is a 3-ft diam parabolic based on a 20-deg minimum beam- 2 a . ‘ . 
width criteria for the space vehicle antenna. ‘ation service required and will be a compromise 
between the maximum practical antenna size, the 
minimum beamwidth which will permit acquisition 

or tracking, and the radio noise levels. 

For space vehicles using essentially omnidirectional 

antennas communicating with earth terminals using 
directive antennas, the receiver input power will be 
constant with frequency over much of the 70- to 
6,000-Mc band, and the background noise level and 
beamwidth requirements to assure tracking deter- 
mines the optimum frequency. Background noise § 7 
from sources within the antenna beam (cosmit § two, 
noise) predominates at the lower edge of the band depe 
and noise generated within the first stages of the & jj); 
receiver predominates at the upper edge of the band. 
The crossover point between these noise sources 
determines the frequency with the maximum signal- 
to-noise ratio and, therefore, the optimum frequency 
for communication if antenna beamwidths are 
satisfactory at these frequencies. These optimum 
frequencies are about as follows: ; 

(1) 100 to 200 Me for conventional receivers with 
antennas directed toward average cosmic nos 
sources ; 

(2) 300 to 500 Me for conventional receivers with 
high gain antennas directed toward high cosml 
noise sources such as the Milky Way; | 

(3) 1,000 to 3,000 Me if the receiver is equipped 
with cooled amplifiers such as the MASER. 

Antenna beamwidths must always be consit- 
nities L glen " ered and compromises made between beaniwidtl 

and optimum signal-to-noise ratios. Since recelvel 
Ficure 6. Chart to estimate Doppler frequency shifts. noise increases only slowly with frequency and 
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receiver input power is constant up to about 6,000 
\ec, higher frequencies may be used with only slight 
decrease in S/N ratio but at the expense of increased 
racking difficulty. 

As more elaborate space vehicles capable of 
maintaining attitude and employing directive an- 
tnnas are developed, the receiver input power will 
increase With frequency and the background noise 
level will no longer determine the optimum fre- 
quency. The optimum frequency will be governed 
by a compromise between maximum practical 
physical antenna size and the minimum antenna 
beamwidth consistent with acquisition and tracking 
techniques. If attitude control of the space vehicle 
ad acquisition and tracking limitations of the 
ound stations establish minimum antenna beam- 
widths at both terminals, the fixing of the maximum 
practical antenna size at either terminal will establish 
the optimum frequency and antenna size for the 
other terminal. As attitude control and tracking 
techniques improve the optimum frequency in- 
ceases. As larger antennas become practical the 
optimum frequency decreases. The optimum fre- 
quency is therefore closely associated with particular 
applications and can be selected once the physical 
aitenna size and minimum beamwidths are estab- 
lished. For a 1-deg minimum beamwidth for the 
earth antenna and a 20-deg minimum beamwidth 
for the space vehicle antenna, optimum combinations 
of frequencies and antenna sizes are shown in table 1. 


TABLE 1 





———S—_—_ 





| Space 
Earth | Optimum | vehicle 
antenna | frequency | optimum 
diam } antenna 
diam 





The optimum frequency for communication be- 
tween outer space vehicles is unknown. It will 
depend upon radio noise in outer space and upon the 
ability of the vehicles to maintain attitudes and 





thereby use directional antennas. For omnidirec- 
tional antennas or for any fixed antenna beamwidth 
the optimum frequency will be the lowest frequency 
consistent with the practical antenna size and outer 
space radio noise levels. Since operation at fre- 
quencies outside the radio window will tend to 
minimize the radio interference problem between. the 
space vehicles and earth, space vehicles with omni- 
directional or broad beamwidth antennas should be 
assigned trial frequencies below 10 Me if antennas 
at these frequencies are practical. For more elabo- 
rate space vehicles with the ability to properly orient 
antennas with very narrow beamwidths, operation at 
frequencies above or near the upper edge of the radio 
window is recommended (above 10,000 Me). If 
physical antenna size limits the use of frequencies 
below 10 Me and if the inability to orient antennas 
limits the use of frequencies above 10,000 Me, 
antenna size and antenna beamwidth compromises 
will determine optimum frequencies. Frequencies 
may then be selected by the use of figure 5 in the 
same manner as for communication between space 
vehicles and earth, when both terminals use directive 
antennas except that the earth’s ionospheric and 
tropospheric limitations will no longer apply. 
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The Joint Use of the Ordinary and Extraordinary Virtual 
Height Curves in Determining Ionospheric Layer Profiles 


L. R. O. Storey’ 
(October 8, 1959) 


An extension of Budden’s matrix method for determining ionospheric layer profiles is 
described. When analyzing vertical incidence ionograms by the matrix method, it is usual 
to interpret the virtual height curve for the ordinary mode only. Errors then arise from 
the presence in the lower ionosphere of low-density ionization for which the plasma frequency 
is less than the lowest frequency observed. In the proposed extension of the method, such 
—_ are reduced by making use of the extraordinary virtual height curve as well as of the 
ordinary. 


1. Introduction Usually neither condition is met in practice. 
Most ionospheric sounders do not operate below 
In 1954 Budden [1]? introduced the matrix | about 1 Me, while the ionosphere often appears 
method for analyzing the records of vertical incidence | to be stratified into several distinct layers. Then 
ionospheric soundings, and since then it has come | there are many possible distributions that could 
into wide use. The records, which are known as | have given rise to the observed portion of the virtual 
‘ionograms,”’ contain curves of the virtual reflection | height curve. In fact, these uncertainties are the 
heights of the ordinary and extraordinary modes | main sources of error in the analysis of ionograms 
is functions of frequency (“virtual height curves’’), | by the matrix method. 
aid the object of the analysis is to determine, from This paper deals only with the problem of how 
one or the other of these curves, how the ionization | to reduce the errors that arise from ignorance of 
in the underside of the ionosphere is distributed in | the virtual heights at low frequencies. Here the 
leight. The difficulty lies in the integral equation | ionosphere still is assumed to consist of a single 
that relates this distribution to the virtual height | layer. The analysis appears capable of being 
curve; in general, it is too complex to be solved | extended to cover the case of multiple layers with 
analytically. The principle of Budden’s method is | intervening ‘valleys,’ but this development is not 
0 approximate the integral by a sum of discrete | considered. 
values of the integrand, thus converting the integral When the virtual height curve is missing at the 
equation into a matrix equation, which may be | low-frequency end, the usual practice is to assume 
wlved by inverting the matrix. that the unknown virtual heights are constant and 
In its customary form, the method makes use | equal to the value at the lowest frequency observed; 
oly of the ordinary virtual height curve. The | this assumption implies that there is no ionization 
dinates of this curve are measured from the | below the level of reflection for that frequency. 
ionogram at selected frequencies, and then this set | If such “low-density ionization” is present in fact, 
of ordinates is multiplied by a matrix to produce a | then the group delay that it produces in the observed 
et of the corresponding ordinates of the layer | frequency range is attributed wrongly to time spent 
profile. The matrix multiplication is a simple | by the waves in traveling up to the ionosphere, so 
repetitive process and so lends itself readily to | that the true heights are overestimated. 
performance by a digital computer. As a result, So long as attention is confined to a single virtual 
the matrix method is now widely favored for the | height curve, there is no way of detecting the low- 
routine analysis of ionospheric data. density ionization or of isolating its effects in the 
Unfortunately, however, two rather restrictive | observed frequency range. But these effects are 
conditions have to be met if the method is to work | different for the two modes of propagation; the 
properly: First, the original virtual height curve | group delays differ in amount and vary with fre- 
shoul | extend down to zero frequency; second, the | quency in different ways. This fact suggests that 
ionos;shere should consist of a single layer only, so | the low-density ionization could be studied by 
that 1 given density of ionization occurs at just | measuring both the ordinary and _ extraordinary 
me eight on its underside. Only under these | virtual height curves and combining the data that 
‘ond::ions does the integral equation define a unique | they contain. In the present paper, extensions of 
listri ution. the Budden matrix method are developed to do this. 
Co ee The contents of the paper are arranged as follows: 
Boulde Colo.; present address, Centre National de la Recherche Scientifique, | In section 2 terms are defined, and the present method 


Service \'Aeronomie, Observatoire de Meudon (S.-&-O.), Paris, France. : . : : ae e- onic 
*¥igi es in brackets indicate the literature references at the end of this paper. for the interpretation of a single virtual he ight curve 
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is reviewed briefly; the work reviewed is chiefly 
that of Budden [1], Rydbeck [2], and Schmerling [3]. 
Section 3, which contains the substance of the paper, 
shows how the matrix method may be extended 
to make joint use of both virtual height curves; the 
errors that may arise in the inferred distribution 
of ionization, due to random errors in measuring 
the virtual heights, are examined also. The analysis 
is illustrated in section 4 by a worked example, in 
which an artificial ionogram, computed for a known 
distribution of ionization, is interpreted by the 
new procedures. Finally, the whole analysis is 
discussed and criticized in section 5, and the con- 
clusions of the paper are summarized in section 6. 

Certain previous authors also have considered 
using the two virtual height curves in conjunction. 
The suggestion was made originally by Jackson [4], 
but his approach, which is one of trial and error, 
is not suitable for extensive use. Thomas [5], 
however, in a recent survey paper, has outlined some 
work by Titheridge [6], who appears to have adapted 
Jackson’s method into a more convenient form. 
Titheridge’s work, which has not been published at 
the time of writing this paper, may anticipate some 
of the results presented here. 


2. Interpretation of a Single Virtual Height 
Curve 


2.1. The Integral Equations 


In this section the integral equations are derived 
that relate the virtual height curves for the ordinary 
and extraordinary modes to the distribution of 
ionization. 

At vertical incidence, the virtual height of reflec- 
tion h’ is given as a function of the wave frequency 
J by the integral 


win={" u'(f,N) dz, (1) 
0 


where z is height in general, zz is the true height of 

reflection for the given frequency, and y’ is the 
oup refractive index, which depends both on the 

requency and on the local electron density N. 

In the limit of very low wave frequencies, the 
virtual and true heights of reflection for both modes 
all tend to a single limiting value 2, the height of the 
base of the ionosphere. From ground level up to 
this height the waves travel at the speed of light, 
which is to say that their group refractive indices are 
unity. Thus (1) can be written as 


W(f =at |," u'(f,N) dz, 
29 


* Actually y’ is slightly greater than unity even below the ionosphere due to 
the refraction of the air, but the departure from unity is negligible in the present 
context. 





where the integral now embraces only the ranve of 
height in which free electrons are present. 

The general expression for the virtual height is eom- 
pleted by introducing the relation between the density 
of electrons and the height. However, instead of the 
density itself, it is more convenient to work with the 
“plasma frequency” fy. which is proportional to its 
square root. The function z(fy), in which plasma 
frequency is viewed as the independent and height as 
the dependent variable, will be referred to here as the 
“layer profile.” The profile is a multivalued function, 
even for a single layer, since a given value of fy, if it 
occurs at all, must do so at least twice, once on the 
upper surface of the layer and once on its underside, 
The relationship between the true heights of reflection 
and the layer profile may be understood by consider- 
ing the condition for reflection. The condition for an 
ionized medium to reflect radio waves is that its 
plasma frequency should exceed a certain critical 
value that depends on the frequency of the waves 
and also on the mode of propagation. This value will 
be written as fe(f). It follows that waves of a certain 
frequency and mode, propagated up into the iono- 
sphere from below, are reflected at the first level that 
they encounter at which fy is equal to the appropriate 
value of fg. Obviously, this is the lowest such level. 
Hence, the true height of reflection is given by 


Ze=minimum value of 2(fp). (3) 


To summarize, the true height of reflection is a 
particular value of z, determined by fg, which in 
turn is a function of f; this function is different for 
the two modes of propagation. 

Since all reflection takes place from the underside 
of the ionosphere, only the profile of this part needs 
to be considered. Further, since the ionosphere has 
been assumed to consist of a single layer, the profile 
of its underside is a monotonic function. In this 
case, fy can be taken as the variable of integration. 
Also, the group refractive index yp’ will be expressed 
as a function of fy instead of N. With these changes, 
the integral equation becomes 


ib a, dz 
h (f)=z0+ f, w' (f, fr) ( a) df = @) 


Here the equation is still quite general, in that it 
applies equally to both modes. The _ particular 
equations for the ordinary and extraordinary modes 
are to be obtained by considering their respective 
reflection conditions, that is to say, the different 
relationships between fg and f. These relationships 
are graphed in figure 1. 

The ordinary mode behaves very simply; the critical 
plasma frequency for reflection is equal to the wave 
frequency. Thus, 


fe=f (ordinary mode) (5) 
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The conditions for reflection of the ordinary (O) 
magneto-ionic modes at vertical 


FictreE 1. 
and extraordinary (X) 
incidence. 


Abscissa: wave frequency (f). Ordinate: plasma frequency at the level of 
reflection (fz). Both frequencies are normalized with respect to the gyrofre- 
quency (fx). 


% the integral equation for the ordinary mode is 
: 3 dz 
h’(f)=zot |v’ (SF, fy) (54 ) afr. (6) 
0 dfy 


From here on, the quantities h, h’, and yw’, when 
written without subscripts, will refer to the ordinary 
mode only. The corresponding quantities for the 
extraordinary mode will bear the subscript “zx.” 

The extraordinary reflection condition is more com- 
plex. The relationship between fg and f is now 


fe={H(f+ Iu}? 
‘ say (8) 


(extraordinary mode) (7) 


where fy is the gyrofrequency. The positive sign 
applies if f<fy (L.H. curve in fig. 1), while the 
negative sign applies in the more usual situation, 
where f>f_ (R.H. curve). 

Note that, as the wave frequency approaches the 
gyrofrequency from below, fg tends to the value 2 
ty. On the other hand, as the gyrofrequency is 
approached from above, fg becomes vanishingly small, 
80 thet the extraordinary reflection level should de- 
scend to the base of the ionosphere; actually, such 
echoes are never detected, because they are heavily 
abso: bed. 

Th» integral equation for the extraordinary mode 
can he written now as 


Rf) = 20+ j, ue ff) (a) df, (9) 


wher the symbol f has been adopted to denote the 
valu: of fp for an extraordinary wave of frequency f. 





_ This equation differs slightly from the correspond- 
ing equation for the ordinary mode, in that the upper 


limit of the integral (f) is not the same as the inde- 
pendent variable (f) on the left-hand side; also, to 


each value of f below the limit 2 f, there correspond 
two possible values of f (see fig. 1), one of which is 
less than the gyrofrequency, while the other is 
greater. However, only the upper range of f will 
be considered here, because most records of iono- 
spheric virtual height do not extend below the gyro- 
frequency. With this restriction, there is a straight- 
forward correspondence between f and f, and the 
virtual height may be regarded equally well as a 
function of either variable. When it is regarded as 
a function of f, the extraordinary virtual height will 


be represented by the symbol h; thus 
h(f)=hz(f). 


To find the virtual height for a specified value of 


(10) 


f, it is necessary to know the corresponding value of 
jf. This frequency is given by the positive solution 
of the quadratic eq (7), and it is 


JU | 1440p") 1 bs (11) 


where the positive sign now yields the range of 
frequencies above fy, which is the range to be 
considered. 

In these terms, the integral equation for the extraor- 
dinary mode is 


(12) 


oy a dz 
RG) mart | wits) (55) 


This equation is similar to (6), the only remaining 
difference being that, in calculating y’,, it is neces- 
sary first to obtain from (11) the value of f that 
corresponds to the given value of f. 

The integral eqs (6) and (12) relate the virtual 
height curves to the slope of the layer profile. Were 
it possible to invert either equation so as to obtain 
a solution for the slope, then the profile itself could 
be recovered by a straightforward integration. 


2.2. The Matrix Equations 


The integral equations cannot be solved analyt- 
ically in the general case, because the group refrac- 
tive indices are complicated functions of f and fy. 
Therefore, they are solved by converting them into 
matrix equations as will be described now. 

Consider the eq (6) for the ordinary mode. The 
first step is to replace the continuous functions h’ 
and z by their values at a number of discrete ‘‘sample 
frequencies.’’ These frequencies will be written, in 
order of ascending magnitude, as fo, fi, fo . . . ete., 
or generally as fm, where the index m is zero or a 


532053—60 2 113 






























positive integer; fy is zero frequency, and the rest 
are assumed to be spaced closely, but not necessarily 
evenly, through the full frequency range. The fol- 
lowing notation will be used also: 


Afm=ISm—Jm-1 (m = 1) (13) 
hn=h’ (fn) (14) 
Zm=2 (fn) (15) 

ae em—Zm-1 (m= 1) - 

Afn= ie (m=0). (16) 


The quantities Az,, are increments of height on the 
layer profile; note the definition for m=0. 

The next step in the approximation is to assume 
that the slope of the layer profile is effectively 
constant over each elementary frequency interval 
Afm; 1.€., 


de tn 
dfy Afm 





ttiomhe. 


Then the complete integral can be split up into a 
series of discrete sums, as follows: 





poe 2 AZm "te , 
hp ~Azot+ >a Pe ee ted fn Jw) dfy 


~ 25 MimAzm, 


m=0 


say (17) 


where Az has been written in place of zp, and 


1 (m=0) 
1 m é 
0 m>n). 


Now suppose that in (17), ” is set equal in turn to 
0, 1, 2, etc., up to the value that corresponds to the 
highest sample frequency. The result is an array of 
simultaneous equations, which may be solved for 
the unknowns Az, by the simple algebraic process 
that is described below in section 2.4. Originally, 
however, Budden [1] adopted an alternative ap- 
proach, which is to regard the complete array as a 
single “matrix equation;”’ this approach has pro- 
vided a more convenient basis for the subsequent 
extensions of Budden’s methods. In matrix termi- 
nology, the set of quantities A} and also the set of 
AzZm, both constitute ‘“‘vectors,’’ while the coefficients 
Mim form a “lower triangular matrix.” This differs 
from the corresponding matrix used by Budden 
(1955) and Schmerling (1957) by including an extra 
column with m=0, in which all the coefficients are 
unity, and an extra row with n=0, in which all the 
coefficients except the first are zero. Each of the 
remaining nonzero coefficients is the average of the 
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values of group refractive index assumed by a wave 
of frequency f, in traveling from the level whiere 


t=fm-1 up to that where fy=fn. 


If n is understood to run through its full range of 
values, then eq (17) states that the vector of the 
hj, is obtained by multiplying the vector of the Az, 
by the matrix of the coefficients M,,,.. Thus (17) is 
the required matrix equation for the ordinary mode, 

The integral equation for the extraordinary mode 
can be treated likewise, and the result is the matrix 
equation 


Re MynAen (19) 
n=0 
where 
i (m=0) 
A 7 
~ =F | I” ul Fafvdfy  (1SmSn) (20) 
Afm tm-1 
V0 (m >n) 


and the other new quantities are defined like their 
ordinary counterparts (cf. eqs (13), (14)). 

From here on, the complete matrices will be rep- 
resented by symbols in square brackets, while the 
same symbols without brackets will refer to the 
individual elements. Thus the group refractive index 
matrices will be written as [M,,] and [M,,,]. Their 
elements Myjm and Mym may be computed from the 
formulas given in appendix A. 


2.3. Solution by Matrix Inversion 


The matrix eqs (17) and (19) for the ordinary and 
extraordinary modes, respectively, may be solved 
by inverting the matrices. Thus, for the ordinary 
mode, the solution is 


n 
Azn™>> Namhn; (21) 


m=0 


where the matrix [N,,»] is the inverse of [Mj]. Sim- 
ilarly, for the extraordinary mode, 
n ~ ~ 
oN Pe b N adie (22) 


m= 


where [N,»] is the inverse of [M,,,]. Because the 
matrices [M,,,,] and [M,,,] are lower triangular, 80 
also are their inverses. 

The increments of height may be summed now to 
give the heights themselves: 


iE he, (23) 


m=0 


This summation is analogous to the final integration 
that would be performed if the original integral equa- 
tions, that involve the slope dz/dfy, could be solved 
analytically (see sec. 2.1). 
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2.4. Solution Row-by-Row 


As an alternative to inverting the matrices, the 
increments of height on the layer profile may be 
found by solving the matrix equation row-by-row 
[7]. For imstance, consider the eq (17) for the 
ordinary mode. It can be rearranged to read 


n—1 
Az,™ uh > Myndien } : (24) 


m=0 


There is one such equation for each value of n. The 
complete set may be solved by starting from n=0 
and working upwards. Thus, 


1 yy 
Azo~qq— {ho} ’ 


/ 
4 


a cue 
V7, 1 Mivdz0} ’ 


Az\™ 


i 
Azo 7 ha —MaAz, — My AzZo} ’ 


and so on. In effect, the method consists of isolat- 
ing, at each stage, the group delay produced in the 
unknown uppermost increment of height, by sub- 
tracting from the observed virtual height the group 
delay produced in the known height increments at 
lower levels. 

The eq (19) for the extraordinary mode can be 
solved similarly. Matrix equations can be solved in 
this way only when, as in the present case, the 
matrices are triangular. 


3. Joint Use of Both Virtual Height Curves 


3.1. General Remarks 


In the previous section, each of the matrix eqs 
(17) and (19) represented a set of linear simultaneous 
equations in which the number of data (ordinates of 
the virtual height curve) was equal to the number 
of unknowns (increments of height on the layer pro- 
file). Hence each set had an exact solution, so that 
the complete virtual height curve for either mode 
was sufficient by itself to determine the profile. 
But v hen some of the curve is missing, as when the 
recor’s are unavailable at low frequencies, then the 
remaining high frequency data are insufficient to 
deter:ine the profile without making special assump- 
ions see sec. 1). 

However, the situation is not hopeless, since the 
data ‘or the two magneto-ionic modes are mutually 
indep ndent. Suppose, therefore, that in sampling 
the v rtual height curves to obtain these data, the 
samp» frequencies are chosen so that the unknowns 
are t! » same in the two sets of equations. Then, if 


tr must be the same for the two modes. 











both sets are combined, the number of data is in- 
creased while the number of unknowns remains con- 
stant. Hence, the total data may now be enough 
for the complete set of equations to be soluble. 

To make the unknowns the same, the ordinary 
and extraordinary virtual height curves must be 
sampled at frequencies which correspond to the same 
true heights of reflection. Considering one such 
pair of frequencies, this is to say that the values of 
From the 
expressions for fe ((5) and (7)), this requirement is 
seen to be met if the sample frequency /, for the or- 
dinary mode is made equal to f, for the extraordi- 
nary; the corresponding sample frequency f, for the 
extraordinary may be found from (11). Thus the 
corresponding values of f, are not equal for the two 
modes; moreover, if the sample frequencies are 
spaced evenly for the ordinary mode, then those for 
the extraordinary mode will be spaced unevenly. 
From here on, the two sets of sample frequencies will 
be assumed to be related in this way. 

The question now arises, under what condition 
can the layer profile be determined fully by joint 
use of both virtual height curves? Suppose, to 
simplify the discussion, that all the data come in 
pairs; sample values of ordinary virtual height for 
which no corresponding extraordinary virtual heights 
are measurable, or vice versa, will be ignored. 
Suppose also that the range of index n for the two 
sets of data is rSnSr+s-l. Then the data com- 
prise s values of h,, together with s values of hy, 
a total of 2s separate items. The number of the 
unknowns Az, is r+s. Evidently the condition‘ 
uader which the data determine the unknowns fully 
is that s2r. 

If the positions of the pairs of sample frequencies 
‘an. be chosen arbitrarily, it is easy to arrange for 
a surplus of data. If, on the other hand, it is decided 
to space the frequencies evenly for one or other of 
the modes, say the ordinary, then the condition 
entails that the frequency range over which the 
ordinary virtual height is measurable should be 
wider than the unobserved range of low frequencies. 
Siace, for most ionosondes, the low frequency limit 
lies below 2 Me, while the ordinary penetration 
frequency for the F2 layer usually exceeds 4 Me, 
this requirement is likely to be met most of the time. 

Assume, then, that there are enough data to 
determine the unknowns. ‘Two distinct cases are 
to be considered: In the first, s is equal to 7, so that 
the data determine the unknowns exactly; in the 
second, s is greater than 7, and the unknowns are 
over-determined. The exactly-determined case is 
treated in section 3.2, and the overdetermined case 
in. section 3.3. 


4 Strictly speaking, this condition is necessary but not sufficient, for, even when 
it is satisfied, the determinant of the set of equations still might vanish. In 
practice, the determinant is unlikely to vanish exactly, though it might become 
very small. Then quite small errors in the data would produce large errors in 
the inferred values of the unknowns, a state of affairs that is to be avoided. For 
a discussion of the effects of random errors, see section 3.5. 
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3.2. The Exactly-Determined Case 


In the exactly-determined case, the index n for 


the data (h; and h,) runs from r to 27-1. The matrix 
eqs (17) and (19) together represent a set of 2r 
simultaneous equations, which are to be solved for 
the 2r unknown values of the Az,,. 

It is convenient to split the solution into two 
steps: First, the equations are solved for the incre- 
ments of height in the unobserved frequency range 
(0<m<r); after which, the remaining increments 
in the observed range (rSm<2r-1) are found by 
existing methods. 

In finding the Az, for the range 0<m<r, the 
values outside this range first must be eliminated. 
This is done most simply by starting from the in- 
verse eqs (21) and (22). Because the sample 
frequencies for the ordinary and extraordinary 
virtual height curves correspond to the same true 
heights of reflection, these two expressions must 
give the same values for the Az, to the limits of 
accuracy of the matrix formulas. Therefore, they 
can be equated to yield the relation that holds 
between the two virtual height curves as a conse- 
quence of their being derived from the same layer 
profile: 


> { Nambn— Nambia} a26, 


m=0 


When n2r, (25) provides a relation between the 
observed and the unobserved virtual heights. This 
fact can be made plain by splitting the sum into 
separate parts for the two frequency ranges: 


n ine. ee. r—1 ~ ~ 
>} { Numlin— Namlim} ~ { Numlim— Namlim} (n = Tr) . 


m=r m=0 


(26) 


_The next step is to substitute for the unobserved 
virtual heights and reintroduce the corresponding 
Azm by use of (17) and (19): 


n 
f AT ’ 
rH nmi vm 


m=r 


~~ J ~ a 
= Neitia} ae { Sn b> Man 4:1) 
m=0 l1=0 3 


mead Nan( 34M az) } (n > r) 
=0 


r— 


oe > { Num Mmi— Nom Mont} Az, 


n=0 1=0 


(n>r) (27) 


Sb 


ee 
24, { l»mM mi —NamMmi } Az, (n> r) (28) 
0m= 


The reversal of the order of summation on the 
right-hand side, between (27) and (28), may be 
justified by pointing out that, in the form of (27) 
a given m occurs in combination with all the /’s 
from 0 to m; hence, a given / must occur in combina- 
tion with all the m’s from / to r-1, as indicated in 





(28). 
writing down the triangular array of the possible 
combinations of / and m. 

Now (28) may be written in the concise form 


r—l 
Sam DP Az: (n>r) 
t=0 


where 


Si= Dit Nomlin—Nonlim}  (n>r) (30) 


T—1 a ~ 
P= 2. NamMni—NamMni} 


m=l 


(n>r). (31) 


The matrix eq (29) relates the Az, for the unob- 
served frequency range to the quantities S,, which 
are formed from pairs of corresponding values of 
ordinary and extraordinary virtual height in the 
observed range. Its solution will be written as 


2r—1 
Azi@>5QnS,  (l<r—1), (32) 


where the matrices [Q;,] and [P,;] are mutually in- 
verse. 

Having thus arrived at the height increments Az, 
for l<r-1, the remaining values can be found by 
solving one of the original matrix equations row-by- 
row (see sec. 2.4). Use of the virtual height data for 
either mode should lead to identical results, even 
when the data contain errors of measurement, be- 
cause the equations for the two modes together form 
an exactly-determined set. 


3.3. The Overdetermined Case 


In the overdetermined case, where s>r, any subset 
of r+s selections from the 2s items of data would 
suffice, in principle, to determine the unknowns con- 
pletely. Ifthe data were free from error, it would not 
matter which subset was chosen. But when the data 
contain errors of measurement, some subsets will 
give better estimates than others. A still better esti- 
mate might be obtained by taking an appropriately 
weighted mean of the estimates from all the possible 
subsets, in which case each unknown would be given 
as a linear combination of all the data. The choice of 
the best combination would be governed by the 
statistics of the errors. Here it will be assumed, for 
convenience, that the errors of measurement of the 
virtual heights are all random, mutually uncorre- 
lated, and distributed normally with equal standard 
deviations. Then the best estimate of the Az; is that 
given by the “Method of Least Squares” (see, for 
instance, Whittaker and Robinson [8]), and it is the 
solution of the matrix equation 


r+s—1 


R= > Om Az ly (38) 
1=0 
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(33) 


where 
1 ~ ~ 
{Manhnt+Mamha} 


r 


and [U7] is & Square symmetric matrix, the elements 
of which are given by the expression 


r+s—1 - on 
Om1= + > {MimMiit+MimM,1}. 


n=r 


(35) 


These equations are derived in appendix B. 

The matrix eq (33) represents a new set of r+s 
linear simultaneous equations, equal in number to 
the unknowns; each of the new equations is a linear 
combination of the 2s original equations, represented 
by (17) and (19). The solution of the complete set 
will be written, in matrix form, as 


r+s—1 
Az,= pm F wns Mme (36) 


where the matrix [V;,] is the inverse of [U;,] and like- 
wise is square symmetric. 

In eqs (33) to (36), the index r would be a constant, 
fixed by the properties of the recording equipment, 
but the index s would vary from one set of data to 
another because of the variations in the penetration 
frequencies of the F2 layer. Equation (36) is the 
solution of (33) just so long as s>r. The equations 
do not contain this restriction explicitly, but when 
s<r the determinant of [U,,;] vanishes so that the 
matrix cannot be inverted. Equation (36) is indeed 
applicable to the exactly-determined case when s=r, 
but for this special case the equations developed in 
section 3.2 give the same answer more simply; at 
least, the matrix that has to be inverted is smaller. 


3.4. Some Practical Considerations 


The variability of the index s makes the full least- 
squares solution inconvenient for practical use be- 
cause each value of s requires a different matrix 
Vin to be computed. In practice, it is best to fix 
sat some particular value, so that V;,, need be com- 
puted only once. The chosen value of s should be 
sufficiently high for the unknowns to be thoroughly 
overdetermined, yet sufficiently low for the upper- 
most sample frequency (f,;-1) never to exceed 
f,F,. The use of this particular matrix [V,,] yields 
the values of the Az, for O<$/<r+s—1. When data 
are available at frequencies above f,,;_;, the remain- 
ing A:; may be obtained by continuing the row-by- 
row solution upwards. If the data contain random 
errors. however, the results would be different 
accor’ing as the ordinary or extraordinary virtual 
height; were used in the solution. Better results 
would be obtained by combining both sets of virtual 
height data following the Method of Least Squares. 
The lc. .st-squares value for each of these Az,(/>r-+s) 
is fouid by applying the procedure of section 2.4 





to the equation 


Bed 
pe. a {ii-¥ Munden ) 
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M,, { Pe | eo } , 
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which replaces (24). 

Probably not much accuracy is lost by fixing the 
value of s in the way suggested, which entails that 
only data at frequencies between f, and f,,;-; are 
used to determine the distribution of the low- 
density ionization. For this ionization has its 
greatest effects on the observed virtual heights at 
frequencies just above f,, and hence these frequencies 
must provide the data that are most useful in de- 
termining its distribution. 

Furthermore, the virtual height data at the higher 
frequencies may be systematically unreliable as a 
result of “lateral deviation.” This effect is discussed 
more fully in section 5. Here it is mentioned only 
as a further justification for omitting the data at 
frequencies above f,4;-; initially, when using the 
matrix method for the overdetermined case. 


3.5. The Effect of Random Errors 


If the measurements of the virtual heights con- 
tain random errors, these errors produce fluctuations 
in the inferred values of the Az, The standard 
deviation of these fluctuations will be calculated now 
for the total range of 1. The calculation will be made 
for the overdetermined case assuming that the 
Az, have been obtained by the full least-squares 
procedure ((33) to (36)). As before, the errors in the 
measurements will all be assumed to have the same 
standard deviation, and this will be called co. 

Now the change that occurs in Az,, as a result of 
a small error 6h; in the measurement of the ordi- 
nary virtual height h;, is found by differentiating 
(36) and (34): 


r+s—1 
6(Az;) = p & Vim 
m=0 


Oe Kaas 
ar) ah! 


r+s—1 


~ D5 VimMamih, . (38) 
m=0 


An error in the measurement of the extraordinary 
virtual height h, has a similar effect. The total 
standard deviation of Az;, due to all the errors, is 
found by squaring and adding these two contribu- 
tions, summing over all n, averaging, and then 
taking the square root. The results can be written 
as: 


Standard deviation of Az;=cp;, (39) 
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where 


r+s—l1 r+s—l1 2 r+s—1 = 2 
= Ss {| 5 Vin Mam | +[ "35 Vindlen | } 
(40) 


The “error coefficient” p;, which is the standard 
deviation of Az; per unit standard deviation of the 
original measurements, is a measure of the suscepti- 
bility of the estimate of Az, to disturbance by ran- 
dom errors of measurement; the smaller is p;, the 
more reliable is the estimate. 

For the exactly-determined case, the error coeffi- 
cients may be obtained by using (40) with s set equal 
to r. The special equations developed for this case 
in section 3.2 do not lend themselves well to the 
derivation of the coefficients. 

Let it be emphasized that the p, are the error 
coefficients of the increments of height (Az;) on the 
layer profile. Of greater interest, perhaps, are the 
error coefficients of the heights (z,) themselves. 
These coefficients will be called z;, and they are 
defined thus, by analogy with the p;: 

Standard deviation of 2;=o7;. (41) 
The zx, cannot be derived from the p; in any simple 
way because the errors in the calculated Az, are 
mutually correlated even though there is supposed 
to be no correlation between the errors in the virtual 
height data. An expression may be derived for the 
m,, however, similarly to that for the p,, using (23) 
as well as (36) and (34); it is 


x r+s—1 l r+s—1 " 2 
— + > > « & VimMum 
n=r k=0 m=0 
l r+s~1 2 
+] 2235 Venlilm | }- (42) 
‘=0 m= 


Alternatively, in appendix C it is shown that the 
whole analysis can be developed from the start in 
terms of the z, rather than the Az,, without altering 
the form of most of the expressions. In the analysis 
so developed, the 7; would be given by the equation 
analogous to (40). 


4. A Test of the Method 


The foregoing analysis has been tested on an 
artificial ionogram. The test consisted of assuming 
a particular layer profile, computing the correspond- 
ing ionogram (fig. 2), and then attempting to recover 
the profile from the data in the ionogram, using first 
the conventional matrix method, and then the vari- 
ous extensions of the method that were developed in 
section 3. In the numerical calculations, the gyro- 
frequency was taken as 1450 ke, and the angle of 
dip as 68.2°, which are the values that apply at 
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The virtual height curves calculated for the assumed 
layer profile. 


Figure 2, 






Boulder, Colo. The calculations were performed on 
the IBM-650 computer at the Central Radio Pro- 
pagation Laboratory of NBS. 

The assumed layer profile is graphed as the solid 
curve in figures 3 to 5. It is monotonic, since the 
analysis is restricted to profiles of this type for the 
time being. It represents a distribution of ioniza- 
tion in which there is a ledge of low density beneath 
a layer of high density. Such a distribution might 
arise in the ionosphere soon after dusk, when the 
E-layer is decaying rapidly but the F-layer persists. 

The virtual height curves that are derived from 
this profile are shown in the “ionogram”’ of figure 2. 
The lowest observable frequency (f,) for the ordinary 
virtual height curve has been taken as 2 Me, while 
the corresponding lower limit for the extraordinary 
curve is 2.85 Mc. The figure shows only those 
portions of the curves that are supposed to be 
observable. A particularly precise type of numerical 
integration (a 48-point Legendre-Gauss quadrature 
[9]) was used in computing the virtual heights, 9 
that these data essentially are free from error. 
Hence any errors that may arise in the deduced layer 
profiles represent systematic defects in the methods 
of analysis. 

The results of various attempts to recover the 
profile are presented in figures 3 to 5. In these 
figures, the points on the deduced profile are shown 
as solid dots, while the broken line is a direct inter- 
polation between adjacent points. 




























Jee 





issumed 


red on 
0 Pro- 


e solid 
ce the 
‘or the 
joniza- 
eneath 
might 
en the 
ersists. 
| from 
vure 2. 
‘dinary 
. while 
inary 

those 
to be 
merical 
lrature 
hits, 80 

error. 
d layer 
:ethods 


ver. the 

these 
- shown 
{ inter- 





}igure 3 shows the results of analyzing the iono- 
gral. by the conventional matrix method in which 
only the ordinary virtual height data are used [1, 3]. 
Because the low-density ionization has been ignored, 
all the computed points are much in error, lying 
well above the true profile (the solid curve); the 
error amounts to more than 30 km at the lowest 
observed frequency (2 Me), while even at 6 Mc it is 
about 6 km. It is this error that the extensions of 
the matrix method seek to eliminate. 
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nary virtual height curve by the conventional matrix method. 


For further explanation, see section 4 of the text. 


However, in attempting to apply the new methods 
various problems were encountered, as follows: 

The first, a comparatively trivial problem, was 
presented by the “rounding-off errors” in the digital 
computer. Such errors proved to be particularly 
serious in the inversion of the matrix [U’,,,]. Even- 
tually they were made negligible by performing the 
inversion with a ‘“double-precision” program in 
which the computer carried 18 significant digits of 
each number instead of the usual 8 [10]. 

The main problem proved to be one of balance 
between the effects of random and_ systematic 
errors on the derived layer profile. The random 
errors are introduced by the inaccuracy of the 
virtuil height data, as explained previously. The 
syste matic errors are introduced when, in the process 
of converting the original integral equations into the 
corr sponding matrix equations, the continuous 
curv. of the profile is approximated by a series of 
recti near segments (see sec. 2.2.). The need to 
com) romise between the two types of error does not 
arise in the analysis of a single virtual height curve, 
that is, in the situation studied in section 2, for in 





that situation the systematic errors can be made 
arbitrarily small by increasing the number of sample 
frequencies and reducing the intervals between 
them. The introduction of a new sample frequency 
adds a new unknown to the set of equations, but 
it also adds a new item of data that is related closely 
to this particular unknown, so that the random 
errors are relatively unaffected. The situation is 
quite different, however, when the virtual height 
curves are incomplete. Then the introduction of a 
new sample frequency in the unobserved range 
increases the number of unknowns without adding 
to the data, so that the precision with which the 
profile can be determined, in the presence of random 
errors, suffers accordingly. It is clear that the 
disposition of the sample frequencies, particularly 
of those in the unobserved frequency range, is a 
delicate problem and one that involves balancing the 
effects of random and systematic errors against each 
other. In view of the complexity of the equations, 
it seemed futile to attempt an analytic solution to 
this problem; instead, the sample frequencies were 
selected by a process of trial and error. The im- 
portance of the random errors was judged from the 
size of the error coefficients, and that of the sys-. 
tematic errors from the accuracy with which the 
derived profile reproduced the true one. An account 
of the series of trials is given now. 

In the search for a satisfactory set of sample 
frequencies, five particular cases were tried in suc- 
cession. Their properties are summarized in table 
1, which gives for each case the values of the para- 
meters r and s, the sample frequency f, that cor- 
responds to each index /, and the error coefficient 
p, of each height increment Az, on the layer profiles. 
The profiles themselves were computed only for 
those cases where the error coefficients were reason- 
ably small (i.e., <10), since it was found that the 
other cases developed severe “rounding-off errors’ 
in the matrix multiplication (36). 


Cases 1 and 2 


In the first two trials a constant interval of 400 
ke was maintained between sample frequencies. 
Case 1 was exactly-determined, with the number 
of data equal to the number of unknowns, while 
case 2 was overdetermined, with twice as many 
data as unknowns. As would be expected, the error 
coefficients for the overdetermined case were smaller 
than those for the exactly-determined case. In 
both cases, however, the error coefficients for the 
height increments in the observed frequency range 
were excessively large, of the order of several hundred. 
This fact suggests that it is not practical to space 
all the sample frequencies uniformly because random 
errors then have too severe an effect on the lower 
part of the deduced profile. Rather, a relatively 
coarse spacing must be employed in the unobserved 
frequency range, so that in this range the number of 
sample frequencies is reduced and the unknowns 
become very much overdetermined. 
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SAMPLE | CASE | | CASE 2 | CASE 3 | CASE 4 | CASE 5 | 
FREQUENCY| r=5|s=5|=5|S=I0| r=1|s=10| r= 3|s=i2|r=3|s=l2 
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The error coefficients (pi) of the increments of height 
on the layer profile. 


TABLE 1. 


Each coefficient is given in the form of a number, followed in parentheses by 
the power of ten by which that number should be multiplied; these coefficients 
are dimensionless. For further explanation, see section 4 of the text. 


Case 3 


Accordingly, in case 3 the effect was tried of repre- 
senting the entire unobserved frequency range by a 
single interval of sample frequency; in other words, 
the variation of height with plasma frequency was 
assumed to be linear from 0 to 2 Mc. The sample 
frequencies in the unobserved range, however, were 
the same as those in case 2. The error coefficients 
now became reasonably small, and so the layer pro- 
file was computed for this case; the result is shown 
in figure 4. Although this profile is slightly more 
accurate than that of figure 3, it still contains large 
systematic errors which are due to the crudity of 
the straight-line approximation to the layer profile 
in the unobserved frequency range. Evidently a 
representation has to be found for this part of the 
profile that is intermediate in complexity between 
those of cases 2 and 3. 


Case 4 


In case 4, therefore, three sample frequencies 
were placed in the unobserved range, as against 
five for case 2, and one for case 3. Also, the number 
of sample frequencies in the observed range was 
increased, and their spacing was reduced to 200 ke 
in the hope that these changes would help to reduce 
the error coefficients. In fact, however, the error 
coefficients for index 0 and 1 turned out to be dis- 
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curves by the extended matrix method in case 8. 


For further explanation, see section 4 of the text. 





appointingly large. The conclusion to be drawn from 
this result is that no reliable detail can be obtained 
at the low-frequency end of the unobserved range. 


Case 5 


In case 5, the final trial, the sample frequencies 
were the same as those in case 4, but the ionization 
in the lowest interval of sample frequency was 
ignored: from zero frequency up to f, (0.8 Mc) the 
layer profile was assumed to be horizontal. This 
restriction was imposed on the profile by modifying 
the matrices [Mm] and [Mj]. The modifications 
consisted of omitting the row and column with 
index zero, and then defining the elements of the 
first column to be equal to unity. These changes 
had the desired effect of reducing the error co- 
efficients to acceptable values, while at the same 
time bringing the inferred layer profile (fig. 5) into 
close agreement with the true profile. The only 
outstanding discrepancy is at the extreme low- 
frequency end of the unobserved range, where the 
assumption that the profile is horizontal makes it 
inevitable. Throughout the observed frequency 
range, the systematic errors of the computed points 
are all less than 1 km. Hence, in this final case, the 
choice of sample frequencies is deemed satisfactory. 


No doubt the method could be improved further 
by continuing this process of trial and error, but the 
results already achieved are felt to give a suflicient 
demonstration of its potentialities. 
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method in case 6. 


For further explanation, see section 4 of the text. 


5. Discussion 


This section contains a discussion of one difficulty 
that might be encountered in the practical use of the 
methods of this paper. The difficulty, noted pre- 
viously in section 3.4, is that caused by “lateral 
deviation.”’ It is well known that, in vertical sound- 
ing, the paths of the ordinary and extraordinary rays 
within the ionosphere are deviated laterally in 
opposite directions [11]. So long as the ionosphere 
is uniform in the horizontal plane, this deviation has 
no effect on the virtual heights. But whenever there 
are horizontal gradients of electron density, then the 
ordinary and extraordinary rays are propagated 
through diferent distributions of ionization, and for 
neither mode does the virtual height curve correspond 
to the vertical distribution of ionization directly above 
the sounder. This effect has been detected already 
as a source of error in attempts to measure the gyro- 
frequency in the F-layer by comparison of the pene- 
tration frequencies for the two modes [11].  Pre- 
sumably it also would cause errors in attempts to 
deduce the vertical distribution of ionization by 
joint use of both virtual height curves. 

In this connection, it is of interest that the com- 
parison of the penetration frequencies observed on the 
lonograms indicates whether or not a horizontal 
gradicnt of electron density is present. If this com- 
parissn yields the correct value for the gyrofre- 
queny, then there can be no horizontal gradient; 
such an ionogram could be analyzed with confidence 
to ob: ain the vertical distribution of ionization. If, 
on th» other hand, there is a discrepancy between the 
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calculated and true gyrofrequencies, then the size of 
this discrepancy provides a measure of the gradient; 
perhaps this information could be used to apply some 
first-order correction to the virtual height curves, so 
as to make them more amenable to analysis. 


6. Conclusions 


In principle, given an ionogram in which the 
virtual heights are not recorded below some lower 
limiting frequency, it is possible to deduce the 
complete layer profile for the full range of frequency 
by combinining the data in the ordinary and extraor- 
dinary virtual height curves; it must be presupposed, 
however, that the profile is monotonic and that the 
data are exact. 

In practice the data contain random errors of 
measurement, and these errors have a severe effect 
on the inferred profile if too much information is 
sought about its shape in the unobserved frequency 
range. To keep the effect of random errors within 
reasonable bounds, detail must be sacrificed in the 
unobserved frequency range, particularly at the 
lowest frequencies; this is to say that the lower part 
of the profile must be characterized by a few param- 
eters only, and that these parameters must be grossly 
overdetermined by the data. The abandonment of 
this low-frequency detail involves systematic errors 
even when the data are exact. In fact, a balance 
has to be struck between random and systematic 
errors. It is possible to strike a balance that gives a 
considerable improvement over the conventional 
matrix method, in which the ordinary virtual-height 
curve alone is analyzed. 

The methods need further extension to cover 
situations where the layer profile is multivalued. 


The author is indebted to T. E. Van Zandt, 
E. L. Crow, S. Chapman, J. W. Wright, and J. M. 
Watts for discussion and advice, and to Mrs. G. A. 
Hessing, J. W. Finney, and R. B. Norton for assist- 
ance with the numerical computations. 


7. Appendixes 


7.1. Appendix A: Formulas for Computing the Group 
Refractive Index Matrices 


The elements of the matrices [M/,,,,] and [MJ] for 
1<mSn, are given by the integrals in (18) and (20), 
respectively. These integrals cannot be evaluated 
analytically, in general, so they have to be evaluated 
numerically. As numerical integrations, however, 
they are difficult to perform for elements on or near 
the diagonal of the matrix (mn), since the plasma 
frequency fy then ranges close to the critical value 
for reflection, where the group refractive index 
becomes infinite. Nonetheless, the elements them- 
selves are all finite; and, in fact, each integral may 
be converted into a form that is usable right up to 
the diagonal by a simple change of variable [1]. 









































The procedures for the ordinary and extraordinary 
matrices are slightly different, so they will be treated 
separately. 

a. Ordinary Matrix 


For the ordinary mode, the matrix elements are 
given by the integral 


Lm 
Man=x7- |” u' Gufuddfe (1SmSn). (43) 
Afn Im-1 


To obtain a form in which the integrand stays finite 
as fy approaches f,, the variable of integration is 
changed to 


o=sin~*(fy/fn). (44) 


Then 


f, 


Ahn eo ” {(1—X,) 3p’ Gadn sin ¢) }do 


1 
(lsm&n), 


Me™ 
(45) 


where $m, Pn are the values of ¢ for which fy=fn, 
f—1, and where 
¢ = (fr/fn)?=sin’¢. (46) 


If the frequency interval Af,, is a constant, say Af, 
so that f,=n Af, then 


"om 
a | (1 
Pm-1 


In evaluating this integral, the integrand is com- 
puted from “the equations of the magneto-ionic 
theory, using the familiar variables 


A= (f/f ° 


Y,=Y cos 6 


—X,) By! (fn Se sin ¢) } do 


(lsmsn). (47) 


(48) 


Y=fulf Yr,=Y sin 6 (49) 
in which 6 is the angle between the direction of 
propagation (the vertical) and the earth’s magnetic 


field; the effect of collisions is ignored, as is usual in 


this type of work. From _ these variables, the 
following parameters are defined :° 
S={Y}+4Y2(1—X)*}?, (50) 





D=2(1—X)— (51) 


E=Y;+S, (52) 





F=E+2Y3;(1—X). (53) 


6 These parameters are similar to a set introduced by Shinn [12] who is respon- 
sible for several of the formulas quoted here. However, some of Shinn’s 
definitions have been altered slightly. 
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It is convenient to compute the integrand +s the 
product of two factors: 
= ,, f1-xX)\3 
(1—X) ?y’= {up {fs ft (54) 


Here y is the wave refractive index for the ordinary 
mode. Each of these factors, separately, also 
remains finite as fy approaches f. They are given by 








—*s 3 vinoeys 42 .1—*X) (1— 
My =u ped BEH2 ji— A a = '} 
and ve 
1X _,_ 2¥iX_ , 
, 8+aY? (56) 
while, furthermore 
w=] 7 (57) 


b. Extraordinary Matrix 


The integral for the elements of the extraordinary 
matrix is 


Mium= =[ My (ffx) dfy (1 = m < n) (58) 
Jm I m-1 
where 
1 ee 
fa=5 Ful{ 1t+4(fn/fu) }? +1] (59) 


and the sign is to be taken positive or negative 
according to whether f, is greater or less than fy. 
Equation (58) may be changed into a form suitable 
for numerical integration by making the substitu- 
tion 





1 fy If). (60) 


o=sin- 








Then 
a. 
A j, > 


Mun=- (a-X, ) ui (Sarda sin }) }de 


(lsmsn) (61) 
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where oe , are the values of o for which /y=fn 


ae and where 












Ri == ( Swlfa) 7 ie sin’¢. (62) 





For the case where the frequency interval A/,, is 4 


constant, say Af, 


Twn [= ™ {(i—X,)? zu! (FasFn Sing) }db (1S) Sn). 
(63) 
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Again, the integrand is computed as the product 
of | vO factors. Here the factors are, firstly, 


a) (64) 


; 2 y (1—X?)(1—p?) 
— 2 2 
eb = Be ak Mz XxX S 


and secondly, the square root of 





1-X_ os D ( 
wm  21FY)I—X+Y) 





14+2Y7/E). (65) 
The wave refractive index for the extraordinary 
mode is given by 


2X (1—X) 
D 








jit (66) 


Note also that 


X=X(i+Y). (67) 


Here, and in (65) above, the upper sign applies to 
frequencies above fy, and the lower to frequencies 


below Stu. 


7.2. Appendix B: Treatment of the Overdetermined 
Case by the Method of Least Squares 


The equations to be solved are 


n 
hicy>5 M, Az: (r<n<r+s—1) (17) 
l=0 
for the ordinary mode, and 
Ino > 3 My Az. = (r<n<r+s—1) (19) 


l=0 


values of the 
hi, and h, are given for rSnSr+s—1, where s2r, 
but these data contain random errors of measure- 
ment The aim is to find a set of Az, which, if 
inserted in the equations, would yield calculated 


values for the A}, and h, that agree with the observed 
values as closely as possible. The measure of dis- 
agreement is the sum of the squares of the differences 
between the two sets of values, and this quantity 
is to be minimized. 

Now, if certain values are assumed for the Az;, 
the implied errors of measurement are 


for the extraordinary. Observed 


n 
Gn=hn—>») M, Az, (68) 
anc 
~ ~ n ~ 
Vn=ha— >, M, Az). (69) 
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For the ordinary mode, the sum of the squares of the 
implied errors is 


r+s—1 , r+s—1 
a Ei= D5 (h,)?—2 8 ps M, ih, dz, 


n=r n=?r n=r l=0 


r+s—l n 


+ p> pap > Mix MyAzAr. (70) 


n=r k=0 l=0 


A similar expression applies to the extraordinary 
mode. These two expressions must be added, and 
the total minimized. The condition that it shall be 
a minimum with respect to variations of all the 
Azm 1s that 


ire 7% +" | {H24+ £?}=—0 (71) 


for all m (OSmSr+s—1). On evaluating the 
derivatives, this condition yields the Az, as the 
solutions of (33). 


7.3. Appendix C: The Analysis Presented in Terms 
of the Ordinates z, 


In the analysis described in this paper, the ordi- 
nates of the layer profile have been arrived at by 
two distinct steps: First, various matrix equations 
have been set up and solved in terms of the height 
increments Az; then these increments have been 
summed to obtain the actual ordinates 2, It is 
possible to combine these two steps by rewriting the 
matrix equations with the ordinates themselves as 
the unknowns. Consider, for instance, the eq (17) 
for the ordinary virtual height. It may be re- 
arranged as follows: 


ho MimAZm (17) 


m=0 


~M, Az ot = MimAz “m 


m= 


~M 02 <0 +33 Mamn(Zm —Zm—-1) 


m= 


~M 02 +3) Mann Pi MamZ m 


m= n= 


n 
fo. jt Mi men— = M,, m+12m 


m=0 m=0 


Gant m, (72) 


m= 


say, 
where 
( Mam—Mrm +1 (m<n) 
Gnm= 4 Man (m=n) (73) 
0 (m>n). 








This is the form in which Budden [1] uses the matrix 
equation; it is, of course, completely equivalent to 
the other. 
The eq (19), for the extraordinary virtual height, 
may be rearranged in the same way: 
~ nw 
h.=25 Anm@m) say. (74) 
m=0 
Since the eqs (72) and (74) are of the same form as 
(17) and (19), it is clear that the analysis of this paper 
could have been based equally well on the new equa- 
tions, and developed in terms of the ordinates 2;; the 
arguments would proceed just as before, with the z, 
replacing the Az;,so there is no need to give the details. 
The choice of which of the two sets of equations to 
start from is largely a matter of convenience, though 
it may be that, in computation, one would involve 
smaller ‘“rounding-off errors’ than the other. 
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Measured Statistical Characteristics and Narrow-Band 
Teletype Message Errors on a Single-Sideband 600- 
Mile-Long Ultrahigh-Frequency Tropospheric Radio 
Link 


E. F. Florman* and R. W. Plush * 
(October 14, 1959) 


Measurements of a 417 megacycles per second unmodulated radio carrier over a 600- 
mile tropospheric path indicated that the variations of the received carrier envelope amplitude 
with time over 30-minute periods roughly approximated a Rayleigh distribution in the 
majority of the tests. Cumulative time distributions of the carrier fade durations were 
obtained over a range of carrier envelope power levels and were found to resemble corre- 
sponding distributions for narrow band thermal noise. The fade rate of the carrier envelope, 
at the median power level, was less than 0.2 cycle per second; this comparatively low fade 
rate is thought to be due mainly to the narrow (1°) antenna beam widths that were used and 
the consequent low order of multipath propagation of the radio waves. The half hour median 
power levels of the received carrier varied over a range of approximately +8 decibels. The 
effective low-pass bandwidth of the carrier envelope spectrum was found to vary from 0.06 
to 0.17 cycle per second. The measured median transmission loss was approximately 183 
decibels which is within 3.5 decibels of the calculated value for the summer afternoon hours 
covered by the tests. 

With antennas spaced (normal to the path) at each end by 150 wavelengths it was 
found that parallel-path, divergent-path, or convergent-path types of transmission gave cross- 
correlation coefficients of the carrier envelopes which ranged from 0.08 to 0.20. For the 
same antenna spacing but using crossed-path type of transmission, the cross-correlation 
coefficient was 0.57. Diversity measurements of single-path crossed polarization type of 
transmission indicated that the cross-correlation coefficient of the carrier envelopes was very 
close to unity. 

Nondiversity narrow-band FSK error measurements indicated that an 18-decibel 
signal-to-noise power ratio over an effective bandwidth of 290 cycles per second (at the 
limiter-discriminator input) for a fading signal resulted in 0.8 percent binary errors and 4.0 
percent teletype character errors. Extrapolation of these results indicates that a signal-to- 
noise ratio of 27 decibels is required to reduce the teletype character error rate to 0.1 percent 





in the same effective bandwidth. 
1. Introduction 


The performance of a tropospheric beyond-the- 
horizon radio communication system involves the 
study of the dependence of tropospheric radio wave 
propagation characteristics on frequency, path 
length, antenna beam widths, angular distance, mete- 
orological conditions, antenna spacing, etc. Experi- 
mental data on a variety of tropospheric paths appear 
to indicate the feasibility of considering the radio- 
frequeney carrier as being roughly equivalent to ran- 
dom noise passing through a narrow band filter. The 
limits of the simulating system are being determined 
by experimental measurements on tropospheric radio 
links under conditions covering a wide range of fre- 
quencies, path lengths, and other pertinent factors. 

The work covered by this report was carried out in 
order to obtain experimental data on the statistical 
behavior of tropospheric uhf radio wave propagation 
over . 600-mile path. This system represents to date 
the l ngest operating tropospheric radio link and also 
emp! vs very narrow antenna beam widths of approx- 
matly 1 deg; hence, it represents extremes as re- 


*Cen al Radio Propagation Laboratory, National Bureau of Standards, 
Boulde , Colo. 
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gards both length of path and antenna beam width. 

The information obtained on the tropospheric radio 
signals is to be applied in studies involving various 
types of modulation for the purpose of establishing 
engineering standards of performance. 


2. Equipment and Technique 


The tropospheric radio link used to make the ex- 
perimental measurements was the ‘(Domestic Dew 
Drop” system designed by Lincoln Laboratory per- 
sonnel and constructed by the General Electric Co., 
with assistance in the installation work from the 
Page Engineering Co. The military designation of 
this system is AN/FRC-—47. 

A total of twenty-seven 30-min tests were made 
during the period from July 10 to 16, 1958, covering 
times of day ranging from 0900 to 2400 e.s.t. In 
addition, one test was made on May 22, 1958; further 
tests could not be made at that time due to the fact 
that the system was undergoing a series of adjust- 
ments. Horizontally polarized waves were received 
on 23 of the tests and a combination of horizontally 
polarized and vertically polarized waves were re- 
ceived on the remaining 5 tests. Two radio receiver 








systems were used for tests Nos. 4 to 28 inclusive in 
order to obtain either space diversity data or to sep- 
arate two signals which were being transmitted 
simultaneously over the same link at slightly differ- 
ent frequencies. Each radio receiving system was 
calibrated in terms of absolute input power levels 
before each test by means of a calibrated Micropot ! 
as indicated in figure 1. Cross coupling between the 
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Figure 1. Block diagram of receiving system. 


horizontally and vertically polarized receiving an- 
tennas was down 40 db. Radio transmission, at a 
carrier frequency of 417.05 Me was from Millstone 
Hill, Mass., to Sauratown Mt., N.C.; the great circle 
path length being 638 miles. 

Figure 1 is a block diagram of the radio receiving 
system used to carry out the tests. As indicated in 
the diagram, the system was arranged to be used 
either as a linear amplifier without AGC action or 
as a constant output-signal device with AGC action. 
When used as a linear system to obtain a measure of 
the propagation characteristics of the path, the re- 
ceived signal was taken from the 16-Mc IF output 
of the uhf tropospheric link radio receiver and am- 
plified through a HF communications type of radio 
receiver. The 455-ke IF output of the communica- 
tion receiver was then passed through an amplitude 
detector having an output circuit time constant of 
0.001 see and the resulting amplitude variations, 
which were representative of the amplitude varia- 
tions of the carrier envelope, were recorded as fre- 
quency modulation of a subcarrier on magnetic tape. 
The output of the above amplitude detector was also 
recorded on paper in order to provide a visual check 
on the results. At the same time, amplitude distri- 
bution data on the carrier envelope were obtained 
by means of an array of counters each of which was 
adjusted to trigger at a different power level. A 
comparison of the amplitude distribution curves ob- 
tained directly at the receiving site with correspond- 
ing curves taken from the magnetic tape recording 
showed an overall discrepancy of less than +0.5 db. 

During some of the tests involving teletype and 
binary message errors, power was transmitted simul- 
taneously at frequencies of 417.05 and 417.06302 Mc 
by utilizing a sideband 13.02 ke above the carrier 
(low pilot) frequency. In this case, AGC was used 

1 Furnished and calibrated by Section 1, Division 84, National Bureau of 


Standards, Boulder, Colo. This device was stated to have an absolute accuracy 
of +3 percent. 








and a FSK teletype or a binary signal was ‘aken 
from the demodulator output of the General Electric 
receiver, passed through a 13.02-ke band pass filter 
(having an “effective” pass band of 290 eps). and 
then recorded directly on magnetic tape. This tape 
recording constituted a replica of the teletype (or 
binary) frequency modulation imposed on the 133.02-ke 
subcarrier at the radio transmitter; it includes prop- 
agation and radio receiver noise as well as carrier 
fading effects. The teletype signal consisted of the 
standard “quick brown fox’? message which was also 
recorded by means of a teletype printer. The 10-cps 
binary signal (see fig. 10) was a voltage wave having 
a rise time of approximately 10 msec, and a flat-top 
duration of 30 milliseconds; this binary signal was 
generated by sending a continuous string of O's. 
A binary signal rate of 10 cps was the maximum 
frequency practically attainable by the system at the 
time the tests were made using only standard tele- 
type equipment. For both the teletype and the 
binary signals, the frequency shift from ‘mark’ to 
“space” was 60 cps. The envelope of the 417.05-Me 
carrier was simultaneously recorded on a_ second 
receiving system (without AGC) as_ explained 
previously. 

Carrier measurements involving the use of the 
receiver combining circuits are not included in this 
report because these circuits were not in proper 
adjustment at the time the system tests were made. 
AFC was not used during these tests; however, the 
frequency drift indicator showed that the drift in 
the local oscillator was never greater than +10 eps, 
which was within the 300-cps pass bands of the re- 
ceiver system filters. Transmitting power levels 
were varied from approximately 500 w to 4 kw, 
being constant for any one test. 

System data pertinent to the tests are tabulated 
as follows: 


Millstone Hill, Mass., Station 


Coordinates—42°36’48’’ N; 71°29’38”" W. 
. Elevation—330 ft A.S.L. (ground level). 
. Azimuth of path, Millstone Hill to Sauratown 
Mt.—230°33'37’" clockwise from north. 
4. Antennas—two, each 120 ft by 120 ft parabolic 
reflectors with feed horn at focus. 
5. Estimated plane wave antenna gain—41.2 db. 
Antenna beam width approximately 1°. 
6. Antenna spacing normal to propagation path— 
approximately 150 \ (at 417 Me). 
7. Antenna line loss—approximately 1 db. 
8. Optical horizon—-+-15 min. 


wNWw— 


9. Distance to optical horizon—approximately 
4 miles. 
10. Distance from Millstone Hill to Sauratown 


Mt.—638 statute miles. 
Sauratown Mt., N.C., Station 


1. Coordinates—36°22’52’’ N; 80° 21’ 22’ W 

2. Elevation—1915 ft A.S.L. (ground level). 

3. Azimuth of path, Sauratown Mt. to Millstone 
Hill—44°54’24”” clockwise from north. 
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4, Antennas—two, each 120 ft by 120 ft parabolic 
reflectors with feed horn at focus. 
5. Estimated plane wave antenna gain—41.2 db. 
Antenna beam width approximately 1°. 
6, Antenna spacing normal to propagation path 
approximately 150 \ (at 417 Me). 
_ Antenna line loss—approximately 1 db. 


8. Optical horizon—20 min. 
9. Distance to optical horizon—>10 miles. 
10. Angular distance[1] ?—130.7 milliradians (calcu- 


lated, corrected for refraction). 

11. Receiver noise figure—approximately 5 db. 

12. Measured equivalent noise power levels of the 
G.E. receivers over an “effective”? bandwidth 
of approximately 150 eps— 

-148.0 dbm (decibels below 1 milliwatt) for 

receiver 1, 

‘145.0 dbm for receiver 2, 

-146.5 dbm (estimated) for receiver 3, and 
—146.5 dbm (estimated) for receiver 4. 


3. Experimental Results 


The results of the tests are separated into two 


categories: (1) The effects of the path on the 
characteristics of the received radio carrier. These 


measurements were made using an unmodulated 
carrier at the low-pilot frequency of 417.05 Me and 
(2) measurements of teletype and binary signal 
errors. 

The factors involved in the first of the above two 
classifications of results are: power levels, amplitude 
distribution, fade rate (at median or other levels), 
fade duration distribution, power spectrum, varia- 
tion of the 30-min medians, transmission loss, and 
diversity measurements; all of these factors were 
considered in terms of the envelope of the received 
radiofrequency carrier. The second category above 
deals with measurements of the teletype and binary 
signal errors in terms of carrier-to-noise (C/N) 
ratios and receiving system bandwidths. 


3.1. Characteristics of the Received Carrier Envelope 


The equipment used to obtain cumulative dis- 
tributions of the received (and recorded) radio 
carrier envelope amplitudes and the fade rates was 
similar to that used by Watt and Maxwell [2]. The 
fade duration distributions were obtained by modi- 
lying ‘he equipment so that only those fades exceed- 
ig a particular preset duration would be registered. 


a. Received Power Levels and Amplitude Distributions 


The range of power levels and the types of am- 
plitud distributions obtained for the received carrier 





tivelope are shown in figure 2. Preliminary test 
tins s iowed that sample times greater than 20 min 
were equired in order to obtain a statistically re- 
liable sample of the carrier envelope. In most 
*Figu: ; in brackets indicate the literature references at the end of this paper. 
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Typical cumulative distributions of carrier envelope 
amplitudes. 


FIGuRE 2. 


Sauratown Mt., N.C. 

Carrier frequency =417.05 Me 
Transmission from Millstone Hill, Mass. 
System BW dc to 42 eps and de to 650 eps (—6db) 
Transmitting and receiving antennas 
120-ft square paraboloids 
Sampling period 30 min 


Date | 


Run | Curve /Transmitter Time | Median | Transmis- 
| | power 1958 €.s.t. | sion loss 
kw | dbm db 

1 oe eo 5-22 | 1440 —125.6 

; ae B 3 | 7-10 | 1745 |  —107.7 170.5 
C 3 | 7-11 | 1350 | —121.6 184. 4 
SS ae 3 | 7-11 | 2020 —119.0 181.8 
9 scl Y 3 | 7-12 2030 —117.4 180. 2 
Micckcc) 2 I 3 7-18 | 1300 —115.0 177.8 
eee eS 1 7-15 | 1450 —126.0 184.0 

| u 


cases there is a similarity between the slopes of the 
measured distribution curves and the theoretical 
Rayleigh distribution. Curve C has the greatest 
departure from a Rayleigh distribution; however, 
the slope of a straight line best fitting the measured 
points closely approximates the slopes of the other 
measured distributions. As a matter of record, the 
data for curve C were obtained during a severe 
thunder storm at the receiving site and along most 
of the path of propagation, while data for curve D 
were obtained on the same day but 6 hr later when the 
electrical storm had subsided. The difference be- 
tween curves C and D probably could be attributed 
to the effects of lightning discharges. The range of 
the 30-min median values of the received power over 
the period of six days is seen to be approximately 
19 db; however, 5 db of this range can be attributed 
to a variation of the power level of the radiated 
carrier at tbe transmitter. 


b. Fade Rates 


The curves in figure 2 give an accurate statistical 
measure of the received power levels and the range 
of the variations of the received carrier envelope; 
however, these curves do not yield any information 
regarding the rates of fading, that is, the variation 








of the carrier envelope with time, at various power 
levels. A more restricted definition of carrier 
fade rate is: the average number of times that the 
carrier envelope passes through its median power 
level in one direction, per second. Fade-rate curves 
measured for two typical cases at various power 
levels are shown in figures 3 and 4. These curves 
are contaminated by noise, particularly in the 
region of short duration fades (less than 100 msec 
where a fade duration is defined as the time spent 
below a specific level. A more accurate measure of 
the short duration fades of the carrier envelope alone 
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Carrier envelope fade duration and rate at various 
power levels. 


FIGURE 3. 


Sauratown Mt., N.C. 

Run 5, July 11, 1958—2008 to 2038 e.s.t. 
Transmission from Millstone Hill, Mass. 
Low pass bandwidth of system =42 cps (—6 db) 
Carrier frequency = 417.05 Me 
Transmitting and receiving antennas 
120-ft square paraboloids 
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DURATION OF FADES, msec 


Carrier envelope fade duration and rate at various 
power levels. 


FIGURE 4, 


Sauratown Mt., N.C. 

Run 9, July 12, 1958—2016 to 2046 e.s.t. 
Transmission from Millstone Hill, Mass. 
Low pass bandwidth of system=42 eps (—6 db) 
Carrier frequency =417.05 Me 
Transmitting and receiving antennas 
120-ft square paraboloids 








would be obtained by extrapolating the “plateaus” 
of the curves into the short fade region. In previous 
work [3] this extrapolation procedure (for the median 
power level curves) yielded an approximate measure 
of the power spectrum width of the received carrier 
envelope. In this particular case we would obtain an 
average spectrum width of approximately 0.12 cps 
from the curves in figures 3 and 4. The pass band 
was limited to approximately 40 eps which was 
ample to pass most of the information on the carrier 
envelope amplitude variations, however, information 
on the noise characteristics above 40 cps that is, 
fade durations below 25 msec, would be inaccurate. 

The received signals were also analyzed to de- 
termine the percentage of time that the carrier 
envelope faded below particular power levels for a 
fade duration equal to or greater than chosen values. 
Typical results of this analysis are shown in figures 
5 and 6. A comparison between these sets of curves 
shows a greater percentage of short duration fade 
times for figure 5 than is showr in figure 6. The 
curves shown in figures 5 and 6 are useful for modu- 
lation studies where it is desired to estimate the 
percentage message errors, taking into account the 
carrier fade duration as well as the median carrier- 
to-noise ratio. 
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Ficure 5. Distribution of the carrier envelope fade duration 
showing the percentage of time that the carrier envelope fades 
to and remains below the level indicated by the abscissa, fora 
time duration exceeding the values indicated on the cu:ves. 


Sauratown Mt., N.C. 

Run 5, July 11, 1958—2008 to 2038 e.s.t. 
Carrier frequency =417.05 Me 
Transmission from Millstone Hill, Mass. 
Low pass bandwidth of system 42 eps (—6 db) 
Transmitting and receiving antenna 
120-ft square paraboloids 
Median level=—119.0 dbm 
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Ficure 6. Distribution of the carrier envelope fade duration 
showing the percentage of time that the carrier envelope fades 
to and remains below the level indicated by the abscissa, for 
a time duration exceeding the values indicated on the curves. 


Sauratown Mt., N.C. 

Run 9, July 12, 1958—2016 to 2046 e.s.t. 
Carrier frequency=417.05 Mc 
Transmission from Millstone Hill, Mass. 
Low pass bandwidth of system 42 cps (—6 db) 
Transmitting and receiving antenna 
120-ft square paraboloids 
Median level=—117.4 dbm 


c. Power Spectra 


The power spectra of the carrier envelope, shown 
in figure 7, were obtained from playbacks of the 
magnetic tape recordings of the received carrier 
envelope. These results represent the bandwidth 
extremes for the tests covered by this report; selec- 
tion was made in terms of extremes in fade rates. 
Discrete points on these curves were obtained by 
time averaging the power output level over an 
effective bandwidth of 0.041 eps at a sweep frequency 
over the spectrum, of 0.001 eps. 

The effective pass band of the “propagation path 
noise’ is seen to be considerably less (by a factor of 
more than 25 to 1) than the bandwidth measured on 
a shorter tropospheric path [3]. The effective band- 
widths, B,yy, tabulated in figure 7 are defined as the 
widths of rectangular spectra having the same total 
power as the measured spectra and with constant 
power densities equal to the maximum power density 
of the measured spectra. The slower fade rate (or 
narrower propagation path noise pass band) for the 
longer path might be attributed to the following 
factors: (1) A difference in the average heights of the 
paths above the earth and a consequent difference 
in th average characteristics of the paths; (2) very 
harrow antenna patterns were used for the long path, 
whic}, would result in a reduction of multipath effects; 
and 3) the 2-to-1 ratio of carrier frequencies would 
also .ccount for some of the difference in fade rate 
over he two paths. 
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Fiagure 7. Typical power spectra. 
Sauratown Mt., N.C. 
Carrier frequency = 417.05 Me 
Transmission from Millstone Hill, Mass. 
System (low pass) bandwidth 7.1 eps (—6 db) 
Transmitting and receiving antennas 
120-ft square paraboloids 
Sampling period, 30 min 
July, 1958 
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The effect of reflections from airplanes [4] (along 
the path) is clearly evident from curve C in figure 7 
where there is an enhancement of power at frequen- 
cies above 0.5 cps. In some instances it was noted 
that the carrier envelope faded at a very uniform 
and regular rate of up to 7 cps due apparently to 
reflections from airplanes. Lesser and varying 
amounts of “airplane fading’’ effects are seen from 
curves A, B, and D. It was also noted that lightning 
discharges have the effect of increasing the band- 
width of the propagation noise; this effect is perhaps 
due to a combination of reception of the energy 
from the lightning stroke and a short time enhance- 
ment of the carrier due to reflections from the ionized 
paths set up by the strokes. 

It seems unlikely that a consideration only of these 
spectrum widths and spectrum power levels of the 
propagation noise would be sufficient to determine 
the effect of this noise on the message errors; due 
consideration should also be given to the duration of 
the carrier fades relative to the noise peaks at 
particular levels. However, the spectra shown by 
figure 7 do give a measure of the noise with which the 
signal must compete in terms of a resultant carrier 
amplitude or carrier envelope. The frequency 
modulation imposed on the resultant received carrier 
by the propagation path is expected to have a spec- 
trum bandwidth of the same order as the above 








spectrum of the path propagation amplitude modula- 
tion noise [4]. From the table in figure 7 it is seen that 
the total average power of the transmission-path 
noise lies below the median power levels from 3.4 to 
5.8 db; for a Rayleigh distributed signal the total 
spectrum power (i.e., variance) should be 5 db below 
the median power level of the signal. 


3.2. Transmission Loss 


The predicted hourly median transmission loss 
distribution for the Millstone Hill of Sauratown Mt. 
tropospheric path is shown in figure 8; the probable 
error of the predicted median is plotted relative to 
the predicted median curve. This calculated dis- 
tribution of the median transmission loss was made 
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Figure 8. Calculated transmission loss. 
Calculated distribution of hourly median of transmission loss for summer after- 
noon and evening 
Transmission from Millstone Hill, Mass. to Sauratown Mt., N.C. frequency, 
417 Me 
X-measured values, six half hour medians 
Transmission and receiving antennas 
120-ft square paraboloids 
Path length, 638 statute mi 
Angular distance, 130.7 milli-radians 
Path antenna gain 73 db 


TABLE 1. 


Run Test conditions 





5 | One transmitting antenna, two receiving antennas; diverging path 
transmission. 
9 | Transmission - 


25 | Two transmitting antennas, one receiving antenna; converging path 
transmission. | 


24 | One transmitting antenna, one receiving antenna; crossed-polarization | 
one path transmission. | 


26 | Two transmitting antennas, two receiving antennas; parallel-paths | 
transmission. 


28 | Two transmitting antennas, two receiving antennas; crossed-path 
transmission. 





® Obtained by visual inspection of paper chart records. 





assuming that each antenna line loss was 1 d!) and 
that the antenna-to-medium coupling loss wis 4,7 
db for each antenna. The plane wave gain was 
estimated to be 73 db. If the assumption is made 
that the antennas are loss-free, that is, if the ohmic 
losses, ground losses, etc., are negligible, then the 
basic transmission loss or, what is also known as the 
path transmission loss, can be obtained by adding 
73 db to the curve values in figure 8. 

Measurements of the transmission loss were made 
in terms of the power input to the transmitting 
terminals and the available median power level at 
the receiving antenna; an allowance of 1 db was made 
for antenna line loss at the transmitter and at the 
receiver. If the antennas are assumed to be loss-free, 
the above measurements of the system loss from the 
input to the transmitting antenna to the receiving 
antenna are equivalent to the transmission loss. 

Measured values of the median transmission loss 
are tabulated in figure 2 and the cumulative dis- 
tribution of these measured medians is shown in 
figure 8. The measured values of the median trans- 
mission loss are slightly higher than the predicted 
values, perhaps due to the limited number of samples. 
However, it should be noted that the estimated 
antenna to medium coupling losses and the possible 
improper pointing of the antennas are involved in 
the slight discrepancy between the predicted and the 
measured transmission loss. 


3.3. Diversity Measurements 


Five types of dual-diversity measurements were 
made; four of the measurements were made with 
spaced antennas and one was made using crossed 
polarization transmission with single antennas at each 
end of the radio link. The results of these tests are 
shown in table 1. 

Figure 9 shows the antenna arrangement, polari- 
zations of the transmitted radio waves and the trans- 
mission paths involved in the system. It should be 





understood that the single-path transmission concept, 


Diversity measurements 
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FiaureE 9. Block diagram of diversity system. 
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RELATIVE DISPLACEMENT OF CARRIER ENVELOPES, sec 


Figure 9a. Cross correlation of tropospheric carrier envelopes 
versus time displacement of the envelopes relative to each other 


Transmission from Millstone ag? M: iss. 
Reception at Sauratown Mt., 
Frequency =417 Me 
Two antennas at each end of system 
Antennas, 120-ft square paraboloids 
Transverse spacing of antennas, 150 h 
July 1958 


| Path configura- 





| 
| 
Run | Curve | tion, from trans- 
mitter to receiver 
5. } <A Diverging paths 
9. B Diverging paths 
25 C | Converging paths 
26 D Parallel paths 
28 E Crossed paths 


' 











is oullined in figure 9, is an oversimplification of the 
mature of radio propagation but it is a convenient 
method of analysis in terms of the geometrical ar- 
range ment of the transmitting and receiving antennas. 
From table 1 and also figures 9 and 9a it can be 
seen that yd is more effective (lowest cor- 
ration coefficient) for the cases where separate 
transmission paths are involved, that is, where 
to common volume of atmosphere exists at the path 
mid oint for two or more of the paths. Hence, space 
(live: sity would seem to be more eflective for the 
“div -rging-path” (or “converging-path’’) type of sys- 
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tem than for the ‘“crossed-path”’ system since the 
cross-correlation coefficients were 0.08 to 0.20 and 
0.57, respectively. The cross-correlation coefficient 
for the parallel-path system is 0.13 which compares 
well with the diverging-path system. 

The results shown in figure 9a indicate that radio 
wave propagation over the crossed paths B and C 
of figure 9 is not strictly independent and hence the 
system does not involve four mutually independent 
paths. However, the cross-correlation coefficient of 
approximately 0.6 for two of the four paths would 
still result in radio reception closely approximating 
that of quadruple diversity [6]. 

Curve C in figure 9a shows a slight numerical in- 
crease in the cross-correlation coefficient for time lags 
of minus 5 sec and minus 20 sec; these time lags 
correspond to transverse drift ve slocities of the com- 
mon scatter volumes at the path midpoint of approxi- 
mately 25 mph and 6 mph, respectively; these figures 
being obtained from the geometry of the paths. 

The crossed-polarization single-path test (run 24) 
gave a cross-correlation coefficient very close to unity. 
These results indicate that the propagation path 
fading was independent of the polarization of the 
radio waves. A close study of the paper chart 
records for the crossed-polarization tests showed also 
that the two received carrier envelopes varied iden- 
tically when the carriers were reflected from an 
airplane surface. 


3.4. Teletype and Binary Signal Errors 


As explained previously, the teletype and binary 
signals at the output of the demodulator (see fig. 1) 
were recorded as fr —_—— v modulation of a 13.02-ke 
subcarrier on magnetic tape and were also recorded 
(printed out) by means of a teletype printer at the 
receiving site. The magnetic tape recorded signals 
were then played back in the laboratory (at Boulder) 
into a limiter-discriminator-teletype printer system 
and the teletype character errors were obtained from 
the teletype printer records. 

The AGC action of the receiving system held the 
13.02-ke signal essentially constant at the output of 
the demodulator while varying the noise level at 
this point; hence the noise-to-signal level ratio was 
obtained from the magnetic tape playback by meas- 
uring the average noise power in a pass band of 
approximately 4 eps, placed 130 cps above the 13.02- 
ke subearrier. 

A low-pass filter having an effective cutoff fre- 
quency of 100 eps was inserted in the limiter-discrimi- 
nator output to the teletype printer in order to limit 
the noise power spectrum to the bandwidth which 
was required for the teletype signal. 

The binary errors were measured by means of the 
system shown in block form in figure 10. The 
binary signal from the FM limiter-discriminator was 
essentially constant in amplitude with time varying 
amounts of noise power as shown. ‘The low-pass 
13-cps (effective) filter was adjusted to have a rise 
time somewhat longer than the gating period 0.05T; 
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Figure 10. Binary-error measuring system. 


hence the output level of this filter did not change 
appreciably during the gating period. Triggering 
levels of the amplitude discriminators were adjusted 
relative to the combined signal as shown; errors were 
registered on counter 1 only if the combined signal 
amplitude exceeded the settings of the discriminator 
levels during the gating said. In other words, an 
error was registered if the amplitude of the signal 
from the 13-cps low-pass filter was less than 0.1A 
during the gating period. Counter 2 registered the 
total number of binary pulses occurring during the 
test period. 

From the above it is seen that the errors were 
measured in terms of whether or not the combined 
amplitude of the signal plus noise was of the proper 
polarity and above a particular amplitude (~0.1A) 
during the center 10 percent of the signal peak dura- 
tion. This method of measuring the binary errors 
conforms to the principles employed by the decision 
mechanism in the teletype printer. 

The results of the teletype and the binary error 
measurements are shown in figure 11. At this point 
it should be noted that the effective pass band for 
the signal plus noise at the input to the limiter-dis- 
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Figure 11. Narrow-band FSK teletype and binary errors 
versus S/N, for a fading carrier combined with thermal noise. 


S/N is the ratio of the average signal power (FSK 13.02 ke subcarrier) at the 
limited-discriminator input to the average noise power in a 290 cps effective 
pass band. 

Sauratown Mt., N.C. 
July 1958 
Transmission from Millstone Hill, Mass, 
Signal sampling period 30 min 
Carrier frequency =417.05 Me 
Transmitting and receiving antennas 
120-ft square paraboloids 


criminator was 290 cps for both the teletype and the 
binary signals. It was not feasible to reduce the 
pass band for the binary signal below 290 cps be- 
cause of the frequency variation of the subcarrier 
frequency as obtained from the magnetic tape play- 
back. However, the low-pass filter effective cutoff 
frequency in the discriminator output circuit for the 
teletype signal was 100 eps while the effective cutoff 
frequency of the filter for the binary signal was 13 
cps; the cutoff frequencies of these low-pass filters 
were made only wide enough to pass the binary and 
the teletype signal spectrums. Hence the ratio of 
the half passband of the limiter input signal to the 
low-pass limits of the discriminator i signal was 
approximately 1.4 for teletype signals and 11 for 
binary signals. These conditions are close to 
optimum for the teletype signal but not for the 
binary signal; that is, the noise-power bandwidth 
involved in the binary-signal error measurements 
was much greater than the required binary-signal 
bandwidth. The net result is that the measured 
binary errors are increased somewhat in terms o! the 
carrier-to-noise ratio at the limiter input. 

Attempts to correlate the measured teletype and 
binary errors with the short-time nature of the ra:lio- 
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frequency carrier indicated that the variation of the 
signa!-to-noise ratio as a function of time at the out- 
put of the demodulator was dependent somewhat 
upon the functioning of the demodulator section of 
the radio receiving system; hence the results of the 
error Measurements are plotted in figure 11 relative 
to the signal-to-noise ratios at the demodulator out- 
put rather than at the IF output. The cumulative 
distributions of the noise envelope at the demodulator 
output were measured; these measured distributions 
were used to determine the average noise power levels 
at this point. From figure 1 it is evident that when 
the low-pilot power level is comparable to the noise 
power level (in the low-pilot channel) the demodu- 
lator operates with relatively high noise power at 
both of its input points and this condition is expected 
to degrade the signal-to-noise ratio at the output of 
the demodulator as compared with the carrier-to- 
noise ratio at the IF output. 


4. Conclusions 


Measurements of the 417.05-Me carrier envelope, 
transmitted over the tropospheric path from Muill- 
stone Hill, Mass. to Sauratown Mt., N.C., shows 
that the cumulative distribution of the instantaneous 
amplitude of this envelope for 30-min samples 
roughly approximated a Rayleigh type. Median 
power-level fade rates of the carrier over this 638- 
mile path, using one-degree-beamwidth antennas, 
were less than 0.2 eps. During a small percentage of 
the time radio signal reflections from airplanes along 
the path resulted in uniform and large carrier ampli- 
tude variations at a rate of up to 7 cps. The meas- 
ured characteristics of the carrier envelope indicate 
that the received resultant carrier, over this tropo- 
spheric path, resembles a noise signal over a very 
narrow ee of frequencies. It appears as though 
the received carrier could be closely duplicated in the 
laboratory by passing a random noise signal through 
a bandpass filter; this filter would be centered at 417 
Me and its pass characteristics, on each side of the 
center frequency, would be as shown in figure 7. 

Path loss measurements checked within 3.5 db of 
the calculated values, which were based on the work 
of P. L. Rice [7] et al. 

Dual diversity measurements indicated that polar- 
ation diversity was ineffective over this path. It 
was also found that the diverging-path type of diver- 
sity is slightly more effective than the crossed-path 
type. Angular diversity, involving the use of multi- 
ple antenna feeds to produce slightly diverging an- 
tenn: beams, should be investigated in this system. 

Nondiversity error measurements as shown in 
figur 11 indicated that an average signal power to 
aver:.ge noise power ratio (at the limiter-discrimina- 
tor iiput) of approximately 20 db gave a 2-percent 
telet.-pe-character error rate and a corresponding 
bina. y error rate of approximately 0.3 percent. These 
erro: rates apply to a fading signal and an effective 
pass band at the limiter input of 290 cps. For opti- 
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mum bandwidths the required signal-to-noise ratios 
would be determined by applying bandwidth correc- 
tions; the error rate thus obtained from figure 11 
would be slightly pessimistic. 

The results obtained during these tests give an 
accurate picture of the nature of the received tropo- 
spheric carrier as applied to this particular system 
and time. Furthermore, it is probable that these 
results roughly define the limits of power levels, 
fade rates, spectrum, etc., for other times of the day 
and the year for this system. 
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Impedance of a Corner-Reflector Antenna as a Function 
of the Diameter and Length of the Driven Element 
A. C. Wilson* 


(September 21, 1959) 


Impedance measurements have been made for a monopole in a corner reflector over an 
image plane as a function of the monopole length, diameter, and position within the corner- 


reflector structure. 


The results are presented as a family of curves which should be useful 


in the design of the driven element for a corner-reflector antenna of the size described in 
this paper and for other corner-reflector antennas with similar parameters. 


1. Introduction 


In connection with an NBS-sponsored project 
to study meteor multipath, a requirement arose for 
an antenna having a half-power beamwidth in the 
E-plane of approximately 50° and a capability of 
radiating a 6-megawatt peak power at a frequency 
of40 Me. On the basis of past experience, a corner- 
reflector antenna driven by a half-wave dipole was 
selected for the application. 

On the basis of previously measured gains [1]? 
and radiation patterns [2] obtainable for corner- 
reflector antennas having various combinations of 
lengths and widths, a corner reflector having a 
length of reflecting planes, Z/A=1.0, width of re- 
lecting planes, W/A=1.3, and an aperture angle 
of 110° was selected. From figure 48 of reference 
2] the beamwidth can be seen to be between 48° 
and 50° as required. The ‘first’? dipole position, 
distance from apex of corner reflector, for an aper- 
ture angle of 110° can be found in figure 3 of ref- 
ence [1] to be in the range of 0.2 to 0.354. The 
gain of a corner-reflector antenna with these param- 
eters should be approximately 12.2 db over an 
sotropic radiator. 

In order to design the driven element for the 
corner-reflector antenna to radiate the required 
imegawatt peak power, a knowledge of the re- 
stance and reactance values as a function of diam- 
ter, length of the driven element, and position 
within the corner-reflector structure was required. 

Theoretical computations of impedance of an 
iiteniia with a corner reflector almost always assume 
electing surfaces infinite in extent and aperture 


iigles equal to 45°, 60°, 90°, ete. Assuming 
perfec ly conducting reflecting sheets of infinite 
‘xten’, the method of images can be applied to 
obtal an approximation of the corner-reflector 
titenia impedance [8, 4]. Assuming a dipole 


positi n (distance from apex of corner reflector) to 
be 0. 5d, the distance from the dipole to the re- 
llectii z planes may be computed to be 0.205d for a 





0 ae panes 
110° aperture angle. Using a value of 0.205) 
—<<—— 
ran ‘| Radio Propagation Laboratory, National Bureau of Standards, 
oulder Colo. 

'Figw 5 in brackets indicate the literature references at the end of this paper. 
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from dipole to reflecting planes for purposes of 
comparison, the impedance of corner-reflector an- 
tennas with 90° and 120° aperture angles may be 
computed to be approximately 41+796.5 and 
63+ 7114 ohms respectively. For these compu- 
tations the dipole length was assumed to be one-half 
wavelength in free space and infinitesimally thin. 
The effect of the aperture angle can be seen to be 
significant. 

Since a knowledge of the impedance of the corner- 
reflector antenna as a function of the dipole diameter 
and length was desired, and also since the param- 
eters of the reflecting surfaces of the corner-reflector 
antenna selected for this application are small com- 
pared with the length of the antenna and an aperture 
angle of 110° was used, it was necessary to obtain 
the impedance values experimentally. The results 
of these measurements are presented in this paper. 


2. Experimental Procedure 


A sealed experimental model of this antenna was 
constructed for operation at 400 Me (a scaling fac- 
tor of 10). The measurements were made by using 
a monopole in a corner reflector on an image plane 
with a corner-reflector width W/A=0.65 (one-half 
1.3d). Figure 1 shows a view of the corner reflector 
on the image plane. The monopoles used in the 
measurements were made using eight different sizes 





A view of the corner-reflector and monopole on the 
image plane. 


FIGURE 1. 






































of silver-plated brass tubes fitted with rounded plugs 
in the free end and a 45° taper plug in the driven end. 
The diameters of the monopoles used were as follows: 











Diameter| Diameter | Diameter | Result 
in inches | in wave- | at 40 Mc | curves 
lengths, D/A| in inches 

as 0. 00424 1,25 A 

3416 0. 00636 1. 875 B 

14 0. 00848 2. 50 Cc 

3g 0. 0127 3.75 D 

14 0. 0170 5. 00 E 

34 0. 0254 7. 50 F 

1 0. 0339 10. 00 G 

1% 0. 0424 12. 50 H 














The resistance and reactance values for the mono- 
poles at a fixed position in the corner reflector, and 
with variable length, were determined, using a com- 
mercially available impedance-plotting device. 


3. Results 


Figure 2 presents the resistance and reactance 
values which were measured for a monopole diameter, 
D/xX=0.0170, with monopole lengths l/X of 0.247, 
0.225, 0.212, and 0.200 with the monopole position, 
distance from apex, variable over the range of 0.15 
to 0.44. The reactive component was measured to 
be nearly zero for a monopole length of 0.2124 and 
a monopole position of 0.254. Since these measure- 
ments (fig. 2) were obtained for a monopole diam- 
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Figure 2. Resistance and reactance curves for a monopole 
diameter, D/\=0.0170, and monopole lengths, 1/\=0.200 
to 0.247, as a function of monopole position, S/d, in a corner 
reflector on the image plane. 
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eter in the midrange or average of the eight differen 
monopole diameters to be tested, the monopole 


position for zero reactance should not differ vreatly 
for the other monopole diameters. A monopole posi-/ 





tion of 0.25 from apex was used for the remaining 

measurements of resistance and reactance. 
Figures 3, 4, and 5 present the curves of resistance 

and reactance values measured for the monopoles 


(A through H) with monopole lengths variable from) 


0.5 down to 0.161\ at the fixed monopole position 
of 0.25. (Intermediate values of D/X can be ob- 
tained by interpolating between the curves.) 

A corner-reflector antenna has been constructed 
and is in use for meteor multipath studies. A dipole 
diameter, D/A=0.01526, was chosen for strength 
availability of standard-size aluminum tubing. On 
the basis of the measurements described in this 
report, the remaining corner-reflector antenna param- 
eters were selected as follows: dipole length //A=0.42, 
and dipole distance from apex=0.25). 
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Figure 3. Resistance and reactance curves for different mono- 
pole diameters in a corner reflector as a function of length of 
monopole, l/X. 


4. Conclusions 


This paper is intended to record the basis for the 
design of the antenna for a meteor multipath meas- 
urement project. The measurements presented i 
this report may also serve as a guide as to whit cal 
be expected for corner-reflector antennas witli 
similar parameters. The dipole element diaimete! 
may be selected as required for size, strength, owe! 
to be radiated, ete., and the dipole length determined. 
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Figure 4. Resistance and reactance curves for different mono- 
pole diameters in a corner reflector as a function of length of 
monopole, l/r. 
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The Electric Field at the Ground Plane Near a 
Top-Loaded Monopole Antenna with Special 
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The present article deals with the calculation of the electric field strength at the ground 
plane near electrically small top-loaded antennas having a known current distribution, with 
special reference to L- and T-antennas. The formulas and numerical values obtained here 
for this component may be used in calculating the contribution to the ground losses around 
an antenna of the above-mentioned type due to the vertical component of the earth current. 

An exact expression involving an integral has been obtained for the electric field strength 
at the ground plane due to the current in a linear antenna having an arbitrary inclination. 
If the length and the height of the antenna is small compared to the wavelength, and if the 
current distribution on the antenna can be expressed by a finite number of terms of a power 
series, it is theoretically possibie to obtain a closed expression for the field at the ground 
plane. However, only in special cases does this expression become sufficiently simple to be 
of practical value for numerical calculations. 

Working formulas have been obtained and numerical calculations carried out for the 
near zone field of an electrically small vertical or horizontal antenna with a linear current 
distribution. Based on these results, a calculation has been made of the electric field strength 
at the ground plane near electrically small L- and T-antennas. Also the relative contribu- 
tion to this component due to the top loading has been caiculated. 


1. Introduction 


In calculating the ground losses around an antenna, it is customary to assume that the 
current is flowing in an infinitely thin layer at the surface of the ground so that the current 
distribution for the purpose of loss calculation may be completely described by a surface current 
density. However, as has been pointed out by Wait [1],? the vertical component of the ground 
current may in some cases contribute considerably to the ground losses. This is particularly 
the case if the antenna has a large top loading so that a large current will flow from the top 
loading to the ground. If, further, the antenna is placed on an island of the same order of 
magnitude as the top loading so that the ground losses outside the aperture of the antenna are 
insignificant, the contribution to the ground losses coming from the vertical component of the 
current distribution may be expected to become still more predominant. 

The vertical component of the current density in the earth at the surface of the ground is 
proportional to the vertical component of the electric field strength at the surface. (With 
perfect ground conductivity the electric field strength has only a vertical component, and in the 

ase of finite ground conductivity the electric field may often with good approximation be 
alculated as if the ground was perfectly conducting.) In order to be able to calculate the con- 
ribution to the ground losses arising from the vertical component of the current density, we 
iust therefore know the vertical component of the electric field strength at the surface of the 
arth. The calculation of this component is the object of the present article. 

The calculations are carried out under the assumption that the current distribution on the 
ntenna and on the top loading is known. We shall, in particular, consider the case where the 
»p loading consists of a few inclined, or as a special case, horizontal wires. In this case the 
urrent distribution on the antenna and on the top loading may be expected to be approximately 
near. Working formulas will be developed for and numerical calculations made of the electric 


! Professor of Electromagnetic Theory, The Technical University of Denmark, @stervoldgade 10 G, Copenhagen K, Denmark. 
? Figures in brackets indicate the literature references at the end of this paper. 
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field strength at the ground plane near electrically small L-antennas, T-antennas, and also 
antennas with four horizontal top-loading wires. 

All of the antennas which are considered in this paper are made up of a vertical wire and 
top loading consisting of straight wires. We will, therefore, start by developing a formula for 
the vertical component of the electric field strength at the ground plane, (#,),-o, due to the 
current in an inclined wire placed above the ground plane and having a known current distribu- 
tion. This formula may then be used for finding (£,),-) for any one of the antennas considered 
in this article. 

The models used in developing the formulas in this paper are the same as those used in an 
earlier paper by Knudsen [2] dealing with the surface current density near a top-loaded mono- 
pole. However, whereas in the former paper the vector potential method was used in 
finding the surface current density, it has here been found expedient to use the Hertz dipole 
method in calculating the electric field strength. The notation used in the report on the surface 
current density [2] has been used here to as large an extent as seemed practical. 


2. List of Principal Symbols 


a=length of radial wires in top loading, 
Am=coefficient in power series expansion for current distribution function g(o), 
b=height over ground plane of one end of inclined wire, 
B=—(p/c) sin a cos (¢— 8) —(4/c) cos a, 
c=length of inclined wire, 
C= (0/c)? + (b/c)?, 
d=reference distance (arbitrary) 
@=normalized electric field strength at ground plane due to current in inclined wire or top-loaded 
antenna: e= (kd?/¢I») E, 
e*=normalized electric field strength at ground plane due to current in one horizontal wire, 
e4# =normalized electric field strength at ground plane due to current in horizontal members of T-antenna, 
e’=normalized electric field strength at ground plane due to current in vertical wire, 
e+=normalized electric field strength at ground plane due to current in horizontal members of antenna 
with four top-loading wires, 
f(s) =current distribution function for inclined wire in terms of s, 
g(o) =current distribution function for inclined wire in terms of o, 
h=length of vertical member of antenna, 
I(s)=current on inclined wire, 
I)>=reference current (arbitrary), 
ZJ,=current in vertical member at ground plane, 
k=wyVye, propagation constant, 
n=number of wires in top loading, 
N= C—B?, 
R=vector from point of antenna to point of ground plane (p,¢,0), 
a aaia. cle 
R=unit vector coparallel to R: R= R/R, 
s=coordinate along inclined wire, 
t=unit vector pointing in positive direction of inclined wire, 
A 
zx etc.=unit vector in z-direction etc., 
X=(R/c)?, 
X,;=1+2B+C, . 
a=angle between downwards vertical direction (negative z-axis) and positive direction (¢) of inclined 
wire, 
8=azimuth of inclined wire, 
e=dielectric constant, 
¢=intrinsic impedance of free space Vu/e, 
u=permeability, 
t=p/h, normalized distance from base of antenna, 
p,¢,0= coordinates of field point at ground plane, 
o=normalized coordinate s/c along inclined wire, 
7=a/h, normalized length of the top-loading wires, 
¥=¢—8. 
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3. Electric Field at Ground Plane Due to Inclined Wire 


Let us consider a straight piece of wire of the length ¢ with one of its end points located 
on the z-axis of a rectangular coordinate system (z,y,2) at a height b above the horizontal 
(z,y)-plane, the wire forming an angle a with the negative z-axis, and the vertical plane con- 
taining the wire forming the angle 8 with the (z,z)-plane as shown in figure 1. A coordinate s 
along the wire is introduced, s=0 corresponding to the point of the z-axis. We assume that 
the wire carries a current [(s)= J) f(s) where J, is an arbitrary reference current. We introduce 
the normalized coordinate o defined by o=s/e and the function g(c) defined by 


g(o)=g(s/e)=f(s). 








(p,$,0) 
x 


Figure 1. Notation used in calculating the electric field from 
the current in an inclined wire above a ground plane. 


Let us consider an element ds of the wire located at s. Introducing a unit vector f pointing 
in the positive direction of the wire, this element may be considered a Hertz dipole with the 
moment J(s) ds ¢. Further, denoting by 2 the vector from a point s on the antenna to a point 
on the ground plane with the coordinates (p,¢,0), we may express the z-component of the 
lectric field strength dE of the Hertz dipole and its image by [3] 

Fs aol | —r Rx(hxd (3 Rik} +75 ahin—f | : (1) 
2 


27rw € 


In this formula R= R/R denotes a unit vector coparallel to 2. 
Using the reference current J, introduced above and further introducing the arbitrary 


‘eference distance d; then given an electric field strength EH we may define a corresponding 
1ormalized, dimensionless electric field strength @ by 


- ka 
e=— 


ee 
(Lp 
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where ¢ denotes the intrinsic impedance of free space 


r=4/t 
€ 

We thus find the following expression for the vertical component e, of the normalized 
electric field strength of the field produced by the wire 


me) (ke)? R, Ry R, R, R, R, 
a) Ke € (| 9 a yt St, | 
= ; (4) ec Ce 
c 


> 
gs 


“iil ay eee) 


R. 


ee 
tay le Gy a: tte, $e t.)—t : g(a)e"“ de (3) 


where the subscripts x,y,z indicate the z-, y-, and z-components of the corresponding vectors. 
In the remaining part of this report we will assume that the length and the height of the 
inclined wire are small compared to the wavelength, i.e., k(b-+-c)<1, and we will only consider 
the near zone field, i.e., we assume kp<1. 
In this case we - 
3 ht. 


2 (2 ets Se) t, | g(o)do. (4) 


“ Ke ee] 


In order to evaluate the integrals occurring in the above expression it is expedient to expand 
the known current distribution function g(c) in a power series, 


g(o) = >> Aso. (5 


m=0 


Approximating g(c) by a finite number of terms in the above series expression, it is possible 
to express the integral in the formula above by known functions. 

We shall here interest ourselves especially for the case where the top loading consists of 
only a few wires as in the case of the L-antenna and the T-antenna, respectively. The current 
distribution may then be assumed to be approximately linear, so that the current distribution 
function g(¢) may be expressed by the two first terms in the above power series. As we are 
interested mainly in the contribution to the field from the top loading, regarding the current 
in the vertical member, we shall make the further assumption that it is constant. 


4. Vertical Wire 


The contribution e; to the vertical component of the electric field at the ground plane 
due to the vertical member in a top-loaded antenna is considered here. The length of the 
vertical member is denoted by / and the length of each of the top-loading wires by a. As the 
reference current J occurring in the above formula, we use here and in the following the current 
I, at the bottom of the vertical wire. Approximating the current in the vertical wire by a 
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constant current, we then find the following expression for the current distribution function g(c) 


O41) _1f,,_¢@ 7], _4 
(0) =~ ST, =3[!+5¢¢ |=! 2(h+a) 6) 


In this section and in the following sections we use the length h of the vertical member as the 
reference distance d in the formulas developed above. We find the following expression for e? 


= = aaa), aryl cyl “ 


h h 
LR — 
(faa) 


In evaluating the above integral we use the expressions for integrals of the type 


8 
o 
|, ¥ m do 


listed in the appendix. We then obtain 
i l 1 
—o- cate a p\* 3/2" 
7 9 as oe 
(1 +7) [1+(§) | 


In figure 2, 7 €, ie., the imaginary unit times the vertical component of the normalized 
electric field strength at the ground plane, has been plotted as a function of p/h and with a/h 
as a parameter. 
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Ficure 2. Vertical electric field at ground plane due to vertical current of a top-loaded monopole. 
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5. Horizontal Top Loading 


We calculate here the contribution e% to the vertical component of the electric field at the 
ground plane due to one of the top-loading wires of length a in the antenna with a vertical 
member of length A considered in the last section. As was mentioned before, in applying the 
formulas developed above, we also here use the current J, at the bottom of the vertical wire as 
the reference current J, and the length A of the vertical member as the reference distance d. 
Denoting the number of top-loading wires by n(n=1,2 or 4) and making use of the assumption 
of a linear current distribution, we then have the following expression for the current distribu- 


tion function g(c) 
1J(s) 1 a (/ 
g oye _ = a+h (1-«) (9) 


We then find the following expression for ¢} in the near zone field 
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The integrals occurring in the above formula are evaluated by using the expressions for integrals 
of the type 
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listed in the appendix. 


We then find 
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For large values of p it is difficult to calculate ¢ from this expression with sufficient ac- 
curacy as the two terms in the bracket will be nearly equal. In this case it is expedient to 
expand the two terms in series. 

We then get 
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where 





¢ ‘= = 


Using this expression for ine} for large values of p and the exact expression for the smaller 
values of p, we plot in figures 3a—b the quantity ine’, i.e., the imaginary unit times the number 
of horizontal wires times the vertical component of the normalized electric field strength at 
the ground plane, as a function of p/h and with a/h as a parameter for ¢—8=0°, and 180°. 
It is seen as well from the expression for e! as by direct inspection that 


e? (— (¢—B)) =e3 (@—B). (13) 
6. L-Antenna 


Let us consider an L-antenna, the vertical member of which has the length A and the 
horizontal member the length a as shown in figure 4. The contribution e? to the vertical 
component of the normalized electric field strength at the ground plane due to the vertical 
member may be obtained directly from figure 2. As the number of top-loading wires is equal 
to 1, the contribution e due to the horizontal member may be obtained directly from figure 3. 
The vertical component e, of the normalized electric field strength at the ground plane due to 
the whole antenna may be expressed as 

e,=e+e?. 


It is obvious that e, satisfies the same symmetry relation as ¢%. 

It is of interest to calculate the quotient between the contribution e: of the normalized, 
electric field strength due to the top loading and the contribution e? due to the vertical member. 
In figure 5 the ratio e3/e? has been plotted as a function of p/h and with a/h as a parameter for 
@—B=0°. It is seen, as might have been expected, that the relative magnitude of the con- 
tribution from the horizontal member decreases with increasing distance from the antenna. 


7. |-Antenna 


We consider a T-antenna of the height A and with its horizontal member having the length 
2a as shown in figure 6. The contribution e? to the vertical component of the normalized 
electric field strength at the ground plane due to the vertical member may be obtained directly 
from figure 2. Letting 8, denote the azimuth of one of the two horizontal wires of which the 


top loading consists, we have for the azimuth of the other radial wire 


B.=B,\+7. 


Utilizing the symmetry properties of the vertical component e! of the normalized electric field 
strength at the ground plane due to one wire with linearly tapered current distribution, we 
then find the following expression for the vertical component e? of the normalized electric 
field strength at the ground plane due to the total top loading by adding the contributions 
from each of the two wires 


ef (¢—B;) =gy (¢—B;) +e} (¢— B2) =e} (¢—B;) af e. (p—B,—7) ey (o—B;) +e (r— (— B;)). (14) 


As the number of top-loading wires is equal to 2, we may find 7e3(@—,) as }4 times the reading 

of the curves plotted in figure 3. It is easily verified that e#(@—,) satisfies the following 
symmetry relations 

e (— (¢—B;)) =e! (¢—B,) (15) 

et (wm— (¢—B,)) =e? (—B,)- (16) 


The vertical component e, of the normalized electric field strength at the ground-plane due to 
the whole antenna may now be obtained from 


e,=er+el. 
It is obvious that e, satisfies the same symmetry relations as e%. 
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Ficure 3. Vertical electric field at ground plane due to horizontal current in one top wire of a 
top-loaded monopole. 


a: ¢—-B=0°, b: ¢—B=180°. 
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Figure 4. L-antenna 
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FicuRE 5. Quotient between the contributions to the vertical electric field at ground plane due to 
the top loading and due to the vertical member of an L-antenna, 6—B=0°. 


FiGurRE 6. T-antenna. 
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Ficure 7. Quotient between the contributions to the vertical electric field at ground plane due to 
the top loading and due to the vertical member of a T-antenna, ¢—6,=0°. 





In figure 7 the ratio e#/e? has been plotted as a function of p/h and with a/h as a parameter 
for ¢—8,=0°. We see that also in the case of the T-antenna the relative magnitude of the 
contribution from the top loading decreases with increasing distance from the antenna. 


8. Antenna With Four Top-Loading Wires 


We consider here an antenna consisting of a vertical wire and four equiangularly spaced, 
horizontal wires as shown in figure 8. We include this case in the present investigation because 
it approximates the case of a disk-loaded antenna, so that we are hereby enab!ed to compare 
fairly well the formulas and numerical results derived in this paper with the corresponding 
formulas and numerical results that might be derived later on the basis of the model of a disk- 
loaded antenna. We assume also in the present case the current distribution on the antenna 
including the top loading is linear. Whereas this current distribution probably fairly well 
approximates the actual current distribution in the case of L- and T-antennas, it is questionable 
whether it does so in the case of the antenna with four top-loading wires. However, we use the 
assumption of a linear current distribution for the sake of simplicity, remembering that the 
main emphasis in this paper is on L- and T-antennas. 

The length of the vertical wire is denoted by h and the length of each of the radial wires 
by a. The contribution e? to the vertical component e, of the electric field strength at the 
ground plane may be obtained directly from figure 2. Letting B,, B2, 83, and 6, denote the azi- 
muth of the four wires of which the top loading consists, we have 


B.=Bi+5 


B;=8,+7 
3m 


Bs=B8,+ 2° 
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Figure 8. Antenna with four top-loading wires. 


Using this notation and the symmetry properties of the vertical component e’ of the normalized 
electric field strength at the ground plane due to one wire, we then find the following expression 
for the vertical component ef of the normalized electric field strength at the ground plane due 
to the total top loading. 


(6B) =A(6—Br) +e (o-8,—3) +48.) +4(46-8,—3) 
=e(b—Bi) +e (F— (6B) ) +e8(—(d—By)) +e4(O—B, +5) (17) 


As the number of top-loading wires is equal to 4, ie!(¢—8,) may be found as 1/4 times the 
value obtained from the curves plotted in figure 3. We may easily verify that e7(¢—8;) satisfies 
the following symmetry relations 

ez (—(¢—B,)) =e (—fi), (18) 


ez: (wm—(o—B,)) =eF (6—B,), (19) 


et & ($—B;) ) =e (¢—B,). (20) 


The vertical component e, of the normalized electric field strength at the ground plane due to 
the whole antenna is then obtained from 


€2=€2+ éz. 


[he component e, is seen to satisfy the same symmetry relations as e;. 
In figure 9 the ratio e/e? has been plotted as a function of p/h and with a/h as a parameter 


or ¢—B=0°. 
9. Conclusion 
Formulas have been derived and numerical calculations carried out for the vertical com- 


vonent of the electric field strength at the ground plane in the near zone field of a vertical or 
.orizontal linear antenna having a length and height above the ground plane that is small 
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Ficure 9. Quotient between the contributions to the vertical electric field at ground plane due to 
the top loading and due to the vertical member of an antenna with four top-loading wires, 
—Bi=0°. 


compared to the wavelength. These results have been used in obtaining the above-mentioned 
component and the relative magnitude of the contribution to this component due to the hori- 
zontal top loading in the near zone field of electrically small L-antennas, T-antennas, and an- 
tennas with four horizontal, top-loading wires. The results obtained here should be useful in 
calculating the contribution to the ground losses due to the vertical component of the earth 
currents. 

It is seen from the curves that there is a reduction of the relative vertical electric field 
when symmetrical top loading is used. This seems to be an advantage of the T- and four top 
hot wire antenna over the L-antenna. 
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of 1957. Tove Larsen’s participation in the investigation was made possible by grants from 
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videnskabelige Fond and G. A. Hagemanns Mindefond. 

Our thanks are due to James R. Wait for having suggested the problem and for helpful 
comments, to Erik B. Hansen for having checked the formulas with the result that one formula 
was considerably condensed, and to Anabeth C. Murphy for having made the numerical 
computations. 





10. Appendix 
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Some Integrals of the Type \exsacrane 





In calculating the vertical component of the electric field strength at the ground plane in 
the near zone field of a vertical or horizontal linear antenna having a linear current distribution, 
the length and height of which is small compared to the wavelength, we have use for closed 
expressions for some integrals of the type 


1 n 
o 
J, xn 


X=0?+2Be+C, 


where 


B and C being constants satisfying the inequality 
N=C— B’>0. 


The corresponding indefinite integrals have partly been obtained from Grébner and Hofreiter’s 
table of integrals [4]. 
Introducing the following abbreviation 


X= (A)eu1™ 1 +2B+ Cc 


we have for the pertinent definite integrals 


ie 1f1+B B 
» x NL XO} 
ae 1f71+B B 2 71+B B 
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A self-contained treatment of the waveguide mode theory of the propagation of very- 
low-frequency radio waves is presented. The model of a flat earth with a sharply bounded 
and homogeneous ionosphere is treated for both vertical -and horizontal dipole excitation. 
The properties of the modes are discussed in considerable detail. 

The influence of earth curvature is also considered by reformulating the problem using 
spherical wave functions of complex order. The modes in such a curved guide are investi- 
gated and despite the initial complexity of the general solution, many interesting and 
limiting cases may be treated in simple fashion to yield useful and convenient formulas for 
calculation. 

Other factors considered are the influence of the earth’s magnetic field, antipodal effects, 
resonator type oscillations, and the influence of stratification at the lower edge of the 
ionosphere. 


1. Introduction 


The concept that radio waves are channeled between the earth and the ionosphere as in 
a waveguide has proved to be very useful at very low frequencies (<(30 ke). In 1919, G. N. 
Watson [1] ' employed this approach when he considered, at least in a formal way, the propaga- 
tion of electromagnetic waves between an idealized homogeneous spherical earth and a concentric 
reflecting layer. Because of the extremely poor convergence of the exact series solutions, 
Watson devised a technique to convert this to a more rapidly converging series using function- 
theoretic means. The new representation corresponds to the sum of residues at poles in the 
complex plane and hence the name “residue series.””’ The waves associated with these poles 
are the waveguide modes. Watson studied the numerical properties of these modes for the 
case of long waves or low frequencies and on assumption of a very highly conducting shell. 
This particular aspect of his investigation was prompted by the recent discoveries of Marconi 
that radio waves decay much more slowly with distance than predicted on the basis of classical 
diffraction theory in the absence of a reflecting shell. Watson found that the modes of low 
attenuation behaved like 
— 
(sin d/a)? © 
where d is the great circle distance, f is the frequency, o is the conductivity of the reflecting 
ionosphere, a is the radius of the earth, and @ is a constant. For frequencies in the range from 
about 20 to 40 ke, observed field strengths behaved more or less in this fashion if the effective 
onospheric conductivity was taken to be about 10~* mhos/m or a conductivity of the same order 
is “tap water”. Actually for frequencies in this range some 10 to 30 modes would be excited 
ind if the complete mode sum were considered, the calculated field strength versus distance 
‘urve using such a model would show many rapid and violent undulations. Such a behavior 
is not observed under normal conditions and this fact alone is sufficient cause to reject this 
model even from a phenomenological viewpoint. The same model with certain refinements 
ias been discussed more recently by Rydbeck [2] in a monograph, Bremmer [3] in his book, 
Schumann [4 to 6] in a series of papers, and most recently by Kaden [7]. From the frequency 
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analysis of atmospheric wave forms [8, 9], it is known that the attenuation rate does not vary 
like f except possibly at frequencies near 1 ke. Actually, the attenuation rate decreases 
with increasing frequency in the range from about 2 to 18 ke and thereafter increases. <A 
behavior of this kind is highly suggestive of a Brewster angle effect. Such a proposal was 
first made by Namba [10] as far as this writer can ascertain. It thus appears than the iono- 
sphere at vif is behaving more like a magnetic wall (tangential H near zero) rather than an 
electric wall (tangential EH near zero) as postulated by Watson, Bremmer, and Schumann. 

Contributions to the waveguide mode concept have also been made by Budden [11 to 13 
incl.] who unlike the early workers did not assume a highly conducting reflective layer at the 
outset. His model was a vertical electric dipole source in the space between the surface of a 
flat perfectly conducting ground and a sharply bounded homogeneous ionosphere. Various 
extensions and generalizations have been made by Al’pert [14, 15], Lieberman [16], Wait 
[17 to 22 inel.], Howe [23], and Friedman [24]. Their work is referred to from time to time in 
the text. It is the purpose of the present paper to present a unified treatment of the mode 
theory of vlf propagation. _The results include much of the above work as special cases. In 
fact, in some instances, the analysis follows the work of Budden, Bremmer, and Rydbeck rather 
closely, although many new results are derived. While no attempt is made to present numerical 
results, limiting cases and simplified forms of the general solutions are discussed in some detail. 
An extensive bibliography is included in this paper for the convenience of those who are more 
interested in related numerical results and experimental data. It is intended that this paper 
will serve as a theoretical basis for subsequent papers by A. G. Jean, W. L. Taylor, A. D. Watt, 
and the author. 


2. Basic Concepts 


To introduce the subject a very simple model is chosen. The earth and the ionosphere 
are represented by perfectly conducting planes. In terms of a cylindrical coordinate system 
(p, ¢, 2) the ground surface is the plane z=0 and the lower boundary of the ionosphere is the 
plane z=h. The source is now considered to be a vertical electric dipole located on the ground. 
The electric field observed at some other point on the ground plane has only a vertical compo- 
nent and can be deduced by considering the images of the source dipole.. These images are 
located at z=+2h, +4h, +6h, etc., and all have equal sign and magnitude, because of the 
assumed perfect conductivity of the bounding walls. These images will always direct a wave 
broadside since the radiation from each image is in phase. At a distance which is large com- 
pared to A, this field can be calculated by replacing the line of dipole images by a continuous 
line source carrying an equivalent uniform current J,. This current is the average current 
along the 2 axis and is given by 

ds 

I= I 

h 
in terms of the height ds of the dipole and its current J. Now the field of a line source of cur- 
rent is well known and thus 

» Lap pwlds 
£.=T- H$ (kp) = =< H (kp) (2.1) 

where H,” (kp) is the Hankel function of the second kind of argument kp, u is the permeability 
of the space, w is the angular frequency, and k=2z/\. When p> X, the Hankel function can 
be replaced by the first term of its asymptotic expansion and this leads readily to 
_Ids ix /49—ikp (2.2) 


E,~! 
2 h(dp)? 


where n=(u/e)?21207. As mentioned above, this field corresponds to the radiation directed 
broadside so the rays are parallel to the bounding walls. However, there will be other angles 
where the rays emanating from each of the dipoles in the line of images are also in phase. 
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Such a resonance condition exists when 
2hC=nr (2.3) 


where C is the cosine of the angle subtended by the rays and the z axis and n is an integer 
(see fig. 1). It is seen that for each value of n there are two families of rays which have the 
same radial phase velocity (i.e.,=c/S) but with opposing vertical phase velocities (i.e.,= 
+ce/C). Again the radiation of these sets of waves (i.e., modes) can be imagined to originate 
from an equivalent line source. The strength of this line source is JS where S is the sine of the 
angle subtended by the rays and the vertical direction. To obtain the resultant vertical field, 
this must be again multiplied by S. Consequently the resultant field of all the families of 
rays or modes is obtained by summing over integral values of n from 0 to © to give 





, Ids =, ; 
=F Da evS2H® (kSz0) (2.4) 
where «=1, €é,=2(n=1,2, 3... ) and S,=(1—C?)? and C,=nd/2h. The term n=0, corres- 


ponding to mode zero discussed above, is only included once in the summation, whereas the 
higher modes are included twice. In the far field, this expression for the field reads 





7 Ids P i] sf hi : 
E.a-— ; eit/4 >> €,S3/267 np, (2.5) 
2h(r p) 2 n=0,1,2, 00 
z 
(image) z=2h se 
& 
T z=h 
\: h 

’ 7 = 

(source) 5 _ 





arc cos C; 


(image) 





Figure 1. Depicting ray-geometry corresponding to the first 
mode between parallel plates; for resonance, \=2hC,. 


Up to this point the bounding walls have been assumed to be of perfect conductivity: 
The reflection coefficients for the rays are always +1. Another simple case is when the upper 
boundary has a reflection coefficient of —1 corresponding to a perfect magnetic conductor, and 
the lower boundary still has a reflection coefficient of +-1 corresponding to the more common 
perfect electrical conductor. For this situation the images are now located at z= +h, +2h, 
. . . but now they alternate in sign. It may be observed that there is no coherent family of 
rays directed broadside. This would have been the zero-order mode. The resonance condition 
for the modes is now 





2hC= (n—\)A (2.6) 
where n=1, 2, 3, .... The corresponding expression for the vertical electric field is thus 
given by 

E,="2& Sst HY @S.0) (2.7) 


‘ 2h n=1,2,3, .. 
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where the summation starts at n=1 and includes all positive integers. In the far field 
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In the foregoing discussion the observer and the source, which is a vertical electric dipole, 
are located on the ground plane. The above results are easily generalized to a finite source 
height, 2, and a finite observer height, z, by inserting the factor cos (kzC,,) cos (kzC,) inside 
the summations of eqs (4), (5), (7), and (8). This can be verified by returning to the image 
picture and noting now that they are located at z=—h, +(2h+2), +(2h—%), +(4h+2), 
+(4h—z),.... It may also be observed that the cos (kzC,,) when replaced by [exp(ikzC,) 
+exp (—ikzC,)]/2 can be identified as a family of upgoing and downcoming rays within 
the guide. 

The important modifications of the preceding formulas as a result of imperfect reflection 
can be obtained by a rather simple physical argument. The complete treatment requires a 
more mathematical approach which is to be described later on. 

The reflection coefficient for a ray incident on the ground plane at an angle (whose cosine 
is C) is denoted R,(C). The corresponding reflection coefficient for the upper boundary which 
is the lower edge of ionosphere is denoted ?,(C). The resonance condition now has the form 


R,(C) Rie ag (2.9) 


which reduces to eq (3) if the reflection coefficients are both +1 and reduces to eq (6) if one 
reflection coefficient is +1 and the other —1. Physically, the above more general form can 
be the condition for a ray to traverse the guide twice, be reflected at each boundary, and yet 
still suffer a net phase shift of 2 7 n radians where v is an integer. Since R,(C) and R,(C) may 
be complex and less than unity the value of C (i.e., C,,) which satisfies the resonance equation 
may also be complex. The angle of incidence of these rays in the guide are thus also complex. 
The corresponding value of S,, is also complex and this results in attenuation of the wave in 
the radial direction. In fact, the attenuation constant is minus the imaginary part of &S, in 
nepers per unit distance. 

When the angle or its cosine C must be complex in order to satisfy a resonance equation, 
the resulting waves are damped. The numerical solution of such a complex resonance 
equation is quite difficult, in general, since it is not usually possible to obtain an explicit expres- 
sion for C in terms of known parameters. This aspect of the problem is discussed in a later 
section. 


3. Formulation for Flat Earth Case 
3.1. Vertical Dipole Excitation 


It is now desirable to formulate the problem in a more definite fashion. A vertical electric 
dipole of moment J ds is placed in a homogeneous plane layer bounded by two plane interfaces 
(see fig. 2). The lower interface is at z=0 corresponding to the surface of a homogeneous 
ground of conductivity o, and dielectric constant ¢,. The upper interface at z=A is the lower 
edge of a homogeneous ionosphere which for the moment is assumed to be isotropic and has 
effective electrical constants o; and ¢;. The fields in these regions can be derived from a Hertz 
vector which has only a z component, II,. Thus, for h=z20 
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Figure 2. Cylindrical coordinate system for the vertical dipole 
between the two plane interfaces. 


Similar expressions are applicable for the regions z2>A and z<0 where the z directed Hertz 
vectors are denoted IIS? and II{*, respectively, and the corresponding wave numbers are k,; and 
k,, respectively. The formal solution of this problem is obtained in a straightforward fashion 
by requiring that the tangential field components E, and H, are continuous across the two plane 
interfaces. An equivalent statement of these matching conditions is as follows: 


k’Il, a k211, (g) 


oll, Ol, ‘*’ for 2=0; (3.2) 
oz Oz 

kM, =k,” 

ou. ai? for z=h. (3.3) 
Oz Of 


To facilitate the solution, the primary excitation resulting from the source dipole is repre- 
sented as a spectrum of plane waves. This well-known representation, for the primary Hertz 
function, is given as follows: [25] 





OD apis ede ae 
II; 5 


xp {—ik [p? z—7,)2]4} ke 
M exp { : ik [p +e Zo) 17} Mik | H (kSp) exp [—ikC|z—2o|] dC (3.4) 
[o?+ (2—2o)?]? ial 


where M=T ds/(4riwe) and S=(1—C?)?. The integration variable C can be regarded as the 
cosine of the angle of incidence of the plane waves in the spectrum. T is the contour of integra- 
tion and it extends from —o along the negative real axis to the origin, then out along the real 
axis to +o. It should be noted since C can be greater than unity complex angles in the 
spectrum occur. The above form for the primary excitation then suggests that the resultant 
Hertz function for the three regions can be written in the respective forms 


(I) =” + j [A (C)e-**°2+ B(C) et ikCe) H® kSp) dC (3.5) 
J? 


for 0S zsh; 


(IT) a iileas } G (Chet "eH (kSp)dC (3.6) 
: 


for 250; and 


(III) 1 = | 1(C) 6-H (kSp)dC (3.7) 
; 
for z>h. In the above, it can be verified that these Hertz functions satisfy the appropriate 
wave equation subject to the conditions that 
N,(1—C?2)+= (1— C2)? = N,(1—C})3 (3.8) 
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where 


N,= a) anit N=(* ey. 


VvEew 


Terms containing exp (—ik,C,z) and exp (ik,C,z) are not permitted since they would violate 
the Sommerfeld radiation condition at |z| ©. 

The form of the unknown function A(C), B(C), G(C), and I(C) can be obtained explicitly 
by using the four equations of continuity. This purely algebraic process is easily carried out 
and further details are omitted. The resultant Hertz function for the air region is explicitly 
given by 








ae ‘ F(QC)H® (kSp)dC (3.9) 
where . 
ro af ” 
and 
emis ee (3.11) 
setae (3.12) 


It can be immediately noted that the integrand has poles where 
1—R,(C)R, (Ce =0. 
This is the (complex) resonance equation obtained in the previous section by intuitive reasoning. 


The integral may be evaluated by using function-theoretic means. The contour is trans- 
formed to the S plane. Thus eq (9) becomes 





n= F(C)H® (kp) 208 (3.13) 
; 


where the contour T may now be taken as the real axis from — to + in the S plane. 

The contour is now closed by semicircles in the lower half-plane as indicated in figure 3. 
Because of the branch point at S=-+-1 and its associated branch line drawn vertically downward, 
the closing contour runs from one Riemann sheet to the other in the manner indicated. After 
making two circuits the contour closes on itself. The contours are indented at other branch 
points in the manner shown for B on the figure. These branch points are located well below 
the real axis (i.e., imaginary part of S>>1) and the corresponding branch cut integrations lead 
to waves which are heavily damped provided 


B<<|* Ni | and kp|) y—1|>>1. (3.14) 


Now the line integral around the complete circuit in the two sheeted Riemann surface is equal 
to —47i times the sum of the residues of the poles of the integrand. The poles which occur in 
pairs are located on both Riemann sheets. For highly conducting walls, a number (at least 
one) is located just below the real axis between the origin and the branch point at +1. The 
remainder are located along or near the negative imaginary axis. The contribution from these 
latter poles is very small and they correspond to the waveguide modes beyond “cut-off.” 
The contribution along the semicircles is seen to vanish if the radius 2 approaches infinity. 
This is assured by the presence of the Hankel function Hj? (kSp) which is exponentially de- 
creasing in the lower half-plane of S. Consequently, each of the two integrations along the 
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real axis are approximately equal to —2zi times the sum of the residues at S=S,. When the 
integral is expressed in the original C plane the residue series may be regarded as the contri- 


butions from the poles at C=C, which for n=0, 1, 2, . . . are in the first quadrant and for 
n=-—1, —2, —3, ... are in the third quadrant. This leads to 
- |! |W 48,0) 
i-iis js iP (3.15) 
m=—@1 90 FC) 
‘dice 


where the square bracket term is the residue of the function F(C) at the pole C=C,. Carrying 
out the differentiation and making use of the resonance condition 





RAC JRC, 67 a=! (3.16) 
leads readily to 
aie 
nce = SS Hi? (kyo) ful0) ful2) 84(C) (3.17) 
where 
PR (C)RA(C)] /oCc 7]! ; 
Wis ) E 218 
5, (C) [+i IR, (C) R,(C) (3.18) 
C= A 
where 
yikC 2 ? Y \o—ikC, 2 
f,(2) = a n+ h re(C nde a (3.19) 


AR (C,)] 3 


and f,(2) has exactly the same form. 

When the walls are perfectly conducting 2;(C)=R,(C) = 1, the factor 6,(C) becomes unity if 
n=1, 2,3, .. . and becomes ' if n=0, and f,(z)=cos kC,z. The above expression can then 
be written 

_inM 


i,= te €, 1}? (kS,p) cos (kC,,20) cos (kC,2z) (3.20) 


h n=0,1,2, .. 
where ¢=1, €,=2(n¥0). The corresponding value of the electric field component £, can be 
expressed 
7 9 0° » pwlds + Ys 9 Y Y 9) ¢ 
E.=( e+ = a 2 €,S2H® (kS,,p) cos (kC,,Z9) cos (kC,2) (3.21) 
\ ae, n=0,1,2,... 

which is in agreement with eq (2.4) obtained from physical intuitive reasoning. 

The extension to the case when the source is a vertical magnetic dipole is simple. Formally 
the above results are still valid if J is replaced by the magnetic current K. E, then becomes H, 
and the field is essentially horizontally polarized. The reflection coefficients R,(C) and 2;(C) 
are to be replaced by their counterparts for horizontal polarization. 
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Explicitly these are given by 


C—N,C, 
(OC) =A ate 3.22) 
REC) C+N,C, (3. ) 
and 
C—N,C; 
h y — att he x, p  )y 
RKO)=Cr NC, (3.23) 


It may be noted, since R(—C) R(C)=1 where R is any of the reflection coefficients R,, 
R,, Rt, or R®, that for negative values of n 


y y 
C_ (np = — Ch. 


+o co) 
It then follows that the summations >)...may be replaced by 2 >)... everywhere 
—© 0 


since 6,(C)=6,(—C). 


For convenience in numerical computation, it is convenient to express the field components 
as a ratio to the quantity 
Ey=1(n/d) Ids(e7 ‘*?)/p (n™ 1207). (3.24) 


E, is the field of the source at a distance p on a perfectly conducting ground. Thus for both the 
source and the observer near the ground it is not difficult to show by means of eqs (1), (17), 
and (19) that 


E, =WE, 


where 
W ~— in 5 eit > 6, S2H? (kS np) (3.25) 
n=0 
E, =SEy 
where 
S m7? ote 5,8, (bS pp) (3.26) 
A "Ns h é ran nO ntt} OnP 0.20 
and 
Hy => TE,/n 
where 


T=—n > elt >) 5,S,H? (kSyp). (3.27) 


n=0 


In the above it has been assumed that |N,|?>>1. 


ee 


When kp>>1, corresponding to the “far-zone,”’ the above expressions may be simplified 
since the Hankel functions may be replaced by the first term of their asymptotic expansion.” 


? The relevant expansions are 


2 2\4 ud 1 9 
npan(2) eet [i taste...]J 
0 @) —. . Bir * 28iz)? 


2\} abd BAS 
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This leads to the compact result 


W S3/2 
1 .[2xp 
a werd eee a 
” wD 6 aS — Sz/N, | e~ PrSn0m (3.28) 
T S? 


which is valid for p>>. As expected, the ratio of W to T for a given mode is S, which for 
low order or grazing modes is of the order of unity. The ratio of S to 7 for a given mode is 
—1/N, which is very small compared to unity; in fact, it vanishes for a perfectly conducting 
ground as it must. 


3.2. Horizontal Dipole Excitation 


The previous section contains the formulation for a vertical dipole source. The corres- 
ponding treatment for a horizontal dipole is also quite straightforward although the lack of 
symmetry increases the complexity. Often in the radio propagation literature the statement 
is made that the fields of a horizontal electric dipole are the same as, or proportional to, the fields 
of a vertical magnetic dipole at the same location. This is only true broadside to the horizontal 
dipole where the field is purely TE (transverse electric) or horizontally polarized. For other 
directions, the field has a TM (transverse magnetic) component corresponding to vertical 
polarization. The modes corresponding to the TM waves may have much smaller attenuation 
than the modes of the TE type and thus it is desirable to formulate the problem directly with 
a horizontal dipole source. 

As in the previous section the earth and the ionosphere are assumed to be bounded by 
parallel planes separated by a distance h. Choosing a rectangular coordinate system (x, y, 2), 
the dipole is located at z= zp and is parallel to the z axis (see fig. 4). 

The solution for a horizontal dipole over a homogeneous flat earth with no ionosphere 
(i.e., ho) was obtained by Sommerfeld many years ago. The generalization for the two 
interfaces is quite straightforward. A Hertz vector is introduced which has both an z component 
II, and a z component II,. The fields in terms of these are 


yp 0 POM, , Ul, 
settee © oz Oe | 
0am, , oi, 
_ oy Oz Oz f 


gee , © FO, oe, 
rh u.+2.[ Se+ ag 


. OTT, 
H,=1e oy’ 
. [oll, ou, 
H,=—iew m= ae ’ 
heey Ole 9 
oad i (3.29) 


As before a subscript g or 7 is added to these quantities when specific reference is made to the 
ground or the ionosphere, respectively. 

The boundary conditions at the interfaces z=0 and z=A are that tangential components 
of the fields are continuous. This, in turn, requires that k°II,, OI,/Ox-+0II,/0z, zewII, and 
ZewOIT,/0z are each continuous at these interfaces. Integral representations of IT, and I, which 
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Figure 4. Rectangular coordinate system for the horizonial 
€ Ho dipole between two plane interfaces. 





are suitable for matching are 


‘ —ikR 
11,—M tiie (Cye— *7 + V(C)et *©7] HH, (kSp)dC (3.30) 


n= 2 f LX (Ce. (Chet "HH, (kSp)dC (3.31) 
Tr 


for 0<z<h. Similar expressions are used for the x and z components of the Hertz vector in 
the spaces 20 and z>h. Applying the boundary conditions involving II, only, leads directly 
to the following solutions for the unknown coefficients in II,: 





Yh ‘ a aaa 
U(C =| AAs a5 =i =e exp (—ikCzo) (3.32) 
i 
ee Ri exp [—2tkC2o] 


y, y PP AB Wise eM » —s ® la y ‘9S —_" « "pe 
VC)=| [FSR exp (—2ikCh) | *P I 4CA—2,)] (3.33) 


where R? and R} are the complex reflection coefficients given by eqs (22) and (23) and they 
are also functions of C. 


The remaining two boundary conditions, namely, the continuity of zewII, and OlT./0z 
+ OlI,/dz enable the coefficients X(C) and Y(C) to be found in terms of U(C) and V(C). The 
connecting relations are 
—QR, exp (—itkCh) 


X(C mae 3.34 
aC) = iE iP, exp (—2ikCh) rae 























and 
rqry PR: exp (— 2ikCh)—Q exp (—ikCh) — 
¥(C) ~ 1—R,R, exp (—i2kCh) oe) 
where 
a , ,, (1+, , 
Df p—tkCz, 1 TT ‘& Sud 
Peaks LU+V] wae) (3.36) 
and 
Q=[e-#°-4) 4 e 4 Veron (To ): (3.37) 








It is understood that P;, R, are functions of C and are defined by eqs (11) and (12). 

The integral for II, can be observed to have precisely the same form as the z component of 
a (magnetic) Hertz vector for a vertical magnetic dipole. This in turn has the same general 
form as the z component of the (electric) Hertz vector for a vertical electric dipole. The 
residue series representation for II, is given by 
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pe A” ( kSmp)fn m(2 0) m(Z ) on, (C) (3.38) 
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where the summation is over the poles of the integrand at C=C, of the integral in eq (30). 
These are solutions of 
R»(C) RY(C) e728 = i2em (3.39) 
for integral values of m. 
The height functions have the form 


2fm(Z)=[R3(C)]- tet 2+ [B2(C) he #2, (3.40) 


Of particular interest is the vertical magnetic field component. It is given by 





H,=—iew oe oll sin @ 


oy Op 
: Idsk ’ O} Y Vth h nef is 
=Ss1n ry) Ah > Salts (kS np). bat CY m(2)dm(C a (3.41) 


When|kS,,e|> > 1 or when p> >», the first term of the asymptotic expansion of the Hankel 
function H{?(kS,,p) may be employed. This leads to 





si , (p/r)4 e'*/4 " ree 
ed —_ p a. tm (Zo) Fm (z)e* 1—Sm)p Si, (C) . (3.42) 


The other field components involve integrals which may be treated in the same way. 
Also of great interest is the vertical electric field. It is not difficult to show that 





, “M ' , ” : 
, ka "SH, (kSnp) Jn (Zo) Fn (2) bn (C | (3.43) 
a 
where 
24n (Zo) = Cal Ry (Cn) |-4 exp (tkC,2) —C,[R,(C,) 2 exp (—ikCy2). (3.44) 
It may be noted that 
kGn (20) = —1- “ Fn (Zo): (3.45) 


20 


The summation is now over the roots C=C, of the equation 


RA(C)R,(C Y) @— t24kCh _ p— idan 3.46) 


When p> >> the above expressiofi simplifies to 


, ’ (p/d)3 e- i*/4 v4 ( 7 ik (1-S,,) y 3 7 
#ecos d Mo (pny a 25 Su fu (2) dn (Zo)ett O° n (C). ~~ 


When |kC,,20|<1 and |kC,z|<1 the preceding simplifies even further to 


4 p-inss 2 : 
Ecos ¢ Ey a ee a gee OL). (3.48) 


g - n 


4. Properties of the Modes for Flat Earth Case 
4.1. Vertical Polarization 


Much has been written in the literature on the numerical characteristics of the modes. 
Controversy concerning the method of numbering the modes has also arisen. It is the opinion 
that much of this discussion has been unnecessarily involved. The important thing is to sum 
over all modes which are excited by the dipole. Consequently only these modes need be 
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considered. Because of the form of the integration contour [ the relevant solutions must 
satisfy 


R,(C) R,(C) e-2** =e 2™ (4.1) 


and have their real and imaginary parts positive. That is, C,, is located in the first quadrant. 
The numbering is then assigned in such a way that there is continuity in the limiting case of 
perfect conductivity (i.e., Rz=R,;=1). 


—— m™ with n 9.12.3, . 


As Dr. H. H. Howe points out, this is not quite unambiguous when both the ground and 
the ionosphere are both imperfectly conducting. The more general statement of the rule 
is [23]: 

For a fixed value of kh, determine n on the assumption of perfectly conducting walls, then 
o, and o; in turn are to decrease continuously to their prescribed values while C varies continu- 
ously. For walls of high but finite conductivity this means that mode 0 has a minimum atten- 
uation and the other modes have successively higher attenuation as n increases. For poorly 
conducting walls, this is not necessarily so, and in fact, in cases of most practical interest for 
the vif band the mode of lowest attenuation is of order one.’ 

Numerical values for C,, are available and will not be quoted here. Some properties of 
the modes, however, may be simply obtained without resorting to a full numerical solution. 
For example, if the walls are highly conducting the reflection coefficients may be approximated 
as follows: 





C Ce, 2C, AW —xn) 
R are NC™ exp ( N.C (4,2) 
» Nic= o 2 
RA(C)= N.C oan $y — Nom exp (— N, <p) (4.3) 


subject to |C|?>>|N,|~? and |N;{-?. Then the resonance equation is simplified to 


khO=an+i * (4.4) 


where A= (1/N,+1/N,). 
Regarding A/C as a small quantity, this can be solved to give 


Bid 1 (i) | i ft afi ~(F) yT (4.5) 
where e=1, €,=2, (n+0). 


The magnitude of the second term must be small compared to the first term for the above 
perturbation method to be valid. This restriction and the previous one are both met if 
simultaneously 


AIA | |A| _(™ 
kh|A|<<1 and Eh ri | 4 


Now for highly conducting walls ¢,>>e,w and ¢>>ew and thus 


3 The mode numbering system described above is somewhat different from Budden. For a fixed value of o¢ he starts with a very small value 
of kh, increases it continuously and requires that C varies continuously for the same n value. [13] 
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Consequently 


Re S.=1 -(2 igo 8 w od (4.7) 


and 
A| =) 
Im S a | I ~() 4.8 
no 2 akh (4.8) 
The influence of finite conductivity is thus to increase the real part of S, and consequently the 
I | i 
phase velocity ¢/Re S,, is decreased relative to the free space value c. As expected the finite 


conductivity produces damping and the resulting attenuation factor is —k Im S, in nepers 
per unit distance, to this approximation. 

The above approximate formulas for the real and imaginary parts of S, are the ones usually 
encountered. They have been quoted by Schumann [5] for example. It is not also appre- 
ciated that they are not applicable for a mode which is near cutoff. This should be evident, 
however, from the second inequality given above. To relax this restriction, the resonance 
equation 


khO=an+ir . (valid for |A|kh<<1) (4.9) 


is solved as a quadratic in C to yield 


ion (= 4,4 } 
OU, ci Th) + | (Fi) +4i 5] (4.10) 


The positive sign before the radical is chosen since it reduces to C=(2n/kh) when A approaches 
zero as it must. The corresponding form for S, is then given by 


ie ™m / Akh 
s,- {1-(F)j [titi oa LT}. (4.11) 
When n=0, this simplifies to 
= oars» 
s=[1 ia | 
which reduces to eq (5) when n=0 and |A\<<kh. Now since |A 


expanded for n>0 to yield 


;2 
s.=[1-(F) — a for n=1,2,3, .... (4.12) 


Ah< <1 the radical can be 





The preceding discussion concerns walls which are highly conducting. The approximate 
solution obtained would indicate that the attenuation increases indefinitely as the conductivity 
of the walls decreases. Such is true as long as |AJ< <1. For very poor conductivities this 
condition becomes violated. When |A order of unity, it is apparently necessary 
to solve the resonance equation by numerical or graphical means. This approach is described 
briefly in a later section. As it turns out, for a given value of n, the attenuation reaches a 
maximum value as |A| is continuously increased and thereafter diminishes and approaches a 
broad minimum. To illustrate this interesting phenomenon the resonance equation 





BLO)ER (Cer ae (4.13) 
is solved approximately under the condition that 


IN;C|]<<l and |N,C|>>1. 
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Thus 
R,(C) = —e-*%€“ and R,(C) ve~e/NL (4.14) 


and therefore 


Soa Te ikhO ‘=mi(n—3). (4.15) 


The zero-order approximation is obtained by replacing R,(C) by —1 and R,(C) by +1. This 
would yield 
C=C, =(n—4)a/(kh), n=1, 2,3, .. (4.16) 


as mentioned in section 2. For the first-order perturbation 


y S? 2 23 


ff, # 
n-8) ~| 


since |N,C|>>1. With these simplifications it readily follows that 


and 


aut DINE, a (4.18) 
~ thi NWN} 14. (Cp>]3 








and 
S,=(1—C?2)3. 


When the upper medium is an ionized region, it is convenient to write 


n2=1—2. 
Ni q, 


It may be shown that for vlf, Z is approximately real and has a magnitude of the order of 
unity. Furthermore, for a highly conducting ground 


1/N,~@be* 


where 
q=. 
Ox 
Then 
we=) ote + argh (Ci, i-* 


kh—i( 1-4 . fea? ar" (4.19) 


Assuming (C,,)?<C<L (which is true for low order modes), end that L is real, the real and 
imaginary parts of S, can be written 


Y 
C,~ 


Re S,=5S,+- : ae LOVE a +16 | (4.20) 
VL 


2 Vv 2 (h/d 
and 


Im S,= 


“aie [ @a"( (T+ zt] (4.21) 
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where 


a —7n—4) _(n—3) 
"kh (2h/d) 
and 


S,=[1—(C,)*}. 


It may be observed that for a fixed value of h/A and /@ the attenuation factor, —k Im S,, 
has a broad minimum when L=1. For ZL somewhat less than unity, the attenuation factor 
varies as L~? or directly as the square root of the effective conductivity of the ionosphere. 
On the other hand, for L somewhat greater than unity the attenuation factor varies as L? or 
inversely as the square root of the effective conductivity. 

The excitation of the modes is proportional to the quantity 

; OER | 


5, (C v=[1 a WAAR (C)R(C) 





When kh|A|< <1, where A=1/N,+1/N,, it follows from eqs (2) and (3) that 


R,(C,) RA(C,) zexp [—2A/C,], 
and 


[LR (C)Ri(C)@Cewe=Fa exp [—24/C,] 
and thus 
5n(Co)=[ 1 +4 7 =|: (4.23) 
Now the resonance condition states that 
tkhC,, +A/C,=124n (4.24) 
and for n=0 this leads immediately to 


5o( ( 0) = 1/2 


while for n=1,2,3, 
mm \—! 


’)=—{ 9— ——-- ~ 
5,(C,)=(2 rag a 


On the other hand, if the upper medium is very poorly conducting such that 
| N.C |< 
and the lower medium is highly conducting 


[NC n|>1 
it follows that 


iain INL, 2 oad 
R,(C a 2, ( a =—Oxp | - C, -xa.| (4.25) 
and 
© RRC) |w—| eX? | RC) RAC, (4.26) 
er 2. . . 
Suc€,, 
Thus 
; 1 (N, .\are aie 
(Ca =| 1-7 (THe) | —# | (4.27) 
for n=1,2,3, . . . since the term in parentheses is always small compared to unity. 
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4.2. Horizontal Polarization 


In the case when the excitation is by a vertical magnetic dipole or horizontal electric 
dipole the modes excited may be of a transverse electric (TE) type. The appropriate modal 


equation is 
Rs (C) R’ (C) e~ PRC e- 24 (m—1) (4.28) 


where m=1,2,3,.... 
Now if |C/N,| and |C/N;|<1 
Ry (C) =— exp (—2C/N,C,) (4.29) 
and 


Rh (C)=— exp (—2C/N,C))- (4.30) 


The modal equation is thus simplified to 


1 1 ; ; 
" loti | +ihkC=irm (4.31) 


c= (1-8), a= (1-8)! 
sili! 3 
and S?=1—C”. 


A first order solution is obtained by replacing S? in the expressions for C; and C, by the 
zero order value, e.g., 


remembering that 


¢ 2 
Sax] —(7; (4.32) 
The approximate solution of the mode equation is then given by 
(wees (4.33) 


m= Ar + ikh 


ar ~[N ) 7-1+(F) ih ‘+[4(R) TY" (4.34) 


—(1—C2)4 iN2 72 _(rmy 
and S,,=(1—C?,)*. When j.N3| and |N2|>1 ( Fh ) 


where 


it is seen that 


For |A7"|<kh, 
y ee é | A 9 6) 
Ce Eh (1+ iz) (4.35) 


sf) -AGT-GYT as 


which is valid when the modulus of the second term is small compared to the first. 
For highly conducting walls 


AwyilAl=vi [(2)+(2)] (4.37) 


ge 


rm ™m ig Tr) 
Re Sux 1-(F) ‘T+ eal ~TG (4.38) 
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and 


and therefore 














and 


Im S,,2 





alr :< (3): (4.39) 
= 
In summary, these are valid when 


seul (3) 


It is rather interesting to note that the above expressions for Re S,, and Im S,, are very 
similar to the corresponding expressions derived for Re S, and Im S, in the case of vertical 
polarization. [For example compare with eqs (7) and (8).] In the present case, of course, 
there is no zero order mode but apart from this, the perturbation term involving |A| now has 
an additional factor [(xm/kh)]*? which is less than unity if the mode is above ‘‘cutoff.’”’ Thus, 
everything else considered equal, the attenuation factor of the TE mode is decreased rela- 
tive to the TM mode in the earth-ionosphere waveguide with walls assumed to be of high 
conductivity. 

In the earlier notation it was convenient to represent the refractive index in the form 


and mm/kh<1. 





a ae 
Ni=1 7 


where L is a real number which may be comparable to or much less than unity. Thus 


Anew =) Agree 
=| (Gt) -z| +7 (4.40) 


The corresponding solution for the modal equation is obtained from 


Sa=[ (es aa) | (4.41) 


When L< <1 this reduces to eq (36). 


5. Influence of Earth Curvature 


The curvature of the earth has been neglected up to this point. The problem is now for- 
mulated in terms of spherical coordinates (r, 6, ¢), with the earth idealized as a homogeneous 
sphere of radius a, of conductivity o,, and dielectric constant ¢,. The lower edge of the as- 
sumed homogeneous ionosphere is located at r=a+h. The source vertical electric dipole is 
then located at r=a+ 2 and the observer is at r=a-+2 (see fig. 5). In view of the intrinsic 
spherical symmetry the fields can be represented in terms of a single scalar function, y, as 


follows [26] 
og _t 7 1 ae oO ot) 
E,=; 7 Sin 6 00 (sin ' 06 
(5.1) 
E,=H,=Hi=0 


where n=(u/e)? and k?=w?(e—io/w) u. 
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Fiaure 5. Spherical coordinate system for vertical electric dipole 
between concentric spherical interfaces. 


As usual, the permeability is taken to be the same as free space for all the regions (u= 
4xX<10~*). A subscript g is affixed to o, e, etc., when reference is made to the ground and a 
subscript 7 for the ionosphere. Since y is a solution the wave equation appropriate for the 
regions, the solution may be represented in terms of spherical wave functions, 


a? h? (kr) P,(—cos 6) for r<a 
[SP AS? (ker) + bh (kr) |P,(—cos 8) for (a+h) >r>a 
c2h® (kr) P,(—cos 6) for r>(a+h). 


In the above 


hs? (kr) =( “) Hy} (kr) aa 








where 7 hare (kr) is the Hankel function of the first or second kind of order v+3 with argu- 


ment kr. P,(—cos @) is the hypergeometric series which is a special case of the hypergeo- 
metric function F' (a, B, y, z) namely 


P,(—cos 6) = F( —y,9-+1,1 re) (5.3) 


The reason P,(-—cos 6) is employed rather than P, (+ cos @) is due to the fact that Y must be 
regular on a ray 6=7, whereas 6=0 is to contain the singularity which is the source of the 
field. Sommerfeld [26] has pointed out that 


SB 6 sin 148 


lim F —y, +1, 1, —— sila. oom 
us 


ou 
—_ 
— 


og & (5. 


which illustrates the singular nature of y along the polar axis. 

The quantity v is to be found from the boundary conditions that the fields Hy and Hy are 
continuous at r=a and a+h. This, in turn, requires that (n/r) O(rp)/or and ky are contin- 
uous. Thus, four linear equations in the coefficients a,b, b?, and ¢ are obtained. In 
order that these yield a nontrivial solution, the four by Sour determinant of the coefficients 
should vanish. This requirement is explicitly given by eq (5) as follows: 
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Ne or te) ) | (kr) Orh,? (ker)’); 
m) or -~(? mC orf} ‘ 
keh? (ket) =) kh? (ka) h® (ka) 0 
: = () 
( =e — (kr) i (me \Porh® (kir) 
“ ; €>k 7 ] ,) pou | a Or J 
a+h; a-++h 
0 | kh [ke (a+h)] kh® [k (a+h)] kih® (ke: (a+h)] (5.5) 


Such an equation as this was obtained by G. N. Watson in 1919. To solve it for » without 
approximation does not seem to be possible, although if the general spherical Hankel func- 
tions of complex order and argument could be programed for a computer, an exact numerical 
solution might be obtained. In view of the idealizations of the model and the uncertainty 
of the effective electrical constants of the lower ionosphere, however, it does not seem war- 
ranted to expend too much effort in this direction. As is so often desirable in physical prob- 
lems, asymptotic approximations to the rigorous wave functions are introduced which greatly 
simplify the problem but at the same time lose some generality. 
The Debye-Watson representation of the Hankel functions are [26] 


. Ee op 7} we] 6. 
+4 


when |(v+4)/kr|<1 but not near 1. Also |y+3| and kr must be large compared to unity. 
The upper (and lower) signs are to be considered together. This is really a W.K.B. (Wentzel, 
Kramers, and Brillouin) approximation to the radial part of the wave equation. It is not diffi- 
cult to show that the resonance equation involving spherical Hankel functions can now be ex- 
pressed in the equivalent form 


*k(a+h) 1 2)\2 
R,R, exp { —t 2 k = | ix} =exp (—7i2mn) (5. 
ka 


Se ae 


(1) (1) ; . . 
krh® an —=(*) Hy? (kr) =} 1 man Ih is ( Fit) exp | =i 


or 
~J 


where n=0, 





k os me i a Pas qi 
ka)? 6 ie tka)? S (5.8) 
_ +9 BT mor ~~ 
h Z| (ka)? | +h aa (kya)? 
and 
aa % (v+3)? P 
a 2 [ “Fe Saat (a+h)* ol | (5.9) 
+3 2 (y-+3)° 
ke = a hy | +4 ete 








The functions R, and R; quoted above can readily be identified as Fresnel reflection 
-oefficients for complex angles of incidence cos™!C and cos ~!C’, respectively. Furthermore 


c=[1—s7}* where S="—_ 


ind 
O’ =[1-(8’) 2}? where = 
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The resonance equation can thus be written 
; . 22 ' 
RAC)RAC’) exp | — ize J, [c+ s*| — (5.10) 
0 
where 
N,C—C . Ss? 
R,(C)=~4,—_ with C =| 1-52 | 5.11) 
. N,C+C, . N?2 ( 
and 
N,C’—C; ; : "273 
RAC) =H oro with = ©) |: (5:12) 


It can be seen that, in view of the relation 
(a+h) S’=aS, 


the resonance equation reduces to its flat earth counterpart as h/a tends to zero. In fact, it 
appears that if |C|>>(h/a)?~1/10, the effect of curvature can be disregarded. This condi- 
tion is violated for most of the numerical results given by Al’pert in the region from 15 to 30 
ke. He assumed that the modes could be calculated on the basis of a flat earth in all his 
work [14, 15]. 

The resonance equation quoted above for a curved earth is only valid if the W.K.B. or 
second-order approximations to the spherical wave functions are valid. In a later section the 
corresponding form of the mode equation based on the Airy or third-order approximation is 
developed following the work of Rydbeck. It is indicated from this more involved analysis 
that the second-order approximation is valid if 


ba 01. 





As will be seen, this is met for most cases of practical interest if the frequency is less than 
about 15 ke. 










6. Mode Series for Curved Earth 










Following the suggestion of Sommerfeld, the field is written as a sum of modes. Thus 


¥(r, 0) =>) D,z,(kr) P,(—cos 6) (6.1) 





for a<r<at+h, where 





Zy(kr) =b§” h§” (kr) +b? hY (kr). (6.2) 










The factor D, is to be determined by insisting that the function (7, 6) has the proper behavior 
at the source. The summation is over all integral values of n and the corresponding (complex) 
values of v are obtained from the resonance eq (5.5) as described in the previous section. 

Invoking the W.K.B. or second order approximation for the spherical wave functions, 
it follows that 







2, (kr) = const-{ R,-! (C,) exp| +ik | ‘(C24 2 s2)3 a: | 
0 


1 2 92 1 
+ R,* (C,) exp [- ik cs a a)” i-|\ (6.3) 
0 


This can be identified immediately as a combination of a downcoming and an upgoing wave. 
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nh 


Or 
X ) 


iS, 








The ratio of these two at the earth’s surface (z=0) is R,(C,). An alternate representation is 


al lt 22 , 
clr) seoonst { 74 (C") p[ tit f (a+= s) a: | 


h ‘. n 
+R} (C’) exp | -it f (a+2 s:) az] (6.4) 


which is a combination of an upgoing wave and a downcoming wave. The ratio of these two 
at the lower edge of the ionosphere (z=h) is R,(C,). It should be noted that 


Qh ow \* 
( = (C42 s:) 


since (a+h) S,=aS, and h/a << 1. The internal consistency of these two representations 
at z=0 and hf for z,(kr) can be readily demonstrated from the relation 


h ” I 
1=RE(C,) REC) exp | -i J, (+= st) a:| (6.5) 
0 


which also indicates that the multiplicative constant is the same for the two representations. 
In what follows the constant can be absorbed into the factor D,. 
To study the orthogonality properties of the modes, the following integral is considered 


k(a+h) 
Di { 2,(p) Z4(p)dp (6.6) 


where v and u are two sets of modes. Now quite generally the function z,(p) satisfies 
a? . - 
o (p2») +[p?—v(v+ 1)]2,=0 (6.7) 


and there is a similar relation for z,. These two equations are now multiplied by 2, and 2z,, 
respectively and integrated over the domain ka to kb, to obtain 


Se ee & ad ‘ 
— (2.5 (pz,) —2, dp (024) ) 
7 v(v+1)—p(u+1) 


kb 


ka (6.8) 








For the important modes, the right hand side of eq (8) is negligibly small if uv since the 
numerator vanishes at the limits ka and kb when FR, and R; approach +1. For the important 
case u=v, a normalization factor is defined by 


kb 
N,=lim J ehesdonle 
uv J ka 
kh 


en ee, 


i+ Ah c. 


(6.9) 





kb 
~{ [2.(p)]*dp= 
ka 


It should be remarked at this point that the modes are not strictly orthogonal since the 
ight-hand side of eq (8) does not vanish identically although it is small compared to N,. As 
he conductivity of the bounding walls approaches infinity the modes would be completely 
rthogonal. 

Multiplying both sides of eq (1) by z,(p) and then integrating with respect to p from 
‘a to kb, leads to the following formula for D,: 


1 *kb 
J Z 3.10 
Di=H Pees J, OM Mdo. (6.10) 
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To actually evaluate D,, it is desirable to let r—ry and 6-0, in which case (7,0) —>yo(7,0) 
where ¥ is the primary influence which is singular at (7,0). For a vertical electric dipole 
consisting of an infinitesimal element of length ds and carrying a current, J, it is well known that 


Tds e7 tkR 


vol =7 oe (6.11) 





1 
where R=(r5+r°—2rry cos 6)?. 


Following the process suggested by Sommerfeld for the determination of the Green’s 
function for the perfectly conducting sphere, the integration in eq (10) is carried out in the 
immediate neighborhood of the source. For example, r=7o(1-++9) where —eCq< +e, eC<1 
and dr=rodn, 2,(kr)=2,(kro), e~**=1, while 


ey | : 
= ~—] (1 1—2(1 (1-5 >) | te ————— 6.12 
px e| +n? +1—20-44) (I$ nas (6.12) 
Therefore 
‘ Ids te dn 
N Diz 2y(kro) ) lim | pee or : ree (6.13) 
Now 
lim [P,(—cos 6)]— Ree log & 
6>0 T 
and 
+e ——" a 
lim a =lim {log [e+ Ve+6]—log [e+ Vee] } — log 6°. (6.14) 
00) -« (?+6")?2 60 


It then follows that 


i 2,(kro) Ids i i 
D,= Ah an or 4r°" On: (6.15) 










The final form of the function y is thus given by 


i = Beer (6.16) 


Qkhro n=042,... 2v(ka) 2,(ka) sin ve 













where the second-order or W.K.B. representations may be used for radial functions z,(kr), ete. 
As can be seen from eq (4) these can be greatly simplified if 2 
Zv(kr) en? + R(C,)e7 on? 
2,(ka) a Re(C,) 18 













ni) 








=f,(2) (6.17) 













which is the same height-gain function obtained for the flat earth case. For heights even as 
great as 10 km and frequencies less than 20 ke, this is an excellent approximation. Similarly, 








2y(kro) >) 
(kay SIn(20) (6.18 










where 2=/7o—a is the height of the source dipole. 
The radial field component is of most practical interest and, for the moment, attention 
will be confined to it. Since 









~ 1 oy ; 
E,= ty jag sin 'D 36 aad 
and 
1 Oo oP, ( eel 9 
es ath va 20 
sin 826 16 +» (v+1)P,(— cos 0) = (6 
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it follows that 





aS be falze) Sule) “LEY P,(—c08 0 6.21) 


fi, ~Wkhror sin vr 


with v+%2kaS,. This is the final solution of the problem being valid for the air space between 
the earth and the ionosphere.‘ 

For purposes of computation several simplifications can be made. The asymptotic 
expansion for the Legendre function, given by 


P,(—cos 6) a) ae —* os 3) cos| (+5) )@— 7] (6.22) 


is valid if |y|>>1 and @ not near 0 or x. Since the imaginary part of »(r—8) is also large for 
x—6 greater than about 10° or 20°, it follows that 


=. ae ; 
P, (—cos 0) = sae) exp k (+5) (x0) —in/s | (6.23) 


Furthermore, the source and observer heights are usually sufficiently low that kh oC, and 
khiC,&«1 and ro2rma. 
The simplified form of the field can now be written 


1 ow dja bl (dr)? [ee (d/d) — (R/S 3 —i2eS, (d/r 
4 e! le" (d/ )—(r S 5 p—i2eSy (d/ ) 3.2 
LE of a a | (h/d) 25 bnS'n P (6.24) 


where d=aé, the are length between the source and the observer, \ is the free-space wave- 
length, and 8,=(1—C2)8. 2) is the field of the source at a distance d on a flat perfectly 
conducting earth. For d/A>1, 


{o=1 (n/d) Ids (e~ 84) /d. (6.25) 


As the radius a of the earth tends to infinity it is immediately evident that the flat earth 
formula given by eq (2.5) is recovered. 


7. Antipodal Effects 


The general form for the field in the space acr<a+h for a vertical dipole source has 
the form 


E iden = v(v+1 1) ee ie 
E,=Sphg? 2 pa = ee cos 6) (7.1) 
where 6)=3, 6,=1(n#0), and 
v(v+1) ~(v+ 4)? &kaS?. (7.2) 


Now as mentioned above when @ is not near 0 or 7, the Legendre function may be replaced 
by the first term of its asymptotic expansion. This result quoted above is valid if 


Ls >(r—8) and mI >. (7.3) 


|p| 


[n this region, the modes are simply proportional to 


ees : kaS, 6 -7| 7.4 
(sin 6)! cos ee “— 


4 From an analysis by Pekeris; Phys. Rev. 70, 518 (1946) it may be shown that 


P,(-cos 0) 
sin vr 


& Hy?) (kSnp)- 2 3(¢ 2) 0 (k Sup) 


plus terms in (p/a)4, (p/a)®, ete., where »-+4=kS,p. Inserting this in eq (21) leads directly back to eq (3.21) when the curvature correction terms 


ire neglected. 
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which apart from a constant factor can be identified as the linear combination of two peripheral 
waves of the form 
l —ikaS,6 
: “eg 
(sin 6)? 
and 
1 _ g~ikaS,(2x—6) gin /2 
(sin 6)? 





where 6< rz. 


These waves are traveling in opposing directions along the two respective great circle 
paths a@ and a(27—8@) from the source to the observer. It is noticed that there is a, 7/2 phase 
advance which the wave traveling on the long great circle path picks up as it goes through 
the pole @=z. The linear combination of these two traveling waves is to form a standing 
wave pattern whose distance A,, between minimums is approximately given by 


kA,,ReS,=7 or A,=)/(2 Re S,) 
subject to 
—Im S,<Re S,,. 


As one approaches the pole 6=7, the first term in the asymptotic expansion for the 
Legendre function is inadequate. A more general form is the asymptotic series [27] 


2 TO+) 5 [Osi cos] (»+ +a) @—o-( es | 


P,(—cos er To+3)2) (v+3/2) 1! (2 sin 6)'*’2 


or 
a 





where 


(a);=a(at+1) (a+2)... (a+l—1), 


for example, a=1, a;=a, a=a(a+1), az=a(a+1) (a+2), ete. 













Since |»|>>1 the factorial functions may be replaced by the first two terms of their asymptotic 
expansions; this leads to 
(v+1) 1 ( 3 (5) ) im cae 
pit AS at Se fe ee —) J =| 
P0+32) yt Ua Ole si 


The preceding asymptotic expansion for P,(—cos @) is not usable at and in the vicinity of 
the pole @=7z. In this region a suitable representation is given by [27] 
=—*) 
r)) @ 


where 7=(2v+1) sin [(r—6)/2]. Jn(n), for m=0, 1, 2, and 3, is the Bessel function of first type 
of argument 7 and order m. When x—4@ is small the first term is usually sufficient and further- 
more 






~J 
«J 
— 





P,(— 008 6) =Jo(n) + sin’ (*5*) [ 4-4, +" J in) |+0 (sin'( 







n= (v+4) (rx—0) ~kaS,(x—8). 







Thus for mode n, the field in the neighborhood of the pole is proportional to the Bessel function 


Ji [kaS,(r—8)]. 







It is then not surprising to see that the first term of the asymptotic expansion of Jy is the same 
as that of P,(— cos @). 







8. Resonator Type Oscillations Between Earth and the Ionosphere 






At extremely low frequencies (elf), where the wavelength is large compared to the height 
of the ionospheric reflecting layer, the electric field is essentially radial and only one waveguide 
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type mode is significant. The field is thus expressed by the first term of the mode series which 
reads 
__ _Idsn v (v+1) 


Gi. tt ta 
~ 4kha® sin vr B,(— cos 6) (8.1) 





E, 
where v+342kaS, and 


re See - 
— ai wt N;) icles 


in terms of the relative refractive indices N; and N, of the homogeneous ionosphere and the 
homogeneous ground, respectively. Now at elf |N,|>>|N,| and furthermore, 


, 1 1 
Noe (225) Fee (22 
Wwe 1we 


Sou = 
Sy 1— ———_- 
2 (o jyco) bh 


Thus 


Now as mentioned in section 7, the factor P,(— cos 6) may be replaced by an asymptotic expan- 
sion if kaé or ka(r—6) is somewhat greater than unity. The field in this case may be regarded 
as two azimuthal-type traveling waves. Furthermore at the pole (@ near 7) where the second 
of these restrictions is violated, it is possible to use an equivalent representation which correctly 
accounts for the axial focusing. An alternate viewpoint which is suitable at elf is to consider 
the field as a superposition of cavity-resonator type modes. It is expected that such a repre- 
sentation would be very good when the circumference of the earth is becoming comparable to 
the wavelength. A suggestion of this kind was apparently first put forth by Schumann [28]. 
The starting point is the expansion formula 

P(—2)__ 1 > P,(z) — _2n+ 2 (8.3) 

sin vr 2 n(n+1)—v(v+1) ei 
where the summation is over integral values of n. This result follows directly from a formula 
given by Magnus and Oberhettinger [27] (p. 57) which is valid for y#0, +1, +2, ... , and 
0<0<7r. The electric field, for h/a< <1, is thus written 





, © 2 
B= eth) 24 P,, (x) Jatieap (8.4) 
where z=cos 6. The early terms of the series are then proportional to 
Po(x)=1, 
P,(r)=cos 6, 
P(r) =4(3 cos? @—1), (8.5) 


and soon. The configuration of the electric field in the first three cavity modes is depicted in 
figure 6. 
Retaining just the first term it is seen that 


Ei=E) =~ 9% 3 


Ne (8.6 
n=0 4ra’*eh Ww ) 





which is independent of 6. Clearly this corresponds to a concentric spherical capacitor ener- 
gized by a current Jds/h resulting in a constant voltage hE, between the plates. On rewriting 
eq (6) in the form 

(Ids/h) 


© y 
wl", 





hE;= 


32053—60-——_6 177 














Fieure 6. Depicting electric field lines in the first three cavity 
resonator modes. 


it is seen that 
_ Amare 
: h 


which can be identified as the capacity between the spherical surfaces whose areas are both 
4ra* within the approximation h/a<<1. 

It has often been suggested that the omnipresent constant voltage gradient in the atmos- 
phere results from the accumulated action of lightning strokes which impart a charge to this 
earth-ionosphere condenser. For example, when a current surge flows say for 10-* see with an 
average of 10° amp with an average column height of 3 km (i.e., ds~2 10°, then for h270 km 
it readily follows that 














hE? ~1.3v or E}~2X 10-5 v/m. 









Presumably, many such charges are required to build the field up to its observed value. 
Of somewhat more interest are the cavity-resonator oscillations which may be excited. 
Using the notation of the operational calculus iw is formally replaced by p then 










v(v-+1)~—p—pia (8.8) 











where a=1/[h(ou)/"]. The source dipole moment Jds is in general a function of time. For 
purposes of illustration, consider 





Ids= (Ids) u(t) (8.9) 








where u(t) is the unit step function at =0. The Laplace transform of the source moment is 


thus given by 





[, tase rat OE (8.10) 
0 





The Laplace transform of the field is given by 






2n+1 


(Ids) 
on tp tap? 


t,(p) — ae Y (p+ap') >, Ps (x) 





(8.11) 
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where w,=(a/c)? n(n+1). The actual time response of the electric field is denoted e,(t) and is 
zero for t<c0. It is related to E,(p) by 


E,lp)= | e,(t)e~ "dt. (8.12) 


The inversion of this integral equation is a standard problem in operational calculus and has 
been carried out explicitly by Schumann [27] for a transform which has the form of eq (11). 
In the present discussion a much simpler approach is used which is justified when the damping 
is small. It should be noted that ap* has already been assumed small compared to p, thus a 
perturbation method is in order. 

When a=0 corresponding to no dissipation (i.e., perfectly conducting boundaries) 


’ Ids 0p 2 1 > 1 
EX (p)= San P,, (2) eee (8.13) 


The poles in the p plane are thus at p=+7w,. The inversion to the time domain gives 


(Ids) 


e™ (t)= BC P,, (x) (2n+1) COs wat (8.14) 
which may be verified by noting that the above expressions for £,°(p) and e,"”(t) satisfy eq 


(12). 
A step-function dipole source thus excites the static field (i.e., #=0) and the cavity-reson- 


For a=6,400 km 


€ 


ator modes (n=1, 2,3, .. .). 
w,/2r=10.6 eps 
w,/2r= 18.3 eps 
w3/2r=25.9 eps. 


To account for finite conductivity it is necessary to solve the equation 


p+ p??a+u? =0 (8.15) 


. ‘ ° . ‘ e 1 
which gives the poles for the function /,(p) in the case when a#0. Remembering that ap? 


<p, it readily follows that 


‘ a , ‘ eee 
pa iay| 1 a 120 ‘= iw, — Qn (8.16) 


Qa . 
where w, = wn( l— 37, a) is the resonant frequency and 
= n 


is the damping coefficient. It then easily follows that cos w,¢ is to be replaced by 


ini , 
e~ 2n* cos w, t. 


'o this approximation, the effect of finite conductivity is to exponentially damp the oscillations 


ith time. For a=6,400 km, h~100 km, ¢;~10~* mhos/m, the time constant is given by 


] 4 wre 
— ————- see (n=1,2,3,.. . ) (8.17) 
Qn yn(n+1) 

hich is rather interesting. 
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The total field is thus given by 


ete FOS P, (x) (2n+1)e-2n' cos w, t (8.18) 
which is valid for a%t>> 1 or t> > 1/(h?o,n). 


9. Excitation by Horizontal Dipoles for the Curved Earth 





The formulation of the theory for a horizontal dipole is similar to that for a vertical dipole. 
The complexity of the equations is greater, however, because of the nonsymmetry of the prob- 
lem. Schumann [6] uses this approach in his analysis but his results are not complete as dis- 
cussed below. The deficiency arises when the eigenfunction series is matched to the source 
singularity. In the case of the vertical dipole as outlined in the previous sections, this process 
is relatively straightforward but in the case of the horizontal dipole there is coupling between 
TE and TM modes which apparently is not accounted for using this technique. An alternative 
is to set up the problem in terms of a harmonic series representation wherein the summation is 
over integral values of n, the index of the spherical wave functions. This series is poorly 
convergent, however, and the Watson technique must be used to transform it to a series of resi- 
dues at the complex poles v. Such a procedure was used by Wait [29] for a horizontal dipole 
over an earth with a homogeneous atmosphere. It would not be difficult to generalize these 
results to include the influence of the ionospheric reflecting layer. In the present work, how- 
ever, it seems more instructive to use a different method which makes use of the reciprocity 
theorem and the results for vertical electric and vertical magnetic dipoles. 

For the first part of the problem a vertical magnetic dipole of moment K ds is considered. 
It is located at r=7r) on the polar axis. Due again to the intrinsic symmetry of the problem the 
fields can be obtained from a single scalar function y” as follows: 
i | oy’ 
=F9 ain b0 (809 3g 












4 oF 
hed 






E,=k + 










and H,=H,=He=0. Such fields are purely of the TE type whereas they were of the TM type 
for a vertical electric dipole source. 

ie ‘ : —* . 

The solution precedes in the same manner as for the vertical electric dipole. Now, how- 
ever, the boundary conditions are that (1/nr)d0(ry")/Or and ky" are continuous at the concentric 
spherical interfaces. In a form suitable for application to vlf propagation, the final result is 
given by ® 

















Kids $x dmfm( 2) fn(2) 


2khro m=1, 2, er ar sin vr 


Y= P;(—cos 6) (9.2) 










where 







1 
———— sin n 2kh¢ a 


2khCn 


(9.3) 







m(2)=[RE(Cn)]-4 exp [Cuz] +[25(Cn)]® exp [—ikC 2] 





—_—_—_——cuwuwm 






5 To conform with standard waveguide practice, the TE mode of lowest attenuation is denoted m=1. 
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and similarly for f*(2o). The modal equation has the form 


; h 9D + 
RYC)RNC’) exp { —i2k {| 042 8°] iz} etn (9.5) 
0 





where 
C—N,C P S27: 
nop, —/¢ — +% ee . pe eee 
Ri(C )=OIN,C, with C, [ | 
and 
—N,C; (S’)?72 
h {2k eo on NRE “ 
RO) = Faye with C= 1- SF | 


The electric field component £; is thus given by 


4 oA ( 7 — 
— ae > at Sm( 20) fm(2) oF—e0e ®. (9.6) 
0 


m sin vr 





Now when the source is a small loop of area da carrying an average circulating current J it 
follows that 


Kds=ipolda. (9.7) 


Furthermore, if the receiving antenna is a horizontal electric antenna of effective length d1, 
the voltage at the terminals is given by 


v=Egzdl sin o (9.8) 


where ¢ is the angle subtended by the receiving antenna and the are joining the two antennas 
(see fig. 7). Thus the mutual impedance Z,, between the source loop of area da and 





Z 
jt 
4 . = ‘ R e . 
source (plan view) me FiagurE 7. Source vertical magnetic and electric dipoles and 
dipoles d! wa $ receiving horizontal electric dipole for mutual impedance 
———©— calculation. 
P /)\ 


his = 68 : = 


the horizontal receiving antenna of length di is 


Z _v_tnwda di sin _ 
aa 2hro = 
vhere the summand is the same as in eq (6). 

The mutual impedance Z, between a vertical electric dipole source at 6=0, r=ro, and the 
\orizontal receiving antenna is also required. This may be obtained from the scalar function y 
reviously obtained. In particular 








' _ 3 ; 
Te 9.10 
™ * por Oa w a aie 
re Ids fn(z 20) In(Z 2) fe) > 9 
nen Spe DO BO Ea, Pal —008 6) (9.11) 
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where 


2 by . 2 2 3 
29n(2)=| C1422 si| {rv exp [ +i , (c+ 2 st) az| 
2 2 $ 
—R'? exp | -i[ (ci+= st) Jaz}. (9.12) 
0 


29n(2)=C,[ Ro f2e%Cn?— Bite— Wn*], (9.13) 


When z/a<<|C3| 


Furthermore if |kC,z| <<c1 which is the usual case 


Gn(Z) ZArS, (2) (9.14) 


I S2\t_ 1 
aw, (1—H9) "9; 


The mutual impedance Z, between the vertical electric dipole and the horizontal receiving 
antenna dl is thus given by 


where 


nds dl cos @ 
2hro n 


Zz, 
4e 


I 


(9.15) 


where the summand is the same as in eq (11). 

It is now a simple matter to write down the field expressions when the source is a hori- 
zontal electric antenna carrying a current J of length dil. The antenna or dipole now is con- 
sidered to be located at r=r) and 6=0 and oriented in the direction ¢=0. The vertical magnetic 
field at (r, 0, @) is obtained from the relation 


ipwlTda= IZ (9.16) 





which relates the total magnetic flux in a small loop of area da at (r, 6, @) and the vertical 
magnetic field at the same point. Using eq (9.) it is seen that 
















h (o.\ fh (o> a 
=e 7 ea 5 (2) oF (008 D ine. (9.17) 


H, 






In a similar fashion, the vertical electric field at (7, 6, @) is obtained from the relation 










Es=IZ, (9.18) 






which relates the voltage in the small vertical antenna of length ds at (r, 6, 6) and the vertical 
electric field at the same point. Thus 






[dl bn Fn(Z) Gn (Zo) on as a : 
Shr gin ve O82 7-02 8) Coss. (9.19 





E,= 






The other field components can be found from the above expressions for EL, and H,. Quite 
generally the field components in spherical coordinates (see fig. 8) can be written in terms of 
set of purely TE and TM modes derivable from scalar functions UV and V. Thus 










ce O° (L r) 2] 7 9 
E Sa bird ] (9.20 


(9.21) 





Figure 8. Spherical coordinate system for horizontal electric 
dipole between concentric spherical interfaces. 

















14) 

l ip o(rV orV) 99 

ing os im eS ae ata 
H,= 2) 4 ery (9.23) 

15) 

1 = Ew 
pene CEP) 9.2 
Hs r oroé ie _* sin 6 0d a iat as 
orl- 4d 
dew - aeK 

on- 9.2: 

os _— r sin 0 a ‘a r 00 au me —— 
Since U and V satisfy the equations 

16) (+k)2=0 (9.26) 

ical in the space a<r<a+h they must be made up of solutions of the form 

h,” (kr) cos gd 
* P£(cos 6) 

17) h& (kr) sin go (9.27) 
where g is an integer. Since the field for Z, and H, has already been prescribed, g=1. With 
some consideration it is seen that 

.18) 

U ™ fs AnSn(2) we (9.28) 

ical 06 
and 

xm >, Bia S%(2) ih wa sin ¢: (9.29) 

19) m 00 

Further, on noting 
we 1 

uite [tp SPO iri? en) = (9.30) 

of i = 
it is seen that 

2 — 
tins rr) A,fu(2) OF {008 ©) cos ¢ (9.31) 
20 " 


and 


tas ate) B,,f(2) oP;(—cos 8) ai 
EF) m 06 
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On comparing eqs (30) and (31) with (17) and (19), it follows that 


ae nldl 5nJn(Zo) 96 
An=s0-41) sin yr (9.33) 





and 
Til _ bh fhe), - 
"~Shv@-+1) sin ve — 





When |»|>>1 and @ is not near 0 or z the following asymptotic expansion is valid: 


Lien or 
sin vr ry) E -(—cos 8) aes (sin 9)% 








5) ~~ (9.35) 






where use has been made of the relation 










yv~kaS,,. 





The height function g(z) occurring in the expression for EZ, can be simplified at low heights. 
For example, if |kC,2|<<1 which is the usual case 


yal (,_ Sh) | 
On (2) 77 (1—F) . (9.36) 





Thus the vertical electric field of a horizontal dipole is well approximated by 













7 mw fp COS of dja _ b (d/r)? sian ~cnpiae % 1/2—-i2"S, (d/r) an 
Em By N, E 7a | (h/d) , 2 bn" (9.37) 
where 

Ey=1(n/d) Ids(e- 74”) /d. (9.38) 








It is of interest to compare this with eq (6.24) for the vertical electric field of a vertical dipole 


with the same moment. It is seen for a given mode 









E:” (for horizontal dipole) cos ¢/, _S? ;. — 
ES” (for vertical dipole) ~S,N, N? “ 






Since S,~1, it is seen that the ratio does not depend critically on mode number n, thus 









E, (for horizontal dipole) _ cos ¢ (1-42) (9.40) 
E, (for vertical dipole) ~ JN, N? , 





In most cases |N,|>>>1 so the ratio is of the order of 1/N, which is small. In particular, at 
very low frequencies 











10s Ri. 
mec dm “) e'*/4 cos > (9.41) 
N, og 





which indicates that the ratio varies as the square root of the frequency. This is in disagree- 
ment with the results of Schumann who finds that dependence is the inverse first power of 
frequency. In the direction ¢=0, of course, the ratio derived here turns out to be nothing 
more than the “wave-tilt” for a vertically polarized plane wave at grazing incidence on a flat 
earth. Thus, Schumann’s results [7] for the horizontal dipole would seem to be in error. 

The horizontal dipole also, of course, radiates horizontal polarization. The simplified 
expression for H, can be written by employing the single term asymptotic representation 
described above. Thus 














i 4 } oo 
| = g oe 5a | is * 52 e005, S% fh (2) f2 (2). (9.42) 
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10. Influence of the Earth’s Magnetic Field 


In the preceding analysis the earth’s magnetic field has tacitly been neglected. To 
indicate its effect the reflection coefficient for sharply bounded ionosphere with the magnetic 
field included shall be discussed. The derivation of the general formulas is due to Budden [30] 
but for highly oblique incidence great simplifications to his results can be made. 

The starting point is the magneto-ionic formula of Appleton and Hartree for the complex 
refractive index » for a homogeneous ionized medium with superimposed magnetic field. 
In the region from 70 to 90 km in the ionosphere where very low frequencies are reflected, it 
is often permissible to employ the quasi-longitudinal approximation of Booker. It is now implied 
that the waves after they are transmitted into the ionosphere are steeply refracted toward the 
vertical. Essentially this means that the refractive index does not depend to any great extent 
on the direction of propagation for temperate and polar latitudes so that 


yp? 1—1(w,/w) exp (+77) (10.1) 
where 
tan T=,/v 
and 
wo, = 08 (v?+ w,?)-?. 
In the above 
w2—= Ne?/em, 
N=number of electrons per meter’, 
e and m=charge and mass of electrons, 
«=8.854X 10722, 
v=collision frequency, 
w,= (44 1077) He/m, and 
H=effective strength of the earth’s magnetic field, (i.e., the longi- 
tudinal component for propagation in the ionosphere). 

It is now desirable to consider four reflection coefficients ;,R)|, ;;R., .R);, and ,R, to indicate 
the complex ratio of a specified electric field in the wave after reflection to a specified electric 
field in the wave before reflection. The first subscript denotes whether the electric field 
in the incident wave is parallel (||) or perpendicular (1) to the plane of incidence and the 
second subscript refers in the same way to the reflected wave. A cartesian coordinate system 
(x, y, 2) is now taken with z measured vertically upwards. The incident wave has its normal 
in the rz plane inclined at an angle @ to the z axis. The components of the electric field are 
FE), in the xz plane and E, perpendicular to this plane (i.e., in the direction of increasing y). 
When the + sign is taken in eq (1), the refractive index is denoted yo corresponding to the 
ordinary wave, and when the — sign is taken the refractive index is denoted u, corresponding 
to the extraordinary wave. With this convention, it can be shown that 


E6/E\jo=—t and Ey E\\=1 (10.2) 


in the northern hemisphere. 

The incident wave is now characterized by a factor exp [—7k(x sin 6+ cos @)z] and the 
reflected wave, therefore, contains a factor exp [—ik(x sin @—z cos 6)z]. Furthermore, the 
transmitted waves have factors exp [—ik(z sin 6)+- 2 COS 65) uot] and exp [—2k(z sin 6,+ 2 cos 6,) uz]. 
The reflection coefficients are now obtained by matching tangential field components at the 
air-ionosphere interface. The results, expressed in a form suitable for computation are 
listed below. 


{Bj | =[ (uot me) (C?— CoC.) + (Mote— 1) (C+ C2) C/D (10.3) 
|B =26C (uoCo— eC.) /D (10.4) 
Ry =26C (woC.—meC)|D (10.5) 
1 Ry =[ (uot Me) (C?— CoC.) — (woe 1) (Co+ C.) C]/D (10.6) 
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where 
D= (uot Me) (C?+ CoC.) + (Moe +1) (Qo+C.)C (10.7) 
and 
C=cos 6,C)=cos %,C.=cos 6. 


Numerical values based on these formulas are available. 
Now for highly oblique incidence the value of |C| is small. Thus for |C?|<1 


j — Hole 1)(Q+C, 2 C 




















(Hot Me) CoC. 
Ri ~— . ‘ 
i) Gane OFC) ome 
(Mot Me) CoC. j 
Furthermore if |uou-C?|<1, 
hes 2Hobe Cot. 
Ryx—[ 1-3 i. e. « (10.9) 


=» —exp(—28,C) 


where 
Hobe Ctl. 
Ante CC, — 





To the same approximation 
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lL. gee, 
ke Es nt 10.12 
Mot Me Col e ( 
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21C pol o— Mel e 
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aC, tothe 
and 
2C pol e— — Ke (, 
Ra~ e 10.14 
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It is immediately evident from the above that as 6 tends to 7/2 (i.e., grazing incidence), 
the reflection coefficients ,;R); and ,R, are both approaching —1 whereas the conversion co- 
efficients ;,R, and ,R); are both approaching zero. In this sense a sharply bounded ionosphere 
behaves as an equivalent isotropic medium for highly oblique incidence. 

Some further simplifications are possible when the ionosphere is effectively a good con- 
ductor. For example, if 









|w,/w|>1 










pe=1—1i(w,/w) e'* SY — 1 (w,/w)e**, (10.15) 






py?» 1—7i(w,/w)e~ 7 —1(w,/w)e~™. 






Consequently, 






~ (+i) (w/e,)* cos (7/2) (C?—1) +24[1—tw/w,] C 
Wl (+i) @fa,)? cos (r/2)(C?+1) +24[1+ tw/e,] C 





(10.17) 




















—2(w/w,)* (1+) C sin (7/2) 
(1+%) (/w,)? eos (7/2) (C?+1) +24[1+ tw/w,] C 
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R, (10.18) 
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These may be further approximated, for cos 0<<<1, by 


—s 2( = cos (7/2) Ri+1e2 (# 4 cos 6 (10.19) 


cos 0 cos (7/2) 


provided the right-hand sides of these equations are small compared to one. To the same 
approximation 
Ry . ; 


» —2(tw/w,)* sin (7/2). (10.20) 
ih 


The quasi-longitudinal approximation used above is only valid when 


. 9 


5<<(1-8-i2) 


where w, and wr are the longitudinal and transverse components of the (angular) gyro fre- 
quency. Clearly, this condition is violated when the transverse component of the earth’s 
magnetic field is large such as for propagation around the magnetic equator. 

The case of a purely horizontal and transverse field has been considered by N. F. Barber and 
D. D. Crombie (to be published in Journal of Atmospheric and Terrestrial Physics). Their 
results, applicable to a sharply bounded ionosphere, may be written in the following form 


, C-aA ‘ ‘ 
iRi=Gay 1Rs=0 (10.21) 
where 
be a) Gy) 
———— ae 
a 1+iL)?—/ 


where L=w/w, and y=wrw/w5. For east-to-west propagation (along the magnetic equator), 
y is positive, while for west-to-east propagation, y is negative. For highly oblique incidence, 
the above simplifies to 
1 8 (10.22) 
A= 
where 
1 (1+iL)? QL—L? —y’)?—iy 


Bi (1+iL)?—-/ 





nl . ! ! 
Furthermore if, |B; C|}<<1 
Ry x —eW Br (10.23) 
which has the same form as equation (11) 
The exact determination of the reflection coefficients for any orientation of the earth’s 
magnetic field may be carried out using a method outlined by Bremmer [3]. This has been 


done by Johler and Walters whose results are to be published in the following issue of this 
journal. 


11. Mode Series for an Anisotropic Ionosphere 


In this section the formalism for the mode theory is developed for a plane earth and an 
anisotropic sharply-bounded ionosphere. The geometry is the same as in section (3) where the 
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ionosphere was assumed to be isotropic. In the present case the reflection coefficient [Rj]’’ is 
regarded as a matrix and written in the form 


jh ikyy’ 


Ri Ra — 


[R]’’= 





where the two primes are to indicate that it is a two column matrix. The individual coefficients 
22, Ry, yy, and ,R, discussed earlier, indicate the complex ratio of an electric field com- 
ponent in the wave after reflection to an electric field component in the wave before reflection. 
The first subscript denotes whether the electric field specified in the incident wave is parallel ((\) 
or perpendicular (1) to the plane of incidence. The second subscript refers in the same 
way to the electric field in the reflected wave. 

When the ionosphere becomes isotropic corresponding to a zero magnetic field, the reflec- 
tion coefficient in matrix notation becomes simply 





















, TR, ov 
[R,]’ f * (11.2) 











where R; and R? are the complex scalar reflection coefficients for vertically-polarized and 
horizontally-polarized waves, respectively. The corresponding [matrix] reflection for the 
ground is 












a a | (11.3) 









The case of two successive reflections, the first from the ground and the second from the 
anisotropic ionosphere, is represented by the matrix 














R, hy Ry sh im 


Rey REAR, t44) 


[RR J’ =[R)’’ X[ Re)” = 


In the case of the isotropic ionosphere this reduces to 






; RR, 07” _— 
[R,R,)'4 = 0 met (11.5) 









The arguments employed here are virtually identical to those of Budden who, however, assumes 
a perfectly conducting ground, such that 






R,=+1and k}=—-1. 






In the previous formulation for a vertical electric dipole between the plane ground surface 
and a sharply bounded isotropic ionosphere, the fields could be completely derived from an 
electric Hertz vector which has only a z component. Of course, if the source was not sym- 
metrical it was necessary to introduce an additional component of the electric Hertz vector. 
When the upper boundary is anisotropic, the single component Hertz vector is not adequate 
even for a vertical electric dipole source. This is not surprising since the TM modes are coupled 
to the TE modes by the anisotropic boundary conditions. 

Any electromagnetic field, in such a parallel plate region, can be obtained from a super- 
position of TM and TE modes which are derived from electric and magnetic Hertz vectors. 
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These are denoted individually by I, and I, or, collectively by the matrix 


iy =| | (11.6) 
Ty 


“i 
where the single prime is to indicate that it is a single column matrix. I, which is a magnetic 
Hertz vector is often referred to as a Fitzgerald vector. Furthermore, the electric and magnetic 
fields can also be written as single column matrices in the manner 


[Ey E | [Hy Fal (11.7) 
aie) oeeee A -_ 


where 


> > 

E\=(k’?+grad div)II (11.8) 

= . » 

H\=tew curl Ty (11.9) 
nil, =(k’?+grad div), (11.10) 
nF, =—iwo curl Ty. (11.11) 


The intrinsic impedance 7 is introduced in the latter two equations to make Ty and Il, of the 
same dimensions. The Hertz vector in matrix form corresponding to the primary excitation is 
then written 


> 


> [u,] 
[II,]’= . (11.12) 


where Il, has only a z component 11%. To match boundary conditions in the case of azi- 
muthal symmetry it is only necessary that the vectors II and TT, have a z component. The 
condition of azimuthal symmetry is achieved if the reflection coefficients themselves are inde- 
pendent of the azimuthal coordinate ¢. 

Formally the solution has the same form as the isotropic case if the appropriate reflection 
coefficients are now regarded as matrices. For example for the space o< 2<h the (matrix) 
Hertz vector 


ny ET f teeny Hae Sp)dC (11.13) 
yA r 


where 





[M7 with m=l& 
im)=[ o| ith — = 
and where 
OP ters |.” i Meee. ambalinads ik halal 9 
[F (C)] aig ie oa eh] —( RR,’ e- 2) (11.14) 


It should be noted that the denominator in the above expression is also a two column matrix. 
Inverting this, following the usual rules for such operations, leads to 


[Fc ’)] OF (et? 4- [R,] , = ses (1/A) [N] vr {eich [P,] a” } (1 i= 5) 
for z,=0, where 
lee _1 Ry R, 1k, Rs . 
sins Ry R, erickh_ Ry, R') (1 1.16) 
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and 


np FOO Le ie LR, ke ‘é 
LN] |r. R, ertckh_) Ri R, ; sia 





The corresponding residue series are thus given by 












II — ] oe le (2) be “| 
ee = wkM 2 [0A/OClonc, 5? (kS,p) 0 (11.18) 
with 
G \p=S (2) (CO — RE RR) (11.19) 
and 
G1 p=1f}(2) Re Ra. (11.20) 






The summation is over the poles of the integrand [F(C)]’’.. Clearly this corresponds to the 
roots of the equation, A=0, which are designated C=C,. It is understood that all quantities 
in the summand of eq (18) are to be evaluated at C=C,. The “height-factors” f,(z) and f, (2) 
have the usual form, that is 







2f,(2) = (Ry) ~be*s*-+ (R,)be- Cv? (11.21) 






and 
2f5(2)= (R*)-3 eikCy? 4 (R)% e- C p?, (11.22) 






The above results reduce to those of Budden when the ground is perfectly conducting. 

The modes excited in the waveguide can be logically grouped into two sets. The first 
has a TM (transverse magnetic) character and the second has a TE (transverse electric) 
character. To obtain the attenuation and the phase constants of these individual modes, 
it is adequate to consider the anisotropy as sort of a perturbation to the corresponding TE and 
TM modes for the isotropic case.* 

rt’ Ld ° . . . . . rm . 

s s s cons y conc ; at 1s, 
lo simplify the discussion the ground is considered to be perfectly conducting. That is 
h . 

R,=1 and R,=—1. The modal equation now becomes 


(cj) (4 Ri) +R Ry=0. (11.23) 
















When mode coupling is disregarded this breaks into two equations 






pee = jeune"? "* (11.24a) 







Ry e7 tO —1 = —¢- 0m (11.24b) 









where n and m take integral values. As mentioned in the previous section the reflection 
coefficients for highly oblique incidence may be approximated by 






iRyx—e- BC (11.25) 








and 





tRyse—e8,C (11.26) 








where to a first order, 8 and 6, are independent of C. It thus follows that the first approxi- 
mation (indicated by a superscript (1)) for the solutions of the modal equation are 







(n—4 
C,209=F 2 (sel, 2, ...) (41:27) 
for the TM modes, and 
C2 CR = ag (m=1, 2,3,...) (11.28) 








for the TE modes. These have exactly the same form as when the ionosphere is assumed 
to be isotropic. The difference lies in the value of the coefficients 6; and 8, which are functions 
of the earth’s magnetic field. 










__ °Itshould be noted that the negative order modes in the case of an anisotropic ionosphere are not the same as the positive order modes. 
That is, CiX%—Co, C2#—Ci, ete. 
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A second approximation to the mode equations is obtained in the following way. The 
modal equation is rewritten in the two equivalent forms 
1—) Rye~ *°"=26(C) (11.29) 
1+, Rye7*%=2y(C0) (11.30) 
where 
F : pa Lk; ig t2kCh 
26(C)=— eROL Ry (11.31) 
and 
\R R en - i2kCh 
27(C)=— er __ — (11.32) 


It is to be expected that 6(C) is a small quantity for the TM type modes and y(C) is a small 
quantity for the TE type modes. The second approximations then are obtained by replacing 
5(C) by 6(C") for the TM set, and replacing y(C) by y(C°) for the TE set. Solving eqs (29) 
and (30) with these substitutions leads readily to 


—3 —i its 
CeO oat” 4 “ a) (11.33) 
for the TM type modes, and 


vq) __7M—21Y(Cm’ j 
C09 (11.34) 
for the TE type modes. 

These should be adequate solutions since |6(C,)| and |y(C,,™)| are small compared to unity 
for the important modes. In fact for most cases of practical interest, the first-order approxi- 
mations should suffice. 

To provide some idea of the character of the TM and the TE type modes excited by a 
vertical dipole source, the ratio of the tangential magnetic field in the two principal planes is 
considered. For the pth mode, this ratio is given by 





(Cs) (- i 0 
[Oz 
__ (O11, 9/02) for kp >>| 
ik |p 
L &, 
——. — fi(z 
ai Keine. RC, 02° si (11.36) 
=~ | erick _ PMR | fy (2) oe 


where it is understood that the reflection coefficients are to be evaluated at C=C,. The pre- 
ceding expression reduces to 


He CyyRhs _ 


H,) e+, RB, (11.37) 


which was given originally by Budden [11]. In general this ratio is small except near the TE 
resonance wherein the denominator becomes very small. For the important TM modes which 
are of low order, both C, and ;,R, are small compared to unity and thus the magnetic field 
/T, in the direction of propagation has a relatively small magnitude. 


12. Higher Approximations to the Curved Earth Theory 


In the previous sections the mode series for a concentric spherical earth-air-ionosphere 
system was developed. In order to simplify the discussion and lead to results suitable for 
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immediate use, rather crude approximations were introduced. In this section the problem is 
reformulated in a more rigorous fashion and higher order approximations for the various spher- 
ical wave functions are introduced. This analysis is really an extension of the work of Watson,. 
Rydbeck, and Bremmer. The final results indicate the range of validity of the lower order 
approximations used in the earlier sections. The formulas are in a form which is suitable for 
numerical computation. 

The earth is represented by a homogeneous sphere of radius a and is surrounded by a 
concentric homogeneous sharply-bounded ionosphere of radius c. The source is a vertical 
electric dipole of strength J ds and is located at r=6. The electrical constants of the air space 
are denoted ¢ and u and subscripts g and 7 are added to these when reference is made to the 
ground and the ionosphere, respectively (see fig. 5). 

The fields can be expressed in terms of a Hertz vector which has only a radial component 
U, and thus, for the region acr<a+h, 


7 o 
E,=(1#+53)0U) H,=0 


1 0 


Ej,= Pore (rl ) H,=0 


E,=0 H,=—iew— (12.1) 


where k=(eu)'*w.’ A subscript g and 7 are also added to the field quantities when reference 
is made to the regions r<a and r>c, respectively. Furthermore, k,=(e,u,)'?o and k;= 
(€,u;)'/w are the respective wave numbers for these two regions. 
The Hertz functions satisfy the inhomogeneous wave equation 
>, par rr 7,0(r—b) 6 (8) 
we) V=C8L— 86) (12.2) 


2rr* sin 6 


for a<r<a-+h, where the 6’s are unit impulse functions. The factor 277’ sin 6 is the Jacobian 
of the transformation from rectangular to spherical coordinates. The constant ( is to be 
chosen so that U has the proper singularity at the dipole, that is 















e~ ikR 


—bl FP ieR Ls for R-0 












where R=[r?+b?—2o6r cos 6]'/2, and therefore C= (i/we)I ds. 

The field in the region a<r<a+h is now written as the sum of the two parts U.+U%,, 
where U, has the proper dipole singularity at R=0, and U’, is finite at the point. As U, isa 
solution of the homogeneous wave equation, it can be written in the form 







="FOS a+) (Ah? (br) + Bede (Rr) Py (008 0) anid 
q=0 


-_ 





U 











where 7,(kr) and h, (kr) are spherical Hankel functions of the first and fourth kind, respec- 
tively, and P,(cos 6) is the Legendre function. The summation is over positive integral values 
of g. The corresponding expression for U, is given by 














CO 2 J, (kr) h® (kb); for r<b 
Tae S (2q+1) P, (cos 8) - (12.4) 
4x q=0 h® (kr) j, (kb); for r>6d. 













7 The function U=—iny in terms of scalar function y used previously for the potential. 
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Since there are no singularities other than the source dipole, the Hertz functions U, and U’; are 
solutions of the homogeneous wave equations 


(V?+k?2) (rU,) =0 for 0<rsa (12.5) 
and 
(vV?+k?) (rU ;) =0 for rc. (12.6) 
Noting that U, is to be finite at r=0 the solution must be of the form 


= >> (29+1)P,(cos 6)a,j,(k,r) (12.7) 


U,=— 
. Ar q=0 
where a, is a coefficient which is independent of r and 6. Furthermore, since U;, is to give rise 
to an outgoing wave at r=, the solution is of the form 


ake 
U =e 3} 24+1)Py(cos 6) AP (ko) (12.8) 


where b, is a coefficient. 

The four unknown coefficients A,, B,, a,, and 6,, can be found from the boundary condi- 
tions at r=a and c. These require the continuity of the tangential field components. In 
order to facilitate the solution and to readily permit later generalizations, the (four) boundary 
conditions as stated above can be replaced by two impedance type boundary conditions. For 
the qth terms of the series these read 


Ej =—Z HY at r=a (12.9) 
and 
EOe=Z°HS at r=e (12.10) 
where 
mw 
1 lie er] 
LZ0=— -—_._—__ 
e  tiew = jg (kyr) 
and 
1 ae er] 
Zo°o=——— —_ 


lew rh? (kr) ; 


Replacing kr by z, eqs (9) and (10) may be rewritten 


12 GU)=iZP/mU for =ka (12.11) 
and 
12 @U)=—i(Z MU for r=ke. (12.12) 


Applying these to eq (3) enable A, and B, to be obtained explicitly in terms of known quantities. 
Using these results leads readily to the following exact solution for a<rsb. 
,_ikC 2 (2 (1) Fy yA 
U,=—— >> (2q+ DA? (kb)ho (kr) P7(cos 6) =" (12.13) 
4r q 0 dD, 
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where 








hi (ka) hi Al hi (ke) hi (kb) 
a (q) fea Ng" (er) (q) [a : 
F-[1+Ry TS Gee) GES || +B? Fences EES (12,14) 
ns? (ka) i? (ke) 
b> (ka) h (ke) ~— 
_ln'|ka hy” (ka)|—1Z5?/n 
In’ (ka h (lea) |Z [ny 


_ln' {ke ha? (ke) |i Zi /n, 
In’ [ke hi? (kee) |i Z| 








D,=1—ROR® 





RO= (12.16) 


Rie= (12.17) 


The symbol /n’ denotes logarithmic differentiation, for example 


2 [she (e)] 
In’ [ka A? (ka) | — © dir) 
q 


z=ka. 


(12.18) 


The above result, although rigorous, is not of practical value for vlf propagation calcula- 
tions because of poor convergence of the series solutions. In fact, something of the order of 
2 ka terms are required to achieve 5 percent accuracy. At 15 ke, for example, 2 ka~2,000 
which is a rather large number. An important observation, however, is that terms of order ¢ 
beyond 2 ka contribute little to the series. Thus the spherical Bessel functions j,(k,a) may be 
replaced by the Debye or second-order approximation since |k,a|>> >q in the important range of 
q so long as |k,|>>k (i.e., well conducting ground). Thus 


, > - vis 4 ‘ 
In’ (kaj, (ka)| 7 I-75 . (12.19) 
Similarly, for |k;|>>k 
2 
In’ [k,ah® (ka)|=~—1 1-f v (12.20) 











Since the total field is of the form 





U=> (29+ 1) f(g) P(cos 6) (12.21) 


q=0 






it can be rewritten as a contour integral over q where the integrand has poles when gq takes 


integrand values. Such a representation is 


U=if. RE Ha—Pr-sle0sr—8)] (12.22) 


1+C, COS Gr 





where the contour C;+(C; encloses the real axis as illustrated in figure 9. Noting that the poles 
of the integrand are located at g=1/2, 3/2, 5/2 . . . ete., it can be readily verified by the theorem 
of residues that this integral is equivalent to eq (21). Now, subject to the validity of the second- 
order approximations, for the wave functions of order ka and ka mentioned above, the function 
F(q-%) is an even function of g. This means that the part of the contour C, just above the 
positive real axis can be replaced by C{ which is located just below the negative real axis (see 
fig. 9). The contour C{+(C, is now entirely equivalent to J, a straight line running along just 
below the real axis. Replacing g—% by v the contour representation for U takes the form 













1 
u=—if &F2) sop, feos (r—6)] dv. (12.23) 


Lsinyvr 
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It is to be noted that this manipulation of the contours is only strictly justified when f(q—4) is 
an even function of g. This is well justified when |k,|? and |k,|? are both >>k’. 


| 
| 
| 


; a * * > * > a - 7 = ‘ 
c; Co Figure 9. The contours in the complex q plane. 











The next step in the analysis is to close Z by an infinite semicircle in the negative half- 
plane. The contribution from this part of the contour vanishes as the radius of the semicircle 
approaches infinity because of the exponentially decreasing character of the integrand. The 
value of the integral for U along the contour L is now equal to —277i times the sum of the residues 
of the integrand evaluated at the poles of f(v) located in the lower half-plane of v. It then 
follows that 


U=~it0 papas. 2) 5 (kb)AY (hr) 7 ; P,leos (r—8)] (12.24) 


where D‘? =OD,/%v, All quantities in the summand are to be evaluated at the poles of f(v) 
which are the roots of the equation 
D,=0. 


This equation is precisely the same as the one discussed earlier (7.e., eq (5.5)). At that time 
the relevant spherical wave functions of order ka and ke were simplified by the use of the 
Debye or second order approximation. The Hankel or third order approximation will now be 
employed. It may be written [26] 


(1) r\4 a 
rh? (nye [i- = 3) oT H2}(p) exp [ +i (;: io” p )| )] S2@) (12.25) 
e am “Jas | (12.26) 


1) ; 
S2 (x) -)-*4 r) |? exp (=i7) — | ©Xp | + if” ( 
7 y+} 


and F 2) (p) i is the Hankel function of order 1/3 of argument p given by 


v+3 2 $ - 
pee LS 5 ee A 122 
3 rae | ila 


For Re (v+-3)< <2 or for |p| >>1, the above reduces to 


where 








rth (x)= s® (x) (12.28) 


which is the Debye approximation used in section (5). 
The third order representation for the logarithmic derivative is 


26 ‘ 
. Tilo 


while the corresponding second order approximation, valid for |p|>>1 is simply 
(1) 1)2741 
In’ (xh, (x) |= +i 1-22] (12.30) 
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For convenience in what follows, it is desirable to introduce two new spherical reflection 


coefficients r, and 7; which are connected to R, and FR; in the following manner: 




















iA, 
ln’ than? (ka) py _ Tn’ Tkahs? ay] 
. In’ |kah® (ka)|~ * a Ag 
In’ |kah® (ka) | 
and 
iA; 
pnw ln Uheh$? (ke) p — 
Ini heh? (ee)\ ay 
In’ |keh® (kh 
where 
a= [1-Cia) | 
and 





zB 


{DCT 





(12.31) 


(12.33) 


(12.34) 


These new reflection coefficients may be expressed to a high order of approximation by using 
the Hankel or third-order approximation for the spherical Bessel functions of argument ka 


or ke. Thus 

















s= FS} (pa) 
cite ail "SS (ba) 
ar it Hi73 (pa) 
[1-( (2 Hy 137} (pa) 
and 
ete ee 
mcs } HS (o.) 
ae AR 
“Te 7] © © HS (02) 
where 
=, (ka)? - 3/2 
po . (v+3)? ] 
and 


m 43) & (ke)? 1" 
= +4)? 


. meets F1373(Pa) F173) (pa) R 


To this same approximation 


— H1}34(b2) H183}(0.) 
and 


H}}} (De) E 273(Pe) 


nal Cit 
ea 


?, ~e 14/3 13/3 (bc) F373 (p.) R.. 


When |p,| and |p| >>1 





(12.36) 


(12.37) 


(12.38) 


(12.39) 


(12.40) 


(12.41) 














and 


— (12.42) 





On writing »+3=kaS=kcS’, these latter forms are readily identified as the Fresnel reflection 


coefficients 
N3(1—S?)}— (N2—S?)? 








r= Rk,=— ; , (12.43) 
“*" N3(1—S?)3-+ (NZ—S?)} 
and 

7261 — (,9’)2]3—[ N2— g”)2}3 
roeRoe (S yt [Ni (er. (12.44) 

Ni1—(S’)*#+1Ni—(S’)?} 

Attention is turned specifically to the determination of the roots of the equation 

Dyx8. (12.45) 


This may be written 


(1) (J, (2) (J 
RR, eee heayhe? (ke) _ anim 


h® (ka)h® (ke) (12.46) 





where R, and Ff; are defined by eq (31) and (32) and n may take integral values. Emplying 
the third-order approximations, this may be rewritten, for Re (v+3)<ka 


> A1373(0-) H373( Pa) e7 12(%e~ Va) pt? (Pe Pa) — g—i2mn (12 47) 
* HS} (p.) H23(p.) 


where 








"ka oe <"h 
= | poe Pee (12.48) 
y+ r él 
and 
*ke 7 nee ys! 
| 1—” Fa) * dr (12.49) 
+36 a 
while, for ke >Re (v+ 4) >ka, 
(2) (2) ( vo 
H}3(9¢) H37s(pa) eee! he— g—t24R, (12.50) 





8 TT (p.)H35(0a) 


In the above formulas the (spherical) reflection coefficients r, and 7; are defined by eqs (35) 
and (36). When |p,| and |p,{ >>1 or if Re (v+-3)<<ka, the relevant equation for the modes 
is simply 

rope Ce F el ang (12.51) 


where r, and 7; are defined by eq (41) and (42) which are the Fresnel form of the reflection 
coefficients. Equation (51) is identical to eq (5.10) which was discussed previously. 


13. Influence of Stratification at the Lower Edge of the Ionosphere 


Attention in previous sections has been largely confined to a sharply bounded homogeneous 
ionosphere. In view of the general uncertainty about the electrical properties of the lower 
edge of the ionosphere, a more elaborate model might hardly seem worthwhile. Furthermore, 
despite the geometrical simplicity of the above models, the computation of the modes is very 
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involved in the general case. Despite these disparaging remarks the inhomogeneity of the 
lower ionosphere may be considered in some cases without greatly increasing the complexity. 
Some of these generalizations are discussed here for what they are worth. 

The theoretical treatment given in section (3) for a vertical electric dipole located in the 
air space between a flat ground and a plane interface of a homogeneous ionosphere may be 
easily generalized to a stratified ionosphere. The essential modification is to replace the 
ionosphere reflection coefficient R,(C) by a more elaborate form which is denoted R,(C). For 
example, a two layer ionosphere is chosen. The lower edge is at z=A and from there to 
z=h-+s, the refractive index (assumed constant and isotropic) is N,; at this point the refrac- 
tive index (also assumed constant and isotropic) is N, and remains at this value thereafter. 
It is not at all difficult to show that, for vertical polarization [31], 
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Here it may be observed that if |kNis| << 1 the reflection coefficient becomes 
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whereas if |kN,s| >>1, it becomes 
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These two limiting cases correspond respectively, to the conditions of an electrically thin and 
an electrically thick stratum. In the former case the effective reflection level is at z=h+s 
and in the latter case it is at z=h. 

The formula for 2;(C) may easily be generalized to any number of layers. For example, 
in the case of discrete layers or strata, 0<(z2<h corresponds to the air; h<z<h-+s, corresponds 
to a stratum with index Nj, h+s,;<2z<h+s,+82 corresponds to a stratum with index No, and 
soon. (See fig. 10.) With this generalization, Q, in eq (1), is to be replaced by 
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and so on. Qs, Qs, Q; ... are obtained by cyclic permutation of indices. It should be 
noted, however, for M discrete strata that Q.=1 since effectively sy=o. The resultant 
Hertz vector for the air space 0<(z<h is then formally given by eq (3.13) with the more general 
meaning now attached to the ionosphere reflection coefficient. In the general case, the rigorous 
evaluation of the integrals would be extremely involved. However, using arguments similar 
to those for the homogeneous ionosphere, the field may be approximated as a sum of residues 
evaluated at the poles of the integrand. Thus the contributions from the branch points are 
again neglected since for finitely conducting layers they correspond to heavily damped waves. 
Therefore, the residue series formula given by eq (3.15) is also applicable if the reflection co- 


198 






















Figure 10. Stratified model for ionosphere. 








efficient R,(C,) is replaced by R:(C,). The modal equation now reads 
Ri(Cy)Re(Cr) exp (—22khC,,)=exp (—7227n) (13.7) 


where n takes integral values. 

A numerical treatment and an application for the special case of a two-layer ionosphere 
has been carried out and reported in the literature [21]. There is no intrinsic difficulty in 
extending such calculations to an indefinitely large number of such layers each with infinitesimal 
thickness. For finitely conducting strata such a process converges and leads to an adequate 
representation for a continuous refractive index profile. 

A great simplification to the formulas for a stratified ionosphere is effected if the refractive 
indices for all layers are large. For example, if |N;i|, |No| . . . |Nu| >>1, then 





NiQ2+ N2 tanh (iks,N;) (13.8) 


oe N.+ N,Q» tanh (iks.N;) 


N.Q3+ N3 tanh (iks,No) 
eee (13.9) 
N3+N Ws tanh (iks,No) 
and so on. Thus to this approximation, Q; does not depend on the angle of incidence or the 
factor C. In this case, the modal equation simplifies to 


khC, 2=an+iA/C, (13.10) 
where 
1 WM 
A=W TN, 


Regarding A/C, as a small quantity, this can be solved to give 


sf (22) iss f(T 
Ah 2kh kh, 
where ¢=1, €,=2(n40). This is valid if |Akh| <<1 and |A| <<kh [1—(an/kh)*]. Thus, at 
extremely low frequencies and for highly conducting layers, the propagation factor S,, is 
expressible in a relatively simple form. 

The special case of a two layer ionosphere was considered in some detail in a previous paper 
[21]. Such a model was sufficient to explain the variation of the observed attenuation rate for 
frequencies of the order of 500 éps to 15 ke. 


Exponential Profiles 
At the extremely low frequencies it was seen that for a stratified model of the ionosphere. 
the factor Q does not depend on C or S._ In fact, it is not difficult to show that the surface 
‘mpedance Z at z=h looking outwards is given by 


Z=0Q1/Mi where 21207. 
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From this viewpoint is becomes quite easy to write down expressions for Q, for other profiles. 
For example, if the refractive index varies in an exponential fashion relatively simple formulas 
are obtained. Two cases which could be considered are 


N(z)=1.0 for 0<z<h, 
N(z)==N exp [¥(z—h)/l] for z>h, 


where the (—) sign corresponds to a refractive index decreasing with height and the (+) sign 
corresponds to a refractive index increasing with height. In the above, / is a scale factor; for 
example, at within a distance / above the lower edge of the ionosphere, the refractive index has 
changed from N to N/e or Ne for the two respective cases. 
Within the layers of the ionosphere propagation is vertically upwards and thus a compo- 
nent £ of the electric field satisfies 
oA +HN\e) E=0 for z>h. 


Solutions of this equation for the exponential form of N?(z) are 
E const XIy (ikNle~ @-!*) 


const «Ky (ikNlet (2—A)/1) 


(13.13) 


for the two respective cases, where /, and Ky are modified Bessel functions. The transverse 
component of the magnetic field is then found from Maxwell’s equations, e.g., inwH=0E/dz. 
The surface impedance Z at the lower edge of this model of the ionosphere is then defined by 


Sa... 


For the case when the refractive index decreases with height 





, I, (ikN1) 
Z= Q, with Q=—\ 13.14 
Ny, wie OT GERD ies 
and when the refractive index increases with height, 
0 Ky (ikN)) : 
i= 7 » WwW tl = — 13.1! 
Ne een aN — 


For low frequencies, ikNl~¥i x with z=|N| kl. The arguments of modified Bessel functions 
are thus proportional to yi. Numerical values are shown in the table for certain real values of 
z. In both these cases, it may be observed that as the scale length Z approaches infinity, Z 
becomes 7o/NV as it should. 

~ The simplicity of the above formulas for the exponential profiles is due to the inherent 
assumption that the refractive index N(z) is large compared to unity for z>h. When this 
condition is violated, such as it would be at frequencies above several kilocycles per second, the 
solution is not expressible in closed form, except for horizontal polarization [32] which is really 
only of academic interest at vlf. Nevertheless for calculation of attenuation rates at extremely- 
low-frequencies (less than 1 ke, say), the exponential models find direct application. For ex- 
ample, if Q=1 the homogeneous ionosphere is regained and the attenuation rate (—k Im S,) is 
proportional to w!; on the other hand for an exponential profile with N(z) increasing upwards, 
the attenuation rate increases with frequency more rapidly as suggested by experimental data. 
In fact, it is quite easy to see, for both decreasing and increasing exponential profiles, that 








Attenuation rate for exponential model 5 1Q| sin T sec @) 
Attenuation rate for homogeneous model ‘~ '©' 4 6 
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TABLE 1. Selected numerical values of the factor Q 












Q Io vi 2) Kol vi 2) 
(vit) Ki (yi z) 

r {Q| | arg Q 1Q| arg Q 
0.2 10. 000 —44°43’ 0. 3854 23°58’ 
0.5 | 4. 003 0. 5880 17°16’ 
1.0 2. 026 5i 0. 7344 11°59’ 
1.5 1.417 —29°52’ 0. 8047 9°15’ 
2.0 1. 180 —20°59’ 0.8459 | 7°28" 
2.5 1. 100 —13°44’ 0. 8728 6°20’ 
3.0 1. 083 —9°09’ 0. 8919 5°28’ 
4.0 1. 080 —5°42’ 0. 9169 4°18’ 
5.0 1. 073 — 4°37’ 0. 9325 3°33’ 
6.0 1. 060 —3°49’ 0. 9433 3°02’ 
7.0 1.051 | 0.9511 ro 
8.0 1. 045 0. 9570 2°16’ 
9.0 1. 040 0. 9618 2°06’ 
10.0 1. 035 0. 9654 1°54’ 
0.1 0. 25518 27°22’ 
0.3 | 0. 4719 21°08’ 
0.7 0. 6622 14°38’ 





The right-hand side of the above equation is a function of the quantity z=|N\l~(G,/w)4/ where 
@=¢/€ is the conductivity at the lower edge of the ionosphere and J is the vertical distance jin 
which N changes by a factor 2.718. 


The author thanks Mr. Kenneth Spies for his careful reading of the manuscript and |Mrs. 
Ann Fails for her typing and assistance in preparing the bibliography. 
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During the night of October 22/23, 1958, auroral activity at Rapid City, South Dakota, 


included (a) a visible aurora in the northern part of the sky and; (b) a ‘‘monochromatic’’ 
. ’ 


(6300 A) are through the zenith with an azimuth 12° from east-west (geomagnetic). 
intensity changes of the are were independent of the changes in the visible aurora. 


The 
It moved 


slowly southward during the night corresponding to a linear speed of about 8 meters per 


second if its height is 300 kilometers. 


It is suggested that it is a member of a family of 


monochromatic ares which have until recently escaped detection because their red color 
makes them invisible even though intrinsically intense. 


1. Introduction 


In an earlier paper [1]! we described a ‘‘mono- 
chromatic’? (6300 A) are at Fritz Peak.2 It was 
detached from and apparently independent of a 
visible aurora to the north. 

According to Barbier [2] who has made a systema- 
tie study of 6300 A auroras at Haute Provence, they 
occur during about 10 percent of the time either as a 
general enhancement near the northern (geomag- 
netic) horizon or as ares with maxima in the eastern 
and western parts of the sky. In searching our 
records at both Fritz Peak and Rapid City, we find, 
in agreement with Barbier, that they are not in- 
frequent. In this paper, we describe an aurora at 
Rapid City (longitude 103°18’50’" W; latitude 
44°01’ N; geomagnetic latitude 53° N) on October 
22/23, 1958, which had a well-defined 6300 A are 
near its southern edge. 


2. Observational Material 


During the night of October 22/23, 1958, the 
Rapid City photometer was making systematic sky 
surveys in the three colors—5577, 6300, and 5893 A. 
The surveys were in the form of zenith observations 
plus almucantar sweeps at zenith distances of 80°, 
75°, 70°, 60°, and 40°. The complete cycle for the 
three colors required 15 min. The spectral dis- 
crimination was by means of a birefringent filter [3] 

In! cure 1 (left) is shown an example of a set of the. 
origin | records. One of the striking features is the 
existe ce of sharp maxima or spikes on the 6300 A 
recor s near the east and west points of each of the 
sweeps, which are absent from the 5577 A records.® 
Wher an isophote map is made of all the observations 
_ Radio Propagation Laboratory, National Bureau of Standards, 
— indicate the literature references at the end of this paper. 
paper the word “monochromatic” is used to indicate that the 6300 A 


radiatio. 1s predominant over the 5577 A. 
h ‘Itis. timated that if 5577 A spikes as weak as 100 R were present, they would 
edetec ble, 
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(right side of fig. 1) the spikes are seen to define a 
6300 A are extending across the sky in a general 
east-west direction. For both colors, there is 
activity near the northern horizon which developed 
into a bright aurora during the night. 
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Ficure 1. The original records (left) for 6300 A and 5577 A at 
Rapid City for 1925 and 1930 m.s.t. on the night of October 
22, 1958. 

Isophote maps of the sky (right) based on the original records. In drawing the 


isophote maps a height of 100 km was assumed for 5577 A; of 300 km for 6300 A. 
The unit of intensity is the kilorayleigh. 
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3. Evolution of the 6300 A Arc 


In figure 2 a pair of isophote maps shows a com- 
parison of 5577 and 6300 A over the sky later in 
the night when the visible aurora was well developed 
in the northern part of the sky. The 6300 A arc is 
seen to have maintained its identity and discreteness 
independent of the visible aurora. 


In figure 4 we show the position of the 63)0 A 
are for four different times during the nighi. It 
moves steadily southward, as shown also in figure 5, 
From figure 5 we deduce a mean speed of 8 1:/see 
for an assumed height of 300 km. This conipareg 
with 6 m/sec for the similar are of September 29/30, 
1957, at Fritz Peak [1]; 58 m/see for the 6300 A 
front at Sacramento Peak on February 10/11, 1958 
(Manring and Pettit [4]); and 100 m/see for 5577 
A airglow cells [5]. 








s s 
6300 5577 
2155 MST 2200 MST 


Figure 2. Jsophote maps for 6300 A and 5577 A for 2156 
and 2200 m.s.t. after the development of an aurora over the 
northern part of the sky. 


To illustrate the independence of the arc, we show 
in figure 3 the time variations of 6300 A intensity; 
(a) in the extreme north-northeast for the visible 
aurora and; (b) for the 75° E and W spikes of the 
arc. It is seen that the arc intensity seems unrelated 
to that of the northern aurora going steadily down, 
as the northern aurora goes through strong varia- 
tions, often as much as 10 times the brightness of 





the arc. 
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FiGuRE 3. Comparison of 6300 A time variations in two parts 
of the sky—at 80° zenith distance in the N-NE and the spike 


in the,eastern and western parts of the sky at z=75°. 
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Ficure 4. Movement of the 6300 A are across the sky—as 
observed in the sky (right, h=@) and for an assumed height 
of 300 km (left). F 
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Figure 5. Position of 6300-A are plotted against time for an 
assumed height of 300 km. 
4. Tilt of the Arc 
In figures 1 and 2 we note that the are seeins to 
increase in intensity from the zenith to the horizon 
reminiscent of the so-called van Rhijn effect in the 
night airglow. This effect reverses during the sight, 
however, as seen in figure 6. The reversal cccut 
between 2210 and 2225 m.s.t. Referring to figure ! 
we note that this is the interval during whic’: the 
are crosses the zenith. We thus have the em) irical 
facts that: 
(a) When the arc is north of the zenith, it inc: case & p,,,,, 
in brightness toward the horizon. (b) 
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(b) When the are moves south of the zenith, it 
decreases in brightness toward the horizon. 

Tiiis combination of facts is consistent with the 
assuinption that the arc is inclined to the vertical 
along the magnetic lines of force (fig. 8). When 
the ure is to the north of the zenith, the observer 
tends to look across the arc, which favors a higher 
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Figure 6. Intensity of 6300 A arc along its length as seen by 
the observer on the ground at Rapid City for several times 
during the night of October 22/23, 1958. 
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Figur 7. Changes with time of; (a) zenith intensity of 6300 A, 





(b) , ssition of the 6300 A are, and, (ce) the ratio I75/I,. 


intensity toward the horizon. As the arc moves to 
the south of the zenith, the observer looks more and 
more along the are favoring a larger effective bright- 
ness near the zenith. 


5. Apparent Curvature of the Arc 


Figures 1, 2, and 4 all show that our method of 
plotting results in a curved are which can be ex- 
plained by assuming that the are follows a parallel 
of latitude (neither geographic nor geomagnetic, as 
we shall see in the next section). The amount of 
curvature should, in principle, give a value of the 
effective height of the arc, but very precise obser- 
vations would be required to yield a reliable height 
by this method. A comparison of the observed 
curvature with that expected for assumed heights 
of 100, 200, and 300 km indicates that the he ght is 
at least 300 km. Throughout this paper, we have 
assumed an effective height of 300 km. 


6. Orientation of the Arc 


An inspection of figures 1, 2, and 4 shows clearly 
that the arc is oriented along the west-northwest to 
sast-southeast direction. This is only approximately 
at right angles to magnetic north. Magnetic north 
at Rapid City is about 14° east of geographic north; 
geomagnetic north is 11°.3 east of geographic north. 
We have estimated on working plots the direction 
of the perpendicular to each are and find the 
following: 


22°.9 east of geographic north 
24°.7 and 20°.2. 


Mean of 41 measures. 
Extremes__ 


Thus, the observed are is inclined to magnetic 
parallels by an angle of about 9° and to geomagnetic 
parallels by an angle of about 12° in the sense that 
the western part is north and the eastern part south 
of the parallels. 

It is of interest to note that this behavior is 
similar to that observed for polar auroral arcs. 
For example, Vegard and Krogness [6] and Vegard 
[7] found an inclination of 10° for arctic data from 
the first polar year. Jensen and Currie [8] report a 
mean inclination of 6° for observations made in 
Canada. In both cases the sense of the inclination 
is the same as we have noted in the October 22/23 
are at Rapid City. 


7. Southward Movement 


The hypothesis might be advanced that the 
southward movement of the are during the night is 
due to the rotation of the observer on the earth’s 
surface under a fixed are oriented in a west-north- 
west, east-southeast direction. Calculation shows 
that a small angle of inclination (between 1° and 2°) 
is sufficient to account for the observed movement of 
about 8 m/sec. Since the observed angle is much 
larger (23°), the hypothesis is not supported. 
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FicureE 8. Section (above) and plan (below) views of the arc; (a) to the north of the observer 
and; (b) to his south. 


The shading in the plan view corresponds to the observed zenith intensity dip when the arc is to the north (a) 
and the zenith intensity maximum when the are moves to the south. 


8. Discussion 


The evidence of this paper, of our earlier study 
[1], and of the work of Barbier at Haute Provence 
[2] suggests that there is a family of low latitude 
auroras with the following characteristics: 

(a) The features are “monochromatic” (6300 A 
present; 5577 A absent). This implies that the 
excitation mechanism is sufficient to excite 
1S state (4.2 ev). 

(b) They occur at geomagnetic latitudes as low 
as 48°. The fact that they have not been observed 
overhead at Haute Provence (6=46°) suggests that 
48° is actually the lower limit. 


(c) They occur as ares slightly inclined to the | 


perpendicular to the earth’s magnetic field. 

(d) They may occur concurrently with visible 
auroras but they seem to be independent of the 
visible auroral activity both with regard to geo- 
graphical position and absolute intensity. 

(e) 6300 A ares have been observed in the southern 
hemisphere at Camden, Australia (#=42° S) by 
Duncan [9]. On September 5, 1958, the apex of such 
an arc was 74° to the geomagnetic south. If the 
height is 300 km, the are would be 820 km or 7°.5 to 
the south, placing it at a geomagnetic latitude, ®, 
of 49°.5. 
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the | 
oxygen atom to its 'D state (2.0 ev) but not to the | 





It is possible that 6300 A ares are a general feature 
on the equatorial side of all auroras. If so, they 
would have escaped general detection since the 
visual threshold in the red is probably between 6 
and 10 kilorayleighs. The two arcs already studied 
by us had maximum intensities of 6 to 7 kR and 
were detected only by means of a photometer and 
not visually. The color threshold for 6300 A is 
probably about 30 kR. We can therefore summarize 
the nature of the possible observations of such ares. 


| 
Absolute 

Class | intensity | 
(KR) 


Nature of observation 


1to6 Not visible; detectable only 


with photometers 


| 
6 to 30 | Visible but no color 
>30 | Visible as colored ares 


Most of the historical data on auroral occurrence 
are based on visual observations, so class | ares 
(intensity < 6 kR) which might be expected ‘0 be 
the most frequent are just now being studied with 
monochromatic photometers. 

It is possible that class 2 ares (intensity 6 0 30 
kR) may be included in a compilation by St rmer 
[10]. Many of the features of certain ares des: -ibed 
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by >t6rmer suggest similarities with the are de- 
scriled in this paper. It is not possible to deduce 
wheiher St6érmer’s ares were monochromatic (6300 
A) or even approximately so. His observations are 
concentrated over southern Norway at ®=56°. 

The brighter class 3 ares which appear red (6300 
A) to the eye (intensity > 30 kR) seem to be very 
rare. 
southern Norway between 1911 and 1940. In a 
historical review, he lists nine between 1826 and 


1872 and concludes ‘‘that red ares very rarely occur, | 


and only during years of great solar activity.” 

In our earlier paper [1] we suggested the possibility 
of some relationship between the 6300 A ares and 
the newly discovered radiation belts. The 
discussed in the present paper corresponds to a 
dipole line of force cutting the magnetic equator at 
a distance of 2.8 earth radii from the center of the 
earth, just inside the inner edge of the outer radiation 
belt [12]. 


The authors are especially indebted to J. E. Cruz 
who was in charge of the observations at Rapid City 
during the International Geophysical Year and on the 
particular night under analysis in this paper. 
have profited also by stimulating discussions with 
D. R. Bates, J. W. Chamberlain, and D. M. Hunten 
during a stay at the Yerkes Observatory during 
July-August 1959. The study was supported in 
part by the National Science Foundation during the 
[G.Y. 


the final discussion of the material was completed 


was sponsored by the Air Force Cambridge Research 
Center under Contract AF 19(604)-3044. 





Stérmer [11] records only two such ares over | 


are | 


We | 


The visit to the Yerkes Observatory where | 
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On a modification of Watson’s lemma, F. Ober- 
hettinger, J. Research NBS 63B, No. 1, 15 (1959). 


The method of steepest descents is extended to the case when 
asaddle point and a pole of arbitrary order are involved. An 
application to a problem in diffraction theory is demonstrated. 


Frequency dependence of VHF ionospheric scatter- 
ing, J. C. Blair, NBS Tech. Note 9 (PB151368) 75 
cents. 


First results are given from an improved experimental study 
of frequency dependence of vhf ionospheric scatter trans- 
mission. Continuous recording of transmission loss was 
carried out simultaneously at five frequencies from 30 to 108 
Me, using narrow beam antenna systems, scaled with fre- 
quency for constant gain and pattern. Hourly median values 
of transmission loss were observed to be proportional to 
frequency raised to power n,; n, varied diurnally and season- 
ally, with typical values obtained from 7.3 to 9.9 in March 
1958 and 6.8 to 8.2 in June 1958. (The exponent associated 
with frequency dependence of scattering cross section o is 
n,—2.) Dependence of signal fading rate and amplitude 
distribution on carrier frequency was also observed.  Differ- 
ential effects of absorption and scattering are noted during 
solar flares, depending on frequency. 


Precise time synchronization of widely separated 
cocks, A. H. Morgan, NBS Tech. Note 22 
(PB151381) $1.50. 


The note describes several methods of setting a group of 
widely separated clocks to the same time and keeping them 
in close agreement Particular attention is focused on the 
use Of high-frequency radio waves as a link. Using a sim- 
plified theory of propagation the influence of the variation of 
the heights of the ionospheric F2 layer is discussed. This 
layer is assumed to be perfectly conducting, and all refraction 
effects are neglected. The time delay of the ground wave is 
assumed not to be influenced by earth curvature and finite 
conductivity. 

The note contains a valuable set of curves which plot the 
time delay At as a function of range for various sky-wave 
hops. Ad is described in the note as “the interval between 
successive hops.’? Actually as plotted, Ad is the difference in 
length (expressed in microseconds) between the n hop sky 
wave and the great circle distance measured along the ground. 
Extensive data used for plotting these curves were computed 
by Dr. H. Herbert Howe. 


Design of single frequency filters, F. F. Fulton, Jr., 
NBS Tech. Note 23 (PB151382) 50 cents. 


Efficient procedures are shown for designing filters formed 
by a number of identical resonant circuits loosely coupled 
together, and which are required to accept one narrow band 
of frecueneies and reject another narrow band somewhat 
tmovd in frequency, without any special requirements on 
the sh: pe of the attenuation curve in between these regions. 
The di sign is based on using a large number of sections. 


Radic ~wave propagation 
amo:phere, J. R. Wait, 
(PB1. 1383) $1.00. 


A self. ontained treatment of the theory of radio waves in 
thinh mogeneous atmosphere is given. The refractive index 
Sassu ied to vary with height above the earth in a monotonic 
lishio) Variation according to an exponential law is used 


inhomogeneous 
Tech. Note 24 


in an 
NBS 





for illustration of general principles. For this case, rigorous 
series formulas are developed for the distance to the horizon 
for an elevated point in the atmosphere. 


Communication theory aspects of television band- 
width conservation, W. C. Coombs, NBS Tech. 
Note 25 (PB151384) 50 cents. 


Advances in information theory are noted which indicate 
possibilities for reduced television transmission bandwidth 
and/or improved reliability. A review of television trans- 
mission standards is suggested to include consideration of 
digital transmission of picture-changes information (‘‘differ- 
ence-signal’’ modulation technique). The possibilities are 
suggested in relation to current television frequency alloca- 
tion problems and consideration of assignment of new fre- 
quency bands. In the VHF range reduced bandwidth might 
be achieved, or alternatively, utility of UHF channels might 
be enhanced by improving the transmission reliability. 
Straightforward parametric interchanges of bandwidth and 
signal-to-noise ratio have not been found generally profitable 
toward either of these goals if full conventional video ampli- 
tude information capacity has preserved throughout the 
system. A real advantage is obtained by redistribution, over 
the available bandwidth, of information capacity more 
comparable to the capacity for assimilation by the human 
observer channel. 


Applications of the molecular refractivity in radio 
meteorology, B. R. Bean and R. M. Gallet, J. 
Geophys. Research 64, 1439 (1959). 


Consideration of the molecular refractivity has led to a value 
of the radio refractive index referred to zero altitude or sea 
level that effectively removes the systematic altitude 
dependence of air Censity. The advantages of this new 
parameter are illustrated by two applications. The first 
application, the preparation of climatic charts of the radio 
refractive index, illustrates that this new parameter brings 
climatic differences into sharp relief. The second application 
deals with the vertical variation of airmass properties across 
2 classic warm front and clearly delineates airmass differences, 
thus indicating the utility of this new parameter for synoptic 
studies. 


Flare-associated bursts at 18 Mc/s, C. Warwick and 
J.W. Warwick, Proc. Paris Symp. on Radio Astronomy 
(LAU Symp. No. 9 and URSI Symp. No. 1), July 
30 to Aug. 6, 1958, Edited by R. N. Bracewell, Paper 
No. 37, p. 208 (Stanford Univ. Press, 1959). 


Flare-associated bursts at radio emission at 18 Mc are related 
to major bursts at metric wavelengths, and to both type 
III (fast-drift) and type II (slow-drift) bursts observed with 
sweep-frequency equipment. Intense bursts at 18 Me, 
occurring before maximum of the cosmic noise absorption 
that accompanies the flare, are followed after 2 days by a 
definite rise in level of geomagnetic activity. 


Geomagnetic activity following large solar flares, 
C. S. Warwick and R. T. Hansen, J. Atmospheric 
and Terrest. Phys. 14, 287 (1959). 


Large solar flares, selected according to their optical char- 
acteristics alone, are followed by significant increase in 
geomagnetic activity, excepting the period 1950 to 1954, 
near minimum of solar activity. This result contradicts 
and possibly explains the conclusion of Watson, that geo- 
magnetie disturbance is unrelated to solar flares. 
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System loss in radio propagation, K. A. Norton, 
Letter Proc. IRE 47, 1661 (1959). 


This letter contains in full the recommendation of the 
Consultative Committee on International Radio relative 
to the concepts of transmission loss in radio systems studies. 
This recommendation contains definitions of the terms 
“system loss,’ ‘transmission loss,” ‘‘basic transmission 
loss,” “propagation loss,” “path antenna directivity gain,” 
and ‘path antenna power gain.” 


Factors affecting modulation techniques for VHF 
scatter systems, J. W. Koch, JRE Trans. Commun. 
Systems CS-7, No. 2, 77 (1959). 


An experimental program at approximately 50 Mc has been 
carried out over a 1295-km east-west ionospheric-scatter 
path to determine the communication capacity of the propaga- 
tion medium using ordinary modulation techniques. 


Observations of the ionosphere over the south 
geographic pole, R. W. Knecht, J. Geophys. Research 
64, No. 9, 1243 (1959). 


Monthly median values of penetration frequencies of the 
ionosphere over the south geographic pole have been 
examined. Twenty months of data (June 1957 through 
January 1959) are included in the study of fof2, while fy 
and fof; median values are shown for 6 summer months 
(November and December 1957; January, November, and 
December 1958; January 1959). It is found that F-region 
ionization persists throughout the 6-month winter night. 
Marked diurnal variations are observed in the monthly 
medians fof: even though the usual daily variation in solar 
elevation is absent at this unique location. A small but 
significant diurnal variation is also found in fo/’;. In contrast, 
foE exhibits no regular daily fluctuation, but seems to depend 
to a greater extent on the level of solar activity. 
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A Theory of Radar Scattering by the Moon 


T. B. A. Senior and K. M. Siegel! 


(December 4, 1959) 


A theory is described in which the moon is regarded as a 
A scattered pulse is then composed of a number of individual returns 


radar frequencies, 


each of which is provided by a single scattering area. 


“quasi-smooth”’ scatterer at 


In this manner it is possible to account 


for all the major features of the pulse, and the evidence in favor of the theory is presented. 
From a study of the measured power received at different frequencies, it is shown that the 
scattering area nearest to the earth is the source of a specular return, and it is then possible 


to obtain information about the material of which the area is composed. 


The electromagnetic 


constants are derived and their significance discussed. 


1. Introduction 


Little more than a decade has now elapsed since 
radar contact with the moon was first established. 
The first reported contact was by the U.S. Signal 
Corps in 1946, and this was followed closely by ac- 
counts of similar success in Russia. Since then a 
considerable amount of effort has been expended in 
attempting to determine the scattering properties of 
the moon at radar frequencies. 

The earlier experiments were limited by the equip- 
ment which was available at the time and, in conse- 
quence, many of the conclusions reached were largely 
qualitative. In recent years, however, the use of 





high-power transmitters in combination with an- | 


tennas designed specifically for lunar work has pro- 
vided results the accuracy of which is unquestionable, 
and these have shown that the scattering properties 
of the moon cannot be explained in terms of 
‘rough’? scattering theory. The increased trans- 
mitted power and the improved receiver sensitivity 
iave also permitted the use of shorter pulse lengths, 
and with pulses of only a few microseconds in length 
ithas become practicable to distinguish between the 
returns from different parts of the lunar surface. 
This in turn has lead to an accurate determination of 
the radar distance to the moon, and the suggestion 
ws been made that the distance should be used to 
obtain a more precise value for the earth’s equatorial 
radius. 

In many of these experiments a motivating force 
las been the possibility of employing the moon as 
ilink in a communication system between points on 
the earth. The successful transmission of ew code 
vas first reported by Sulzer et al. [1]? in 1952, and 
subse juently by Trexler [2] who also transmitted 
voice ~=It is now well established that this type of 
link is a practicable proposition and signals can be 
comn unicated without appreciable loss of intelli- 
£ence 


a 
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2. Scattering Theories 


Optical experiments over many decades have given 
a fairly comprehensive picture of the major geo- 
graphical features of the moon, and the general 
impression received is that the moon’s surface is 
highly irregular. It is therefore natural to think 
of it as a rough scatterer, and since the intensity 
of illumination across the disk appears effectively 
constant, the moon has been characterized by 
astronomers as a “rough surface” at optical wave- 
lengths. By this it is implied that the scattering 
properties of the moon can be explained in terms of 
a surface having a statistically uniform roughness 
whose scale is the order of a wavelength. 

When radar reflections were first observed, it 
seemed reasonable to expect that these results could 
also be explained by a rough scattering theory. 


Thus, in discussing the U.S. Signal Corps experi- 
ments, DeWitt and Stodola [3] assumed without 


question that the moon could be treated as rough, 
and their analysis of the shape and intensity of the 
echo pulses was then based on a uniformly illuminated 
(and reflecting) disk. Similarly, in 1951 Kerr and 
Shain [4], using pulses of a millisecond or longer, 
concluded from their returns that “the moon is a 
rough reflector at this frequency (20 Me) and hence 
presumably at all higher frequencies.” The same 
conclusion was also reached by Browne et al. [5] 
in 1956 from a study of the echo at 120 Me with 
30-millisecond (msec) pulses, and it was not until 
shorter pulse lengths came into use that the validity 
of rough scattering theories was seriously questioned. 
It was then found that most of the return at radar 
wavelengths comes from only a small portion of 
the lunar surface, and in a summary paper published 
in 1957 Lovell (6] stated that “recent experiments 
have shown the ‘uniformly bright’ conclusion to be 
erroneous.” 

From an examination of pulse shapes such as 
those obtained by Yaplee et al. [7], the present 
authors felt that a scattering process similar to 
that for a smooth body would explain the dominant 
features of the returns. Thus, in 1958, a scattering 
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theory was proposed [8] in which the starting point 
was the idea of a body which is essentially smooth 
as regards its radar scattering properties, and to 
take into account the existence of several scattering 
areas, the term ‘‘quasi-smooth” was applied to ‘the 
lunar surface. In this paper we shall discuss the 
theory at some length and, in so doing, attempt 
to clarify those steps which, to judge from criticisms 
received, would appear to have caused difficulty. 
The fact that more experimental data has become 
available since the theory was originally propounded 
also enables us to place some of the conclusions on 
a somewhat firmer basis, while amending others. 


3. Fading Phenomena 


In radar returns from the moon, two distinct 
types of fading are apparent. The more rapid fading 
has a period of only a few seconds and was first 
observed by DeWitt and Stodola [3], and later by 
Kerr and Shain [4] who attributed it to the moon’s 
libration. This has since been confirmed by Evans 
et al. [9] from a consideration of the diurnal variation 
in the fading rate. The second type of fading has 
a much longer period (as much as 20 to 30 min) and 
is most clearly seen in results of experiments at the 
lower frequencies. It has been shown by Murray 
and Hargreaves [10] that these fades are consistent 
with the Faraday rotation of the plane of polarization 
produced by the earth’s ionosphere. This explana- 
tion is now well accepted, but in view of the impor- 
tance of the longer period fades in connection with 
the scattering process at the moon’s surface, it is 
necessary to consider them in rather more detail. 


3.1. Faraday Rotation 


When a linearly polarized electromagnetic wave 
passes through an ionized medium in the presence 
of a magnetic field its plane of polarization is rotated. 
For a linearly polarized signal which is directed 
towards the moon, the polarization is first rotated 
on passage through the ionosphere and then, after 
reflection at the moon with an appropriate phase 
change, the polarization is again rotated on returning 
through the ionosphere. As the ionosphere changes, 
so will the rotation, and this in turn will produce a 
variation in the level of the signal received with an 
antenna of fixed linear polarization. Given a suffi- 
cient period of observation, the signal will pass 
through a maximum and this will occur at the same 
instant of time as would a minimum in an antenna 
of orthogonal polarization. In the extreme circum- 
stance in which no depolarization took place at 
the moon’s surface, this minimum would be a true 
zero and then, in theory at least, all the returned 
energy would be received by the first antenna. 

The time between successive Maximums or mini- 
mums is the Faraday rotation period and has been 
measured by many experimenters. Apart 
some ambiguities it leads directly to a value for the 
integrated electron density along the propagation 
path and has been used for this purpose by, for 
example, Browne et al. [5]. 





from | 


218 








3.2. Fading Minimums 


The above facts are relevant to the analysis of ‘ata 


such as that obtained by Blevis and Chapman (11), 
Using a ew system operating at a frequency of 488 Me, 
the signals scattered back by the moon were received 


with two orthogonally polarized antennas, and 
samples of their data are displayed * in figure 1. It wil] 


be observed that when one polarization is at a maxi- 
mum, the orthogonal polarization is at a minimum, 
and we have seen that this is a natural consequence 
of the Faraday rotation. More remarkable, how- 
ever, is the ratio of the maximum to minimum signal 
levels, which is found to be approximately 
16 db [12]. <A ratio as large as this is not 
compatible with scattering from a rough surface. 
Any rough surface serves to depolarize the incident 
field, and for a surface on which bumps are placed 
whose magnitude is of order one-half wavelength, 
the depolarization effect will be almost complete; the 
returns received with two orthogonally polarized 
antennas will then differ by only a few decibels 
independently of the polarization of the transmitted 
field. In view of the large ratio found in the case of 
the moon, it can now be concluded that as regards 
the major sources of the scattered energy, the scat- 
tering is akin to that from a smooth surface; and in 
particular, the surface cannot possess a large number 
of (contributing) irregularities whose magnitude is 
comparable with the wavelength. 

Although these conclusions have been reached by 
a study of the returns in two orthogonally polarized 
antennas, the same argument can be applied to the 
signal received on one linear polarization alone. If 
the maximum signal level is compared with the mini- 
mum (received at a later time), and if the interval of 
time is the Faraday rotation period, the ratio is again 
a measure of the roughness. In this respect at least, 
the ionosphere has a desirable effect in enabling us 
to dispense with one of the receiving antennas. 


3.3. An Experiment 


To emphasize the argument outlined above, an 
experiment was carried out in the laboratory using 
a sphere possessing bumps. The diameter of the 
sphere was 10A and the size of the bumps was of the 
order of \. A picture of the sphere is shown m 
figure 2 and some of the results are given in figure 3. 
These can be summarized as follows: 


Relative scattering cross section in decibels 


Oovv OVH 
Smooth sphere - - - a, | - 30 
‘“‘Perturbed”’ sphere 7 13 


The cross sections for the perturbed sphere were 
averaged over 60° in aspect. 


3 The authors thank Dr. John Chapman of the Communications Labor: Ys 
Defence Research Telecommunications Establishment, for allowing figu °s ] 
and 4 to be copied from presently unpublished data of Blevis and himself. 


Note ADDED IN PRrooF: Since this paper was written the authors have lea ned 
that Chapman and Blevis have submitted for publication in this journal a p per 
containing the data. 
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s seen that for a sphere without any bumps, 
rect return (transmitter and receiver polariza- 
ihe same) exceeds the cross-polarized return by 
; whereas when the bumps are present, the 
polarized return is increased by 17 db, and the 
return decreased by 7 db, so that when aver- 
‘ver a range of 60° in aspect, the difference be- 
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Sphere with bumps. 
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Faraday rotation record, September 15, 1959. 
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tween the polarizations is no more than 6 db. The 
measured difference decreases with decreasing size of 
bumps until the bumps become small compared with 
the wavelength. Accordingly, if the moon were a 
sphere covered with wavelength bumps, the ratio of 
the maximum and minimum signals in the Faraday 
rotation period would not exceed (about) 6 db. 
This is in marked contrast to the ratio which is 
actually observed. 


3.4. Double Fades 


The question of double fades is not directly con- 
nected with the development of our theory, but it 
may be of interest to discuss the matter here. 

At the XIIth General Assembly of URSI at 
Boulder, Colorado (September 1957), Chapman 
pointed out that in his moon returns he sometimes 
obtained minimums occurring simultaneously in two 
orthogonally polarized receiving antennas. These 
phenomena were termed ‘‘double fades’”’ and can be 
observed in the sample records shown in figure 4. 
They were discussed in some detail at the Assembly, 
and both there and in later meetings were felt to 
violate the conservation of energy. This, however, 
is not so, and indeed double fades can be reproduced 
in the laboratory. 

To explain the origin of these fades, we first 
employ a statement of the conservation of energy. 
For a fixed aspect of target, for a given transmitter 
polarization a, and for all receiver polarizations £, 
the equation 


o(a,8)-+¢0 (2,8-+5 )=constant (1) 


holds, where o(z,y) is the scattering cross section 
when the transmitting antenna is polarized in the 
direction x and the receiving antenna is polarized in 
the direction y. Equation (1) is a direct conse- 
quence of conservation of energy and is an identity 
for all B (see app.). It should be noted that as a 
function of aspect (which can be varied by rotating 
the body with the transmitting and receiving 
antennas fixed), this says nothing about whether 
two minimums can or cannot occur simultaneously 
in two orthogonally polarized receivers. Indeed, it 
is to be expected that for a nonsymmetrical body 
there will be a particular aspect such that the total 





backscattered energy is a minimum, and the cons! ant 
in eq (1) is then a function of aspect. If at this 
minimum aspect we invoke the theorem represerited 
by eq (1), we merely find that the total power 
received by two orthogonal antennas is independent 
of their polarization. Both o(a,8) and o(a,8+ (7/2)) 
will then be small for any chosen polarization 8B, and 
both may well be smaller than they are for neigh- 
boring target aspects. In this way a double fade 
could occur. It in no way violates eq (1), nor the 
conservation of energy, and is not an unreasonable 
thing to occur with a target of asymmetrical shape, 


4. Pulse Considerations 
4.1. Short Pulses 


Further evidence in favor of a quasi-smooth moon 
theory is provided by the shape of short pulse 
returns. When the transmitted pulse is only a few 
microseconds in length, the return appears to be 
dominated by a small number of spikes. The onset 
of the return is relatively sharp and the time of its 
occurrence is consistent with reflection from that 
portion of the moon which is nearest to the earth [13]. 
In many cases at least the spike which is associated 
with the leading edge of the pulse represents the peak 
power return. 

In a series of experiments using 2-ysec pulses, 
Yaplee et al. [7] found that each of these spikes had 
a width of from 2 to 4 usec and were separated in 
time by 2 to 4 usec. The close agreement between 
the width of the spikes and the transmitted pulse 
length suggests that the source of each spike is a 
single scattering area. If this is so, the spikes should 
possess a high pulse-to-pulse correlation and a narrow 
power spectrum. These have been determined by 
Yaplee et al. [14], and by measuring the amplitude 
of the return as a function of distance from the 
leading edge it has been shown that all the first few 
spikes have a high correlation. The correlation 
decreases with increasing distance from the leading 
edge and, ultimately, the amplitudes assume a 
random distribution. As a further check the power 
spectra were also obtained and, as to be expected, 
were relatively narrow for the first few spikes. 


‘Since this explanation was proposed we have learned that Dr. Chapman 
has been thinking along similar lines. 
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Lunar signals in two orthogonally polarized receivers, August 21, 1957. 
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(The gains in the two channels have been adjusted to provide signals of comparable magnitude). 
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The above results cannot be explained by a rough 
scattcring theory, nor by one in which many scatter- 
ing areas contribute towards every individual spike. 
On the other hand, a theory in which each leading 
spike is produced by a single scattering area is 
entirely in accordance with all the available data. 
The picture which now emerges has a small number 
of scattering areas distributed over the moon and 
these alone are responsible for the major features of 
the return. The fact that the pulse-to-pulse correla- 
tion decreases with increasing distance from the lead- 
ing edge of the return is then a natural consequence 
of the increasing area of illumination with depth on 
the moon, and hence, of the increased probability of 
two scattering areas contributing simultaneously. 

If the scattering areas were distributed over the 
entire moon’s surface, the return from even a short 
pulse could persist for as much as 11.6 msec, with the 
last contribution coming from the areas on the limbs. 
In the early moon experiments the long pulse lengths 
and the low transmitted powers made difficult an 
estimate of the amount of elongation, but Kerr and 
Shain [4] reported an observed elongation with even 
millisecond pulses. In recent years, however, the use 
of microsecond pulses has made the actual elongation 
apparent, and it is now accepted that the bulk of the 
return is produced by only a small portion of the 
moon. Thus, Trexler [2] has observed that 59 per- 
cent of the power comes from the first 5 miles of 
depth or a circle only 105 miles in radius. This is 
almost exactly one tenth the radius of the moon. 
The most distant echoes seen were only 100 miles 
back. Similarly, Lovell [6] states that the main 
scattering takes place within an area whose radius is 
about one third that of the moon. 

It follows that the scattering areas are not uni- 
formly distributed over the moon’s surface but are 
concentrated near to the center. The return from 
portions of the moon far from its center is relatively 
small and, for example, at times subsequent to the 
onset of the return corresponding to reflection from 
the limbs, the signal (in the rare cases when it has 
been seen) is down by 30 to 35 db from that produced 
by the main scattering areas. In fact, it is only with 
radars such as those at Millstone Hill and Jodrell 
Bank that the dynamic range has been sufficient for 
the limb return to be detected. 








4.2. Long Pulses 


If the length of the transmitted pulse is increased, 
the character of the return is changed. Instead of a 
lew major spikes superimposed upon a rough but 


decreas 
sive br 
scatter 
length 


ng background, there now exists a progres- 
ldup in the return. Given the existence of 
ig areas it is to be expected that as the pulse 
nereases the maximum level of the return 
will aly » increase due to the simultaneous illumina- 
tion of more and more areas. On the other hand, 
becaus: of the concentration of these areas near the 
center >of the moon, the increase cannot continue 
indefin ‘ely, and ultimately a pulse length is reached 
at whi : the power return is the same as that ob- 
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tained with ew. This behavior is indeed found. 
With a long transmitted pulse the leading edge of the 
return is still sharp and again corresponds to scatter- 
ing from that portion of the moon which is nearest 
to the earth, but while this area is still being illumi- 
nated the return from the next scattering area comes 
in and interferes with the first. As time progresses 
more returns appear, and these will interfere to pro- 
duce a variety of peaks which are superimposed upon 
an increasing background level. This will continue 
for a time equal to the transmitted pulse length, 
or until the ew return has been achieved, whichever is 
the sooner. With increase of time beyond the trans- 
mitted pulse length, the level of the return decreases 
and disappears into noise after (about) 200 usec. In 
a return of this type all the peaks other than the first 
must be attributed to interference. 

As stated above, an increase in the pulse length is 
usually accompanied by an increase in the peak 
power return. Conversely, a decrease in the pulse 
length is generally reflected by a decrease in the re- 
turn, and this leads to the concept of modulation 
loss. The modulation loss was first introduced by 
Trexler [2] and is essentially a measure of the reduc- 
tion in the peak power return when using finite pulse 
lengths, as compared with the level of the ew return. 
Based upon many experiments at different fre- 
quencies using a variety of pulse lengths, Trexler has 
determined values for the loss. These have been 
communicated by Youmans [15] and show a modu- 
lation loss that increases from 1 db for a pulse length 
of 200 usec, through 8.5 db at 30 usec, and 17 db at 
10 usec, to 22+2 db at 2 usec. The number of points 
is not enough to describe the precise variation at 
small pulse lengths, but it would appear that the loss 
is effectively constant for pulse lengths less than ap- 
proximately 5 usec. With pulses of this duration, the 
contribution from the first scattering area is isolated 
from the rest. In contrast, pulses of 300 usec are 
sufficient to realize the peak ew return. 


4.3. Scattering Areas 


In order to estimate the number of major scattering 
areas two different methods are available. The first 
of these consists of merely counting the larger peaks 
in ashort pulse return. With this approach the num- 
ber obtained lies somewhere between 20 and 30, but 
inaccuracies do arise because of interference between 
signals from scattering areas in the same annular 
regions of the moon. In other words, a one-to-one 
correspondence between peaks and scattering areas 
may not exist for all portions of a returned pulse. 

The second method is based upon the modulation 
loss and involves a detailed examination of the power 
levels used. To begin with we remark that the 
measured values for the modulation loss were found 
by restricting the times of observation to ones at 
which an appreciable signal is received. Such a 
statement has many ramifications and not only im- 
plies good propagation conditions, but a straight 
average over time. Thus, the ew level which is em- 
ployed as a reference is an average over time for those 








































periods at which a large return appears. This level 
exceeds the one corresponding to random excitation 
of the various scattering areas. 

As regards the pulse returns, the power level used 
is the average over pulses of the maximum for each. 
With very short pulses (2 to 5 usec, say), this average 
is merely the return from the first scattering area. 
As the pulse length increases more areas are illumi- 
nated, but with short pulses at least the average peak 
level is almost that appropriate to in-phase addition 
of the individual returns. Naturally, the amount by 
which it falls below the in-phase level increases with 
increasing pulse length, but because the scattering 
areas are not large in number, this difference never 
becomes more than (about) 7 db. In consequence, 
the average peak level remains considerably above 
the level corresponding to random excitation. The 
figure 7 db was obtained from results at 201 and 915 
Me using millisecond pulses [16] and represents the 
difference between the largest signal observed and the 
mean level in the sense described above. It is natural 
to imagine that this large return occurred when the 
individual signals were precisely in-phase, and the 
assumption that this was so provides an estimate for 
the number of major scattering areas. For this pur- 
pose we assume that each scattering area gives rise 
to a signal of the same magnitude and, in addition, 
that the peak return from a 2-usec pulse comes from 
a single area. All the areas together then produce a 
peak (or in-phase) return which is 22+7=29 db 
larger than that from one, indicating that there are 
28 areas in toto. The result is in good agreement 
with that obtained by direct counting of spikes, and 
this is in spite of the inaccuracies inherent in both 
methods. A more detailed discussion of the subject is 
out of place here, but the above arguments are the 
basis for our present belief that the number of major 
scattering areas is between 20 and 30. 

No statement has yet been made about the physi- 
cal nature of the scattering areas. Although much 
work remains to be done in this connection, some 
information can be obtained by an extension of the 
above analysis. If the modulation loss curve is 
modified in such a way as to give results appropriate 
to in-phase addition, it is possible to estimate the 
variation in the total number of scattering areas in 
an annular region for which the slope of the mean 
lunar surface changes by a fixed amount (for ex- 
ample, 1°) from the tangent plane at the nose. It is 
found that the number of areas per degree of slope 
decreases uniformly with increase of slope beyond 
about 2°. This occurs in spite of the increasing 
area of these regions and suggests that whereas the 
specular areas nearest the center of the moon are 
portions of spherical surfaces, the areas further back 
are possibly craterlike. As the depth increases the 
decreasing probability of finding surfaces suitably 
alined is the reason why the level of a short pulse 
return falls below its peak by 30 or more decibels 
after 600 usec (approx) from the onset of the return. 
In effect, therefore, all the scattering areas are 
located within 300 ysec of the center of the moon, 
corresponding to a depth of 30 miles. 
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4.4. Pulse Elongation 


A direct consequence of the existence of :nany 
scattering areas is the elongation of any pulse re. 
turned from the moon. We have seen that this can 
be as much as 600 usec and, indeed, if a short. pulse 
return is examined, the general impression received 
is of a few major spikes superimposed on a rough 
but decreasing background. This background will 
be called a “tail” and its general features are the 
same for pulses of any length. The peaks have 
already been discussed in some detail, and we shall 
now consider possible mechanisms which could pro- 
duce other pulse distortion and, in particular, gener- 
ate a tail. 

It is first remarked that for a smooth sphere of 
radius a the return from an incident pulse has a tail 
which is a function of both the pulse length and the 
wavelength. If, for example, the pulse length is of 
order a and, in addition, 27a/\ has a value near to 
unity, the analysis given in [19] shows that a tail 
will persist with appreciable amplitude for 2 con- 
siderable length of time. For a body which has 
many scattering areas it is to be expected that the 
relevant dimension is the size of the scattering areas, 
and if this is now comparable with the wavelength, 
each individual return may well possess a tail. The 
precise amount of tail will depend upon the type of 
scattering object, but since the dimensions of the 
major scattering areas on the surface of the moon 
are almost certainly measured in tens (or hundreds) 
of wave-lengths, this effect is unlikely to be significant. 

In practice, there are many other effects which are 
almost certainly more important. Any roughness of 
the lunar surface will produce a residual signal and, 
in addition, pulse degradation will be caused by 
differential action on the frequency components by 
the propagation medium (for example, the Faraday 
rotation is frequency dependent). Finally, there 1s 
the limited receiver bandwidth to be considered. 
In most of the experiments the bandwidth has been 
less than the optimum for the pulse length, and, 
mathematicelly at least, this could be the source of 
a large amount of the tail. Taking, for example, 
the experiments carried out by Yaplee et al. [7] using 
2 usec pulses, a straightforward calculation shows 
that the bandwidth of 350 ke could generate a tail 
which only decays to 6 percent of the peak after 
16.7 ywsec. Under these circumstances, a detailed 
discussion of the tail contributions is somewhat 
academic. 





5. The Measured Power Return 


In the last few years many measurements have 
been made of the transmission loss in radar scattering 
by the moon, and from these results the scattering 
cross section can be obtained. The quantity o! data 
is now increasing rapidly, and the results which are 
available at this time are listed in table 1. The cross 
sections are there expressed as fractions of 7a’ with 
a=1.74X10° m. It will be recognized that +a’ 3 
the cross section of a perfectly conducting s) here 
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TABLE 1 
: | 
Wavelength | o/xa? Probable error 
| (where known) 
ass |% aaa aaa oe aa 
| n db 
(i) 0.10 4X10-4 
(ii) 14 3X10-4 +4 or 5 
(iii) | 28 9X10-2 | +3 
(iv) .61 3X10-2 +3 
(v) .73 7X10 | 43 
(vi) 75 | 1X10-1 | +3 
(vii) 1.00 (5~9) X10-2 | +4 
(viii) 1.49 7X102 | 39-43 
(ix) 1. 50 | (6~10)X10-2 | +4 
(x) 1.99 | 5X10-2 | 
(xi) 2.5 | 1X10" | 43 
(xii) 3.0 | 1X10-1 | eS 





whose radius is that of the moon. In interpreting 
the data an essential factor is the pulse length. 
Whereas the measurements at 3,000 Me were carried 
out with pulse lengths of 5 and 2 usec, all the others 
were based on an analysis of ew (or very long pulse) 
returns, and this accounts for the significantly lower 
values in (i) and (ii). 

Of the above values of o, the first was obtained 
by Hey and Hughes [17] of the Royal Radar Estab- 
lishment at a frequency of 3,000 Me using 5-ysec 
pulses. ‘The second is due to Yaplee et al. [7] of the 
U.S. Naval Research Laboratory, and is for 2,860 
Me with 2-usee pulses. The third and eighth were 
found by Aarons et al. [16] of the Air Force Cam- 
bridge Research Center using millisecond pulses at 
frequencies of 915 and 201 Me, respectively. The 
fourth measurement® was made by Blevis and 
Chapman [11] of the Defence Research Telecom- 
munications Establishment at a frequency of 488 
Me using a ew system, and the fifth is also a cw 
result obtained by Fricker et al. [18] of Lincoln 
Laboratory with a frequency of 413 Me. 

The sixth and twelfth values were found by 
Leadabrand [19] of the Stanford Research Institute 
using millisecond pulses at frequencies of 400 and 
100 Mc, respectively. 
[2] of the U.S. Naval Research Laboratory and has 
been deduced from his statement that the ew trans- 
mission loss is 258 db when calculated on the basis 
of isotropic transmitting and receiving antennas. 
The two values given for o in (vii) and (ix) are for 
4’ moon at perigee and apogee, respectively. The 





The seventh is due to Trexler | 


ninth result is the average obtained from many | 
cw measurements made at or near a frequency of | 


200 Me, and has been stated by Trexler [2] as a 
transmission loss of 254 db. 
ment was made by Webb [20] of the University of 
Illinois at a frequency of 151 Me using a ew system. 
The eleventh result was obtained by Evans [21] of 
Jodrel| Bank with a pulse length of 30 msec at a 


The tenth measure- | 


frequercy of 120 Me, and is a refinement of that | 


origin: lly measured by Browne et al. [5]. 
In :ddition to the above there is a “summary 


Measurement”? which indicates the general depend- 
ence « the cross section on wavelength. From a 
review of the data available to him, Trexler [2 

—_—_—_— — 

‘NOTE \DDED IN PRooF: We have been informed by Dr. Chapman that a 
More det led study of their data has increased their value for the cross section 
ofthe m nto 5X10-2 wa2. This has the effect of making still better the agree- 
Ment b¢ en theory and experiment (see fig. 5). 


states that for frequencies between 20 and 3,000 
Me the average ew transmission loss increases at a 
rate of 6 db per octave, passing through the value 
258 db at 300 Me. Reference to the radar equation 
shows that this implies a cross section which is 
wavelength independent. 

A meaningful comparison of all the available data 
can only be carried out if the cross sections can be 
reduced to those which are appropriate to a com- 
mon pulse length. It will be observed that most of 
the values for o were obtained from either ew or 
long pulse experiments, and as such they represent 
the power contributed by many scattering areas. 
To discuss the properties of a single scattering area, 
it is necessary to know the power associated with 
one area alone, and this is only the peak return in 
the case of very short pulses. It would clearly be 
desirable to confine the analysis to data which was 
actually obtained with pulses of this length, but 
since the number of these experiments is still very 
small, we are forced to make use of all available 
data. To do this, “correction factors’ are applied 
to the scattering cross sections to reduce them to 
the values for microsecond pulses. Using Trexler’s 
figure for the modulation loss associated with a 
pulse of duration 5 usec or less, the modified data 
is then as follows: 


Gi) A=0.10 m, o=4X10-! xa? 
(ii) A= 14m, o=38X10- za? 
(iii) A= .238m, o=5.410~ xa? 
(iv) A= 61m, o=1.9X10- ra? 
(vy) A= .73m, o=4.3X10-! ra? 
(vi) A= .75m, o=6.3X10-! xa? 

(vii) A=1.00m, o=4.7X 10-4 ra? 
(viii) A=149m, o=4.210- za? 
(ix) A=1.50m, o=5.38X10- za? 

(x) A=199m, o=3.0X10-! za? 
(xi) A=2.5 m, o=6.3X 10 xa? 
(xii) A=3.0 m, o=6.3X10-! ra? 


These results are interpreted as the scattering 
cross section of the first scattering area, and are 
plotted in figure 5. Unfortunately it is difficult to 
estimate their accuracy. Even with the original 
data the probable error is not always known, but 
where it is it has been noted in table 1. It is seen 
that a typical error is +3 db. In addition to these 
inaccuracies there are those which are inherent in 
trying to deduce the results of a short pulse experi- 
ment from a long pulse or cw measurement. In the 
absence of more definite information, we have there- 
fore associated an uncertainty of +3 db with all the 
modified data, and have denoted these limits by 
arrows in figure 5. It would seem likely that this is 
an underestimate, but nevertheless the consistency 
of the results gives added faith in both the original 
data and in Trexler’s measurement of the modula- 
tion loss. 


6. Theoretical Considerations 


To obtain a theoretical expression for the cross 
section of the first scattering area, it is necessary to 
know the physical shape of the scatterer and also 
the material of which it is composed. In the original 
exposition of the quasi-smooth moon theory [8], it was 
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Figure 5. Comparison between theory and experiment. 


assumed that the return from this area is a specular 
contribution, but the suggestion has been made that 
facets, or even conelike projections, should also be 
considered as sources of return. To allow for this 
possibility, a formula for the cross section will now 
be derived of sufficient generality to embrace sev- 
eral tvpes of scatterer. 


6.1. Basic Formulas 


Let us consider first a perfectly conducting body 
of arbitrary convex shape on which a plane wave is 
incident. It will be assumed that the receiver is in 
the far field of the body regarded as a scatterer. 

Since the body is perfectly conducting, the reflec- 
tion coefficient is unity, and the leading term in the 
asymptotic expansion of the cross section for small 
wavelengths is given by geometrical optics. If the 
body has no corners or facets perpendicular to 
Poynting’s vector, the geometrical optics cross sec- 
tion is wavelength independent and is simply 


o=T PR, Rs, (2) 


where /?; and 7, are the principal radii of curvature 
of the specular region. For backscattering, the 
center of the specular region is that point on the 
body which is nearest to the receiver. In the partic- 
ular case in which 2} =R:=a, eq (2) reduces to 

o= 7a’, (3) 
which will be recognized as the cross section of a 
perfectly conducting sphere of radius a. 

If the body is not smooth and convex, but is still 
perfectly conducting, other portions may contribute 
towards the scattering cross section, and while small 
scale irregularities will not. be considered, any large 








scale perturbation must be taken into account. Fall. 
ing into this category is a corner reflector or large 
flat area, the cross section of which is 


A 


= (4) 


o 


where A is proportional to the square of the area, 
For positions of the receiver in the direction of peak 
return, A is essentially wavelength independent. 
The equivalent structure on the surface of the moon 
could be a smooth mountain face taken either by 
itself (to give a flat area) or in combination with the 
level lunar surface (to produce a corner reflector), 
Because of the narrow beamwidth, it seems unlikely 
that such a scatterer could provide a. significant 
contribution to the actual moon’s return over any 
range of aspects, but in the interests of generality the 
possibility will not be excluded. 

A second type of structure is a conelike projection 
of small included angle (the lunar equivalent might 
be a mountain peak), and the cross section of this is 

c=UK, (5) 
where C is independent of the wavelength. If both 
types of, scatterer are present on the body, the total 
cross section can be written in the form 


o=Gt B+ A. 


(6) 
with A, B, C>0. In this expression, B represents 
the geometrical optics cross section of the unper- 
turbed body. 

It will be appreciated that in writing down eq (6) 
we have neglected interference between the indi- 
vidual scatterers. In its application to the moon, the 


_ equation is only required in the analysis of the lead- 


ing part of the pulse, and to contribute towards this 
part all the relevant scatterers must lie in the same 
general area. The interference which then exists will 
show up as a fluctuation in the power level of indi- 
vidual pulses as a function of aspect. Since no flue- 
tuation appears which can be attributed to this effect, 
it seems likely that one type of scatterer and, more- 
over, only one scatterer of that type, is responsible for 
the major contribution towards the leading part of the 
pulse. Accordingly, if the cross section in eq (6 
is compared with the experimental data, we should 
expect to find that one of A, B, and C dominates 
the other two. 

Unfortunately, eq (6) is not immediately appli- 
cable to the analysis of the data. In the first place, 
the moon is not perfectly conducting nor is it likely 
to be homogeneous. In addition, many of the ex 


| periments have been carried out using beamw idths 


which do not always illuminate the whole moor an¢, 
finally, there is the near-zone effect. As pointe:t out 
in reference [8] the distance between the eart! and 
the moon is substantially less than 47a?/A, where @18 
the moon’s radius, so that any receiver on the «arth 
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will necessarily be within the near zone of the moon 
regarded as a scatterer. The effect, if any, of these 
cond tions upon the scattering cross section will now 
be considered. 


6.2. Near-Zone Effect 


After it was appreciated that the earth is in the 
near zone of the moon at all frequencies which will 
penetrate the ionosphere, Dr. V. H. Weston of this 
laboratory obtained the leading term in the small 
wavelength expansion for the cross section of a 
perfectly conducting sphere with transmitter and 
receiver located arbitrarily. 

Taking the transmitter to be a point source at a 
distance 7; from the nearest point on the surface of 
the sphere and the receiver at a distance 72 from the 
same point and in the same direction, Weston’s 
analysis [22] vields a cross section 


r= 4e(—— 7+) , 
AM +72) +2779 

where a is the radius of the sphere. There are now 

two distinct cases that can be treated. If the trans- 

mitter and the receiver are at the same position so 

that 7, =re(=r, say), eq (7) becomes 


ar \? 
o=e{——).- (8) 
a+r 


e=er, 


When a>>r, 


which is therefore the cross section of a sphere for a 
transmitter and receiver near to the surface and also 
the cross section of an infinite flat plate for a trans- 
mitter and receiver anywhere, and when a <r, eq 
(8) gives 

o= 7a’. 


A second set of results can be deduced from eq (7) 


when the incident field is a plane wave. By taking 
the limit of (7) as r;—>© (it is sufficient that 7;>> 


a, 7), we have 
9 
Ars a r 
o tn ( = ) (9) 
at+2ry 


o=4n73, 


and for a> >r, 


which differs by a factor 4 from the corresponding 
result for spherical wave illumination. Of course, 
when », >> a, eq (9) reduces to 


o=70" 


agreement with eq (3). 
The abov lysis shows that for ew illuminati 
 abOVe analysis shows that for cw illumination 
the le: ling term in the expansion for the cross section 
ofa s) here is xa? for both plane and spherical waves, 
and i independent of the position of the receiver 
provi: ng its distance from the sphere is large com- 


pared with the radius. In reference [22] it is also | 
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shown that the same formula gives the scattering 
cross section which would be obtained with pulses of 
any length. 

These results have an obvious interpretation in 
terms of the cross section of the specular area, and in 
order to realize the full cross section it is only neces- 
sary for the incident field to cover this particular 
area. In consequence, the beam width can be appre- 
ciably less than the angle subtended by the sphere 
without affecting the peak return. Moreover, be- 
cause the moon’s return is given by a finite number of 
scattering areas, we need only illuminate these to 
obtain the total power return, and since the areas are 
confined to a region about 500 miles in extent, a 
beamwidth of approximately 8 min of are should be 
sufficient to realize all the available power. 


6.3. Reflection Coefficient 


The formulas which have been obtained so far only 
apply to perfectly conducting bodies, and we shall 
now consider the effect of taking into account the 
material constants of the body. 

For a body which is not perfectly conducting but is 
composed of a homogeneous isotropic material, the 
leading term in the small wavelength expansion 
differs from the optics cross section by a factor which 
depends upon the electromagnetic constants of the 
surface and is, in fact, the power reflection coefficient 
R\?. In the case of backscattering from a flat plate 
or specular area, the maximum return occurs at nor- 
mal incidence, and since the dimensions of the seat- 
terer are large compared with the wavelength, the 
reflection coefficient is the same as for an infinite slab 
of the material. 

If a plane electromagnetic wave is incident nor- 
mally on such a slab, 


mu “ ) 


R= = 2 (10) 
Pe Be 
ty M ag om 


(see, for example, reference [23]), where ¢, u, and s are 
the permittivity, permeability, and conductivity, re- 
spectively, of the material. The subscript ‘‘o”’ de- 
notes the same quantities for free space and w is the 
frequency. Rationalized mks units are employed 
with a time dependence exp(—iet). 

If the material is primarily dielectric in behavior 
at the relevant frequencies (as seems probable for 
the moon), then 


S< <we 
and 
R 1—b—7h’ 
ae os 
where 
| Seas yes 
/ € s EH 
b=4/e* and 6’ =-— cS, 
ae V ne, 2we V pe 
giving 
iP PO | eee. ds x lll 
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In the denominator the second term is certainly small 
compared with the first, and hence 


peal inbV (bY. 
ee is5) Hic 


Since w=27c/d, this equation can be written as 


| R)?a-d+ rd’ (11) 
with 
1—b\? 
and 
ae as Te . 
ions 1+6 en) (13) 


It seems reasonable to assume that d will not be 
identically zero. 

For a flat plate or specular area the cross section 
for infinite conductivity must be multiplied by the 
reflection coefficient |R|?, and while the values of d 
and d’ may be different for each individual scatterer, 
no confusion should arise if distinguishing marks are 
omitted. 

In the case of scattering by a conelike projection, 
the reflection coefficient cannot be obtained from a 
consideration of normal incidence on an infinite slab, 
but from a study of the complete optics solution for 
a cone of imperfect conductivity, the corresponding 
expression for |P|? is found to have the same wave- 
length dependence as appears in eq (11). Although 
the coefficients are no longer given by eqs (12) and 
(13), a detailed derivation is unnecessary in view of 
the conclusions reached in section 7.1. If the same 
symbols d and d’ are used to denote these coefficients, 
the combined cross section of the various types of 
a can be written in the following general 
orm: 





_Ad 
A 


o 


4+ (Ad’ + Bd) + ( Bd’ +(Cd) 24+ Cd’ 4. (14) 


In order to apply this result to the analysis of the 
data, it is necessary to assume that d and d’ are 
independent of wavelength. For the material of 
which the moon’s surface is composed it seems 
reasonable to assume that ¢, u, and s do not vary 
rapidly as a function of frequency, and the expression 
for |R|? can then be used providing the material of 
the first specular area can be regarded as homo- 
geneous. In particular, there is no requirement that 
the whole moon should be effectively homogeneous. 


7. Comparison With the Data 


The experimental data for the scattering cross 
section of the first specular area will now be used 
to determine the most probable values for the 
constants which appear in eq (14). In this way 
it is possible not only to determine the dominant 
type of scatterer which is responsible for the return, 
but also to obtain information about the material 
of which the scattering area is composed. 
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7.1. Least Squares Analysis 






Over the range of wavelengths for which the 
data is available, the variation in the cross section 




































is relatively small, and this suggests that the — W 

dominant term in eq (14) is wavelength independent, — 0! 

This is confirmed by a least squares analysis in § st 

which the above expression for o is compared with FF sé 

the measured data. The values obtained for the fF fo 

terms are he 

ra 

Ad=—8.94X 107" X za? m‘, ra 

ra 

Ad’ + Bd=4.45X 10-*X wa? m?, of 

in 

(Bd’ + Cd) = —1.03 X 107° X wa? dimensionless, be 

(Cd’)=3.71 X10 *X aa? m=“, 

where a=1.74X10° m. In the range of ) for which B 

we have experimental values we find that the second “4 
term exceeds all others and for the smaller wave- 
length experimental points the second term exceeds 

all others by at least an order of magnitude. In F ,; 

particular, Ad is both small and negative, and can § oo, 
therefore be neglected. Since d#40, it follows that 
A can be taken zero, and this rules out the possibility 
of facets making a major contribution towards the 

measured values of ¢. In addition, Cd’ is extremely 

small, and although this does not determine that Fy) 

C itself is negligible, it does enable us to remove F fy, 

a further wavelength dependence from the formula f j,, 

for o. 

By repeating the least squares analysis using 
only the \° and 2 terms, it. is found that 

Bd=4.04 X 107*X ra? m? (15) & or 
(Bd’ + Cd) =2.37 X 10-°X xa? dimensionless. (16) 

The specular area still provides the dominant 
contribution and since neither Bd’ nor Cd can be The 
negative, the effect of any conelike projection is — S!g 
smaller by at least a factor of 17 for X<1 m. On leas 
the other hand, no argument of this type can dis- the 
tinguish between the return from such a projection is th 
and the conductivity effect of the first specular B 
area. As previously remarked, a variation mf Ss 
amplitude in the leading part of pulses could indicate [8] a 
the existence of more than one scatterer, but the Fy 
fact that no variation exists only precludes the possi- be ¢ 
bility of two or more scatterers giving comparabl & #=v 
returns. In the present case we have already see! 
that the specular area easily outweighs all the 
other scatterers, and on the ground that a single 
scattering object provides the most attractive picture, 
the assumption will be made that C can be neglected. Both 
It should be noted that the presence (or absence) off few | 
any conelike contribution in no way affects the apar 
value of Bd. tivity 

The above assumption implies that the leading 6 





part of a pulse comes from a single specular area, 
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and since the scattering cross section is then 


o=R,R, |RP, 


(17) 


where R, and R, are the radii of curvature, the lack 
of any appreciable pulse-to-pulse variation now 
suggests that the magnitudes of R; and R, are the 
same for every specular area which is responsible 
for the return. The only radius which appears to 
have an a priori probability of occurring is the moon’s 
radius itself. It is therefore assumed that both 
radii of curvature are equal to the mean lunar 
radius, and while this must remain a possible source 
of error, an alternative choice of radii is discussed 
in section 7.3. 

Replacing FR, and R, by a, the cross section 
becomes 

o=ra*|R|? 






























in agreement with that used in reference [8]. From 


eqs (15) and (16) we then have 
o=(d+) d’) xa? 


with d=4.04 10-4 and d’=2.37 X10-> m=, and the 
corresponding curve is plotted in figure 5. 


7.2. Electromagnetic Constants 


The electromagnetic constants of the material of 
which the specular area is composed can be calculated 
from the above values of d and d’. If these are 
inserted into eqs (12) and (13), it is found that 


e/u=6.5 X 10~* mhos?, 


8/u=2.4X 10? mhos/henry, 


e/u=7.6 X 10~* mhos?, 
8/u=2.7X 10? mhos/henry. 


|The two sets appear because of the ambiguity in 


sign in taking the square root of d. Aesthetically at 
least, it is more pleasing to select that set for which 
the ratio ¢/u exceeds its value for free space, and this 
is the second of those given above. We note in pass- 
ing that only a preliminary version of the first based 
on seven experimental points was given in references 
[8] anc! [24]. 

From a power measurement alone, ¢ and s cannot 
be obiained explicitly, but if it is assumed that 
H=yo, then 


e=9.610-” farads /m(=1.1ep) 
s=3.4X107-* mhos/m. 


Both 
few (i 
apart 


' these values are smaller than expected and 
any) naturally occurring substances on earth, 
part rom liquids or gases, have a relative permit- 
tivity is low as 1.1. Although this is no reason for 
ruling out the possibility of an appropriate lunar 
subst: ice, it may be of interest to observe that if 


u is increased by a factor a, e, and s are increased 
by the same amount. Taking a to be, for example, 
1.4, we now have 


u=1.4yo, 
e= 1.5€, 


s=4.8X10-* mhos/m, 


and these are not inconsistent with soils such as 
magnetite. 


7.3. Discussion 


Over the range of wavelengths from 0.1 to 2.5 m 
the variation in the measured cross section is rela- 
tively small but is accurately reproduced by the 
wavelength dependence of the formula for |R|?. In 
the authors’ opinion, this variation is significant and 
implies a small (but nonzero) conductivity for the 
material of which the specular area is composed. On 
the other hand, Purcell [25] has pointed out that 
a cross section which is wavelength independent can 
be chosen to fit the data to within +3 db. A cross 
section of this type would be represented by a line 
parallel to the abscissa in figure 5 and would imply 
either a material of zero conductivity or one whose 
conductivity varied inversely as the wavelength. 
For this frequency range at least, the cross section 
would be approximately 3.5 10° m?. 

Purcell has also suggested that in eq (17) the radii 
of curvature should be about a tenth of the lunar 
radius, thereby increasing |R|? by a factor of (ap- 
proximately) 10?. This now agrees with the reflec- 
tion coefficient of certain dry sands on earth, and 
even with w=yo the resulting permittivity is in- 
creased to 1.5¢€5. 

Unfortunately, the decreased radius of curvature 
has several unpleasant consequences. In a short 
pulse return from the moon, the second major peak 
is similar to the first in all important respects. To 
a somewhat lesser extent, this is also true of the 
third and fourth peaks and, in particular, the power 
levels do not differ appreciably. Purcell’s picture 
then requires that each peak be produced by a region 
whose radii of curvature are less than that of the 
lunoid. Instead of a single bump in the center of the 
moon, we are now forced to postulate a series of 
undulations of amplitude a/10, and these have to 
extend over a considerable portion of the lunar 
surface. It seems unlikely that such a system of 
(smooth) undulations would have escaped detection 
in lunar photographs. 

lf, on the other hand, the radii of curvature are 
equal to the radius of the moon, the low permittivity 
may have to be accepted, though the possibility that 
u exceeds po should still be borne in mind. However, 
the authors are not as yet convinced that a relative 
permittivity as low as 1.1 is necessarily inconsistent 
with a solid material in the environment of the moon, 
and feel that selected powders might conceivably 





fit the bill. 
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8. Conclusions 


The theory of a quasi-smooth moon was arrived 
at from a study of many sets of experimental data, 
and it is felt that the pulse shapes and power returns 
can be satisfactorily explained on this basis. It is 
found that the major scattering areas are concen- 
trated near to the center of the moon, and their total 
number appears to be approximately 25. An indi- 
cation of their distribution can also be obtained, but 
no attempt has been made to associate these areas 
with individual features on the moon. There is 
clearly scope for further work in this connection. 

The area nearest to the earth provides a specular 
return, and if pulses of short duration are employed, 
this return shows up as a peak which can be distin- 
guished from the remainder of the pulse. Only a 
scattering process of this type could produce the 
high pulse-to-pulse correlation and the lack of wave- 
length dependence observed in the leading peak. It 
seems probable that the adjacent scattering areas are 
also specular in character, but no statement is vet 
possible about the areas as a whole. 

The power level of the leading peak now deter- 
mines the scattering cross section of the area nearest 
to the earth, and this in turn specifies the electro- 
magnetic constants for the material of which the 
area is composed. Using the measured power returns 
at a variety of different wavelengths the ratios of 
permittivity to permeability and conductivity to 
permeability for the surface have been found. The 
values are smaller than expected, but are not neces- 
sarily inconsistent with certain powdered materials 
in the environment of the moon. In this connection, 
laboratory experiments under vacuum conditions 
will be carried out in the near future to determine the 
constants for several substances whose occurrence on 
the moon has been postulated. 


The analysis reported in this paper and, indeed, 
the development of the theory itself, were only pos- 
sible because of the experimental data made avail- 
able to us. We therefore express our gratitude to 
the many experimenters who freely communicated 
their results to us even prior to publication elsewhere. 
We are also indebted to members of the Radiation 
Laboratory, among whom should be mentioned R. E. 
Hiatt, who performed the experiment described in 
section 3.3, and W. E. Fensler, who provided assist- 
ance with this manuscript. The work described 
herein was carried out for the National Aeronautics 
and Space Administration under Grant NaG-—4—59. 
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10. Appendix: A Radar Cross Section 
Theorem 


Consider a body on which is incident a field whose 
direction and polarization are fixed in space. The 
scattered field is received with two orthogonally 
polarized antennas which are located at a fixed point 
in space, but whose polarization is variable. To be- 
gin with, it will be assumed that these antenn:s are 
in the far field of the body. 

At any point in space the scattered field c:n be 
written as 


E'=L’r+M’0+N'9, 
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where 7, 0, @ are unit vectors for a system of spherical 
pola’ coordinates whose origin is in the neighborhood 
of the body. LZ’, M’, N’ are functions of the incident 
field (in direction and polarization), the body (in 
shape and aspect), and the position of the receiving 
point. If this point is in the far field of the body, 
then 


lim L’=O(1/r’) 


To 


ikr 
lim M’=— M-+-0 (1/r?) 


T 2 


,ikr 
lim N’=— N+0 (1/r) 
| oe es r 

where M and N are independent of 7, a time de- 
yendence e~'* having been assumed. Hence 

I g 


,ikr 
‘s € - F 


Cem 
hea 
with 
F=Mo6+ No 
For a receiving antenna which is polarized in the 


A 


direction 2, where z makes an angle 8 with some 
fixed direction, the cross section which is measured is 


a(a,B) =4n|F-2/? 


and this ean be written in the form 





o(a,8)=42|M cos 0+N sin Q|? 
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where Q is the angle between the projection of z in 
a 

the (0, ¢) plane and the vector ¢. Similarly, for the 

receiving antenna which is orthogonally polarized, 

the cross section is 


7 : P , 
o (a, B+5 )=47|M sin 2—N cos Q|? 
and hence 


o(a, +0 (a, B+ Eade (| |N|2). (A.1) 


For a fixed transmitted field and for a fixed location 
of the receiving antennas, the right-hand side of this 
equation is at most a function of the aspect of the 
body (which can be changed by rotating the body 
keeping the antennas fixed). In particular, it is 
independent of Q (and therefore 8), and in conse- 
quence it holds for all receiver polarizations. 

If the receiving antennas are not in the far field, 
only a trivial modification of this proof is required. 
The field component ZL’ must now be retained, and 
the equation corresponding to (A.1) is then 


a(a, B)+e(a, B+5 )=lim 4m r? (|L’ |?+]M’|?+|N’P). 
\ = rma 


To the first order in 7 this is identical to eq (A.1) 


BouLpER, Coto. (Paper 64D3-51) 
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A Theory of Wavelength Dependence in Ultrahigh Fre- 


quency Transhorizon Propagation Based on 
Meteorological Considerations’ 


Ralph Bolgiano, Jr.? 


(October 26, 1959) 


Recent radio data indicate that the wavelength dependence of ultrahigh frequency 
transhorizon propagation varies widely in time. This is in contradiction with theoretical 
explanations previously set forth. Each attempt to account for the underlying effects of 
ever-present atmcspheric motions has, in the past, pointed toward a unique form of the 
dependence. Extensive discussions have resulted as to the validity and relative merits of the 
various forms, but at no time has a variable wavelength dependence been proposed. 

Since scatter propagation theory has predicted so satisfactorily the broad aspects of the 
radio signals, it is retained as the basis for further analysis. A new model is developed for the 
structure of refractive index fluctuations induced by turbulence. Grounded on a theory of 
homogeneous turbulence in a stably stratified atmosphere, which has been developed con- 
currently by the author, this new model provides an explanation for the observed distribution 
of wavelength dependence. It suggests-that at times when the dynamic stability of the air 
within the scattering volume is neutral the received power should be nearly independent of 
radio wavelength. On the other hand, when the atmosphere is dynamically stable the signal 
strength should be proportional to the square, or higher power, of the wavelength. 

These predictions have been tested by comparing the results of a scaled-frequency ex- 
periment with simultaneous meteorological data gathered along the path. Richardson’s 
number for the 1- to 3-kilometer layer, within which the principal scattering volume lies, 
has keen employed as an index of dynamic stability, though it falls short of ideal in some 
respects. The 0.8 value of correlation found between Richardson’s number and the wave- 
length dependence is highly suggestive that a relation of the nature predicted does, in fact, 





exist. 
1. Introduction 


A central prediction of the Booker-Gordon [1]* 
scatter model for extra-diffraction tropospheric 
propagation was that the scatter loss should be 
independent of the radiofrequency. This matter of 
wavelength dependence has received considerable 
attention over the intervening years [2, 3, 4, 5, 6, 7]. 
Various other explanations of the underlying electro- 
magnetic phenomenon have been put forth, and 
several frequency scaling laws have been suggested. 
Those proposals that have met with greatest “favor, 
both because of their relative simplici ity as well as 
their ability to predict satisfactorily the broad 
aspects of nearly all the empirical data, are the 
single-scattering models such as Booker and Gordon 
[1] employ ed. Even among the proponents of these 
models there has been disagreement. 

Perhaps this disagreement is most familiar when 
stated in terms of the spatial correlation of the 


deviitions of refractive index, e.g., 





R,,(E) =dn(z,t) én(x-+-&,t). (1) 


It is 
iT 
Cent: 


3 Fi 


however, more readily interpreted when put in 
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terms of the mean square wavenumber spectrum of 
fluctuations of n within the volume V, 


|6A, (hk, t)|°. 


6A,,(k,t) = | an(e,t exp {—ck-x} dz, (2) 
~ V ~ ~ ww ~ 
6A, (k,t)| 2 
— Vy “lf ht, (é) exp {—ck-&} dé, 
the latter integration being over all of é-space. 


This ease of interpretation comes about because 
the scattering coefficient ¢ may be expressed directly 
in terms of this spectrum [3]. 


Arn’ sin? X OAn (Ket) | 
c= »! V 








(3) 


The wavenumber ke, at which the spectrum must 


be evaluated, is det rermined by the radio wavelength 
and the path geometry. Its magnitude is given “by 


4r . B 
ae sin Dy 


(4) 





ke 


in which @ is the scatter angle. If the deviations of 
refractive index are isotropic, at least at scales of 








order corresponding to k,, the mean square fluctu- 
ation spectrum is a function of wavenumber magni- 
tude only. Then the scattering coefficient may be 
expressed as 


_ 8r' sin’ x E, (ke) (3a) 
[= rn! ke? le 
in which 
E,()=—; | bane Fda), 
n 82} a n\% 3 
the integral extending over all directions of k. Thus, 


the wavelength and angle dependence of the scatter- 
ing coefficient and, indirectly, the wavelength 
dependence of the received power stem from the 
form of this spectrum. 

Conversely, to the extent that the single-scattering 
approximation is valid, the structure of the refractive 
index variations may be studied experimentally via 
radio data. This latter approach led Norton [8] to 
propose his log-normally modified pkj(p) correlation 
function for the n-fluctuations. The pkK,(p) form 
had been suggested previously [9] since it leads to 
a \ to the first power dependence in og, in agreement 
with the mean of radio data collected on numerous 
paths over several years [5]. Villars and Weisskopf 
|4] suggested a model of turbulent mixing which 
yields the corresponding spectral form. When their 
work first appeared, the justification it seemed to 
afford the empirical results led to its rapid accept- 
ance. More recently, however, an inconsistency has 
been pointed out in this model of the structure of 
fluctuation spectra [10]. Wheelon [11] has discussed 
the matter at some length, but his arguments have 
been questioned further by Bolgiano [12] and the 
uncertainty regarding the Villars-Weisskopf mixing 
theory remains. 

Applying the statistical theory of isotropic turbu- 
lence, Batchelor [13] has shown that o should ex- 
hibit a A~'” wavelength dependence. This is a con- 
sequence of the k~** wavenumber dependence of the 
mean square refractive index fluctuation spectrum 
shown in figure 1. This k-dependence is, in turn, the 
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universal form [14] characteristic of the inertial sub- 
range, that interval lying between the anisotropic 
mixing eddies at the large scale end of the spectrum 
(small &) and the very small size components, sul ject 
to severe molecular ‘dissipation,’ at the other ex- 
treme. In the isotropic theory this dissipation, or 
viscous, cutoff of the spectrum occurs at a scale 4 


given by 
‘yp 1/4 
n= (=) (5) 


where vy is the kinematic viscosity of the air and ¢ 
is the rate (per unit mass of the fluid) at which 
turbulent energy is converted into heat by the action 
of viscosity. On the basis of previous estimates of ¢ 
that have been made by the meteorologists, 7 is of 
the order of millimeters, whereas the scales involved 
in radio scattering (corresponding to k,) are typi- 
cally of the order of meters. Turbulence theory, 
therefore, predicting a \~' dependence, would ap- 
pear to be in disagreement with the bulk of the radio 
data for which the mean form is 2’. 

Partly, no doubt, because of this inability of 
scatter theory, as based on turbulence-induced 
dielectric inhomogeneities, to agree with the em- 
pirical results, but also because there is_ strong 
evidence of refractive index stratification in the lower 
troposphere, Bauer [15] and Friis, Crawford, and 
Hogg [7] have proposed coherent partial reflections 
from layers to explain transhorizon propagation. By 
judicious choice of the size of the layers (relative to 
Fresnel zones) and of the vertical thickness of the 
index gradient modification regions, the latter authors 
have arrived at a wavelength dependence for the 
received power of \'. It is interesting to note that 
by other choices (perhaps less sound physically) 
agreement can be achieved with any wavelength 
dependence in the range \~? to A‘. 

In order to account for the signal levels observed, 
the angular distribution of received power, and the 
fading character of the signals, these same authors 
have found it necessary to assume large numbers of 
layers, randomly located and moving. Viewed in 
this light, it would seem this reflection model is 
simply another approach to scattering by turbulent 
anisotropic irregularities. If so, the appropriate 
wavelength dependence will stem from the refractive 
index correlation and spectrum functions. These 
functions, in turn, should have some sound basis in 
dynamic meteorology, including atmospheric turbu- 
lence, which is seldom, if ever, entirely absent. 


2. Distribution of the Wavelength 
Dependence 


The lack of agreement between the predictions of 
turbulence theory and the propagation data is even 
more striking when the results of a scaled-frequency 
experiment [16] are considered. In that experiment, 
two channels, one at 417 Me, the other at 2,290 Me, 
were operated simultaneously over the same pth 
using scaled antennas. Thus, the volume comm.oD 
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to tiie transmitting and receiving beams was identical 
on the two frequencies and any differences in ob- 
served transmission loss can be identified directly 
with the wavelength dependence of co. From the 
data of figure 2, it is apparent that no one ‘‘uni- 
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Ficure 2. Distribution of wavelength dependence. 
Corrected differences in measured hourly median basic transmission loss, AL 
for sealed-frequency experiment: 417.05 Me versus 2,290 Mc, Round Hill— 
Crawford’s Hill, February 11, 1957 to July 11, 1957. 241 cases. (After Chis- 
holm, Roche, and Jones [16].) 


versal’ spectral form holds, since the wavelength 
dependence, as indicated by the corrected difference 
in the observed values of hourly median basic trans- 
mission loss on the two channels (AZ), varies widely.‘ 
True, the median of the distribution corresponds 
roughly to \'.. The variation, however, ranges from 
\? to 1°”, L.e., from k7!” to k-*” for the fluctuation 
spectrum, This then must disqualify any theoreti- 
cal explanation in terms of a model which predicts 
a unique wavenumber dependence. Yet turbulence 
theory, as it has been applied to the problem, has 
led to such a result. 

This seeming dilemma could be overcome if only 
the viscous cutoff scale 7 lay in the meter range 
much of the time, rather than in the millimeter range. 
Consideration of figure 1 will aid in visualizing this 
point. If kg were to fall at or below k,, the wave- 
number dependence of the spectrum in the vicinity 
of k, would be “stronger” than the k~** form of the 
inertial subrange. Wide variation of 7 in time could 
then account for the distribution of wavelength 
dependence of the received power which has been 
observed. 

These large values of 7, however, could occur only 
in conjunction with exceedingly small dissipation 
rates: and very small e, in turn, requires either a cor- 
respondingly low turbulent intensity or a more rapid 
decrease of kinetic energy density with increasing 
wavenumber than the universal equilibrium theory 
[18] indicates. This latter solution implies the pro- 
gressive removal of kinetic energy from the spectrum 
by some mechanism other than viscosity. 

Very low turbulent intensity, which may result 
when a given field of turbulence has decayed appre- 
ciabl’, is certainly a prerequisite to the existence of 
well-iormed layers of the type essential to Bauer’s 
[15] « herent reflection model. When such circum- 


— 


‘The is the question as to the statistical significance of this variation. — This 
Matter as been considered, and it has been found that the standard deviation 
of the « apirieal data is an order of magnitude larger than would be expected 
othe | sis of statistical fluctuations alone [17]. 








stances prevail, an explanation based instead on tur- 
bulence theory (modified as above) has great merit 
since it does not require a complete absence of ran- 
dom air motions. It states only that such motions 
must be very “weak.” Even this limited require- 
ment, though it may be satisfied occasionally (in a 
strong inversion for example), is not the typical 
situation at the 5,000-ft level. This conclusion is 
borne out by the meteorological evidence as to the 
usual intensity of turbulent velocities at this altitude 


[19]. It is several orders of magnitude higher than 
that of the low level turbulence needed if this 


explanation is to be applicable. 


3. Turbulence in Stably Stratified Media 


It should be noted, on the other hand, that the 
meteorological estimates of € invariably have been 
made on the basis of some large-scale turbulence 
effect, such as the modification of the wind profile by 
eddy viscosity, together with the assumption that the 
dissipation rate is determined solely by this same 
large-scale turbulence. This is equivalent to assum- 
ing that the rate at which kinetic energy is trans- 
ferred “up the spectrum”’ inertially, from larger to 
smaller eddies, is constant, independent of eddy size, 
until actual dissipation begins to take effect in the 
vicinity of the viscous cutoff. That is to say, no 
mechanism other than viscosity operates to remove 
kinetic energy from the turbulent hierarchy. 

This approach does not adequately account for the 
effects of buoyancy forces which come into play in a 
stable atmosphere as a result of the less than adi- 
abatic temperature lapse rate. A particle of air on 
moving vertically is no longer in static equilibrium 
with its surroundings. Continuing to travel up or 
down it works against the force of buoyancy and, as a 
consequence, has at least part of its (turbulent) 
kinetic energy converted to potential energy. Verti- 
cal flux of heat effected by eddy diffusion is a closely 
associated process and a familiar meteorological 
phenomenon. 

An important result, therefore, of a stable density 
gradient is to provide the means by which kinetic 
energy may be extracted from the velocity field at 
various intermediate scales, thus voiding the assump- 
tion on which the estimates of « depend. It is con- 
ceivable that for stable conditions these estimates 
have been high, perhaps by many orders of magni- 
tude. 

In a neutral atmosphere,’ as in a uniform fluid, 
there being no preferred direction, it is not suprising 
that the smaller scale motions have a strong tendency 
toward isotropy. On the contrary, a stable tempera- 
ture (and density) gradient must single out the verti- 
cal direction as unique. Consequently, an aniso- 
tropic, axisymmetric structure will be favored. 

Under such circumstances the energy spectrum 
tensor takes the general form 





5 An atmosphere in which the mean potential temperature @ is independent 
of height. 
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2 
16,()=-BAD+HBELMI495)» (6) 


in which A and B are arbitrary scalar functions, and 
the total energy density may be written 


E(k) =—49k' Aw +e Bik) (1+) da), (7) 


_ 


4 


Moreover, the spectral covariance between vertical 
velocity and density fluctuations ,3(4), which is 
identically zero in an isotropic field, is of the form 


4 I 2 
2. (=F k.)(1—45) () 


Since this velocity-density covariance plays an 
essential role in any interaction of the various eddies 
with the density gradient it seems likely that such 
interaction does occur, thereby tending to preserve 
the anisotropic structure. On the hypothesis that 
a state of equilibrium of this nature exists among 
those motions not too large in scale, it is possible to 
construct a theory of homogeneous turbulence in 
stably stratified media [20] much like the now 
familiar universal equilibrium theory for uniform 
fluids. Use is made of the methods of dimensional 
analysis, the determining parameters being 


e=the kinetic energy dissipation rate, 
v=the kinematic viscosity, 
Y=the molecular diffusivity, 
g/pa=the ratio of acceleration due to gravity to the 
reference potential density, 
€,—the rate of ‘dissipation’ of mean square 
refractive index fluctuations, 
eéz=the rate of ‘dissipation’ of mean square 
potential density fluctuations. 


A prominent feature of this new model is an 
equilibrium range which, in general,® divides into 
three parts: The buoyancy subrange, the inertial 
subrange, and the dissipation subrange. The buoy- 
ancy subrange is that portion at the large scale end 
in which buoyancy forces play a dominant role and 
the structure is anisotropic. It is within this 
interval that kinetic energy is extracted by conver- 
sion to potential energy. The rate at which kinetic 
energy is transferred inertially ‘up the spectrum”’ is 
here many times the dissipation rate «. As a conse- 
quence, the structure depends upon only ez, (g/p.), and 
e,. The energy and refractive index fluctuation spec- 
tra are given by 


E(k) ~€5"°(g/pa)*?k-™*, (9) 
E(k) ~ ens !"(g/ba) 7k. (10) 
The inertial subrange lies in the middle of the 


equilibrium range, is dominated solely by the inertial 


® At the very high Reynolds numbers that characterize the atmosphere. 
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At these scales 
the anisotropy of the buoyancy subrange has }een 
erased largely through the nondirectional effecis of 


transfer processes, and is isotropic. 


the pressure fluctuations. The spectral forms are 
those of the constant density theory, viz, 


E(k) ~ &?k-*, (11) 
E(k) ~e,€7 3k 5, (12) 


The dissipation subrange contains the smallest 
scales (highest wavenumber components). It is in 
this region that the great bulk of viscous (molecular) 
dissipation occurs. 

Figure 3 indicates the nature of £, in a typical 
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FIGURE 3. 
Stably stratified atmosphere—anisotropic turbulence. 


case. The dashed curve shows the spectrum for a 
neutral atmosphere. The effect on the location of 
the viscous cutoff at kz should be noted in particular. 

The buoyancy and inertial subranges are separated 
by a wavenumber kz given by 


— 68 "(G/ba)*”” 


(13) 


ez, being the rate at which mean square potential 
density fluctuations are dissipated by molecular 
diffusion, is also the rate at which the same quantity 
is generated through mixing of the mean potential 
density gradient by the large scale motions. Its 
value is therefore determined by the static stability 
of the atmosphere and the intensity of the primary 
mixing motions. On the other hand, ¢ depends not 
only upon the large scale velocity components but 
also upon the total rate at which kinetic energy is 
extracted from the turbulence in the buoyancy 
subrange. Thus, in a neutral or near neutral 
atmosphere kz is very small (large size eddy). ‘I'here 
is then little or no buoyancy subrange; ¢ is <eter- 
mined by the large scale motions alone, anc the 
universal equilibrium theory results eq (11) and (12) 
hold. In a highly stable situation, however, «spe 
cially if there is relatively little mechanical excita- 
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tion.’ kg is very large and the inertial subrange may 
be catirely suppressed. Under these circumstances, 
¢ being exceedingly small (even though the “tur bu- 
lent intensity” observed at the large scales is mod- 
eratc), the viscous cutoff may occur at eddies of the 
order of a meter in size. 

The exact form that the spectra take in the dissipa- 
tion range, beyond the viscous cutoff, is an unsettled 
matter. Batchelor [21] and Batchelor, Howells, and 
Townsend [22] have shed some light upon the limiting 
cases, D<<v and D>>yv. The case of primary 
interest for the troposphere (Z~v) has yet to be 
treated satisfactorily. 

Before leaving this subject it is interesting to note 
that there is some evidence, quite independent of the 
radio propagation phenomenon, which favors this 
stably stratified model. One of the predictions it 
yields i is that the dispersion of a cloud of particles (a 
smoke puff, for example) is characterized by a phase 
of its development in which the diffusion rate in- 
creases as the fourth power of time. This compares 
with a second power form on the basis of the uni- 
versal equilibrium theory and a constant rate for 
molecular diffusion. Analysis of a series of smoke 
puffs in the upper troposphere and lower stratosphere 
has shown that under conditions of near neutral 
stability and/or high wind and shear the diffusion 
rate is closely proportional to @ [23], while under con- 
ditions of high stability with light wind and weak 
shear it is more nearly proportional to ¢ (Bolgiano, 
unpublished). The available data are too few to be 
conclusive. Nonetheless, such evidence is certainly 
not contradictory. 


4. Relation of Wavelength Dependence to 
Dynamic Stability 


In an attempt to understand more fully the distri- 
bution of wavelength dependence, the propagation 
data of Chisholm, Roche, and Jones {16] and, when 
available, simultaneous meteorological data for the 
vicinity of the path have been scrutinized and com- 
pared (24]. For example, the winter (February and 
March) and summer (June and July) data have been 
plotted separately in figure 4. Note that the stand- 
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ard deviation is larger and the median value higher 
in summer than in winter. Though the variation 
from season to season appears distinct, there is no 
immediately obvious explanation. A similar con- 
clusion may be reached regarding the diurnal cycle. 
The data have been replotted on a diurnal basis in 
figure 5. There is no pronounced diurnal variation 
in winter and even in summer only the lower limit 
shows a fairly well developed cycle. 
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Figure 5. Diurnal variation of wavelength dependence. 


Corrected differences in measured hourly median basic transmission loss, AL 
for scaled-frequency experiment: 417.05 Me versus 2,290 Mc, Round Hill— 
Crawford’s Hill. 


Another prominent feature of the data is the coinci- 
dence of abrupt negative changes in the differential 
transmission loss AL, with the occurrence of precipi- 
tation along the path. This is particularly noticeable 
when the radio data are “continuous” for several days 
and local or frontal showers cross the path. Finally, 
correlation between the wavelength dependence and 
the static stability of the atmosphere (d@/dz) has been 
found significant at the 0.05 level. 

This eradient of mean potential temperature @ is 
indicative of the strength of the buoyancy forces, 
which operate to oppose vertical motions when the 
gradient is positive, to accelerate them when it is 
negative. Its value depends upon the actual tem- 
perature gradient and upon the adiabatic tempera- 
ture lapse rate of the atmosphere. This latter quan- 
tity, in turn, changes abruptly as the air becomes 
saturated, the change being such that less stable con- 
ditions result. The precipitation effect noted above 
could be accounted for on this basis. At least it is 
now possible to explain the above coincidence in 
terms of the observed correlation with static stability. 

This correlation, as well as the seasonal and diurnal 
variation depicted in figures 4 and 5, seem to be 
in qualitative agreement with the notions developed 
in sections B and C. In summer when mean winds 
in the Long Island area® are “light-to-variable”’ 
(though there are occasional intense thunderstorms) 
the median value of AZ is high and the spread is 

8 The Round Hill-Crawford’s Hill path, on which the radio data were gathered, 


is such that the major scattering volume is over Long Island and Long Island 
Sound. 
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wide. In winter, on the contrary, when the mean 
winds are more uniformly intense the median power 
ratio is lower and the spread is narrower. Again 
in winter when there is relatively little consistent 
diurnal variation of weather (mean winds, temper- 
ature gradients, etc.) there is no pronounced daily 
cycle. In summer, however, when there is some- 
times marked variation of wind, convection, and 
turbulence, from calm or light in the early morning 
hours to moderate or strong in the afternoon, one 
finds a fairly evident diurnal cycle. 

Though such qualitative agreement with the 
proposed model is encouraging, it is desirable to 
test the predictions which can be made on the basis 
of that model in some more quantitative manner. 
Explicitly these predictions are: (1) That at times 
when mechanical excitation in the atmosphere 
(large scale horizontal motions, shear, etc.) dominates 
stability suppression, the wavelength dependence 
should favor a \7~!” to \~*“ form; and (2) at_times 
of high static stability, however, and when winds 
are light, the wavelength dependence should tend 
toward \! and ? and higher powers. 

The desired test might be achieved by investigating 
the correlation, if any, between an appropriate index 
of dynamic stability and the differential transmission 
loss, AL. The choice, or formation, of a suitable 
index which can be evaluated readily from the 
generally available meteorological data presents 





some difficulty. Richardson’s number Ri* nieets 
the specifications only approximately, at best. It 
fails to account properly for the turbulence-driving 
capabilities of very large scale horizontal motions, 
Nonetheless, #7 has been evaluated from radio- 
sonde and rawinsonde data gathered in the vicinity 
of the path for the layer 1 to 3 km which includes 
the primary scattering volume. Mean winds at 
each level have been calculated and the mechanical 
excitation taken as the square of the total variation 
of mean wind over the chosen height interval. The 
resulting index values have been compared with 
AL for a number of “consistent” cases. These are 
instances for which the value of AZ remained 
reasonably constant (within several decibels) for 
a minimum of 8 hr, although the transmission loss 
on the individual channels varied sometimes by 
10 to 15 db. The data are presented in table 1. 
The scatter plot in figure 6 indicates that the 
correlation is very pronounced. The value of 
sample correlation computed is 0.80 which, for this 
20-point sample, establishes the lower (one-sided) 
95-percent confidence limit, for the true correlation, 
at 0.6. That is to say, if the actual correlation is 
less than 0.6, the sample correlation should be less 
than the observed value with a probability of 0.95, 
or greater. 
® Riis the ratio of the rate at which kinetic energy is extracted from the tur- 
bulence, by the effect of buoyancy forces, to the rate at which kinetic energy is 


transferred to the turbulence from the mean flow through interaction with the 
vertical wind shear. 


TABLE 1. Data and computed results for ‘‘consistent’’ cases 


Round Hill—Crawford’s Hill Radio Link, February-July 1957. 
maps, part II: northern hemisphere data tabulations” 


Meteorological data from, ‘daily series, synoptic weather 








Case AL | Precipitation | 


Date and time | db 
(2/28/1500-3/01/0500) - _-_- 
(3; 05/2200-8/06/0700) ees 
(3/18/1800-3/19/0600) tie: 
(5/ 06/2000-5/07/0400) = 
(5/07/08 0-5/07/1800) _--- 


VI 
(5/13/1200-5/13/2200) 

5 
(5/14/0000-5/14/1400) 

VII | 
(5/21/1800-5/22/0400) -___. 
(5/22/0800-5/22/1800) 
(5/23/0000-5/23/0800) --- 


XI 
(6/11/0100-6/11/1200) 
x 
(6/11/1200-6/11/2300) 
XI 
(6/24/1300-6/24/2200) 
XIV 
(6/26/0700-6/26/1500) 
XV 
(6/26/2000-6/27/0800) 
XV 
(7/02/1300-7/03/0000) 
(2/11 /2200-2/12/0600) 
XVUI 
(5/15/0600-5/15/1800) 
(7/08/1600-7/09/0000) 
xx 
(7/10/1600-7/11/0600) 


(d T/dz)i-3 
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Figure 6. Variation of wavelength dependence with dynamic | 
stability of the atmosphere in the scattering volume. 

Sample correlation r=0.80. 


5. Conclusions 


A rather close relationship appears to exist between 


the wavelength dependence of transhorizon tropo- | 


spheric propagation and the dynamic stability of 
the atmosphere in the region of space common 
to the transmitting and receiving antenna beams. 
Considered in terms of scatter theory this implies 
an association between the functional form of the | 
spectrum of mean square refractive index fluctuations | 
and dynamic stability. This in turn, when viewed 

in the light of statistical turbulence theory, seems 

to indicate a strong connection between the viscous 

cutoif seale and this meteorological index. Finally 

then, there appears to be in the radio data confirma- 

tion of the proposed model of turbulence in stably 

stratified media including the notion of progressive | 
extraction of kinetic energy from the turbulence 
and the resultant vast reduction in the dissipation 
rate 


| 
| 
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A Preliminary Study of Radiometeorological Effects on 
Beyond-Horizon Propagation 


F. Ikegami! 


(October 22, 1959) 


A study was made of American and Japanese radiometeorological data in order to 


suggest the dominant factors in propagation beyond the horizon. 


The diurnal variability 


of radio field strengths seems to be sensitive to the crossover height of rays tangent to the 


radio horizon and disappears for crossover heights greater than about 500 meters. 


High 


hourly median field strengths were observed in Japan corresponding to the existence of a 
marked refractive index discontinuity layer in a common volume of two antenna beams. 
The results of these experiments suggest that laminar structures of the atmosphere play 
an important role in beyond-horizon radio propagation. 


1. Introduction 


Detailed investigations have established the corre- 
lations between monthly median values of basic 
transmission loss and radiometeorological factors. 
These correlations have been successfully applied 
to design practical communication links utilizing 
the surface refractivity or the lapse rate of refrac- 
tivity with height in the first kilometer above the 
earth’s surface [1 23 4].2 The next stage of research 
requires the estimation of the variation of trans- 
mission loss within a month in order to determine 
the nature of the fading in more detail. 

Several theories have been proposed for the ex- 
planation of low-transmission loss beyend the horizon 
unexpected by classic diffraction theory; for ex- 
ample, scattering [5], partial reflection in the tapered 
atmosphere [6], diffraction [7], reflection at multiple 
layers [8], reflection at an elevated layer, normal 
refraction, and superrefraction. Usually the first 
four stand for lower signal strength, while the last 
three, for the higher. None of them may be con- 
sistent for actually observed propagation phenomena 
because the observed field is apparently dependent 
upon various meteorological structures of the atmos- 
phere with different modes of propagation. 

However, the solution of some engineering prob- 
lems requires a knowledge of the main factors which 
effectively predominate in actual propagation phe- 
homena rather than the determination of the prop- 
agation mechanism to which the lowest field 
Intensity beyond the horizon (so-called “scattered” 
level is attributed. 

This paper describes a preliminary study of the 
meteorological effects on beyond-horizon propaga- 
tion, based upon the experimental results obtained 
by ‘BS and the Electrical Communication Lab. of 
Nippon Telegraph and Telephone Corp., Japan 


‘Ele trical Communication Lab., Nippon Telegraph and Telephone Corp., 


Toky Japan, on leave as a United Nations Technical Assistance Fellow. 
Fig res in brackets indicate the literature references at the end of this paper. 





(ECL), and presents two aspects that should be 
taken into consideration for further studies towards 
practical application. The first aspect concerns the 
well-known diurnal variation of transmission loss 
over land; the second concerns low elevated layers 
that appear from time to time in the atmosphere. 

Some considerations of the experimental relations 
between radio and meteorological data are made and 
suggestions offered for further studies in this field. 


2. Diurnal Variation of Hourly Median 
Transmission Loss Beyond the Horizon 


2.1. Description of Experimental Results (NBS) 


The results of the extensive propagation experi- 
ments conducted by NBS show that the transmission 
loss to points near and just beyond the horizon is 
subjected to a systematic diurnal change, and that 
the diurnal variation disappears far beyond the 
horizon. The dependence of diurnal variation on 
angular distance has been reported in detail [1, 9]. 
We will examine the diurnal variation from another 
standpoint. In order to compare diurnal variations 
for various propagation paths, the period of August 
1952 was chosen mainly because measurements of 
transmission loss were carried out simultaneously or 
in similar meteorological conditions for the waves 
radiated at Cheyenne Mt., Camp Carson, and Pikes 
Peak. The lengths of the periods of data used in 
this analysis were not always long enough to com- 
pletely express all diurnal characteristics, since some 
are even of insufficient length for analysis. All data 
were used here, however, in order to complement the 
shortage of varieties in propagation paths. 

In figure 1 is shown the mean diurnal variation of 
hourly median transmission loss for various propa- 
gation paths in terms of increasing height of cross- 
over point of the two horizons above the ground. 
The height of the cross-over point is used in this 
paper instead of angular distance in order to discuss 
its connection with meteorological effects on diurnal 
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Figure 1(a) and 1(b). Mean diurnal variations of hourly 
median transmission loss. 


variation of transmission loss. The height of the 
crossover point, of course, corresponds to angular 
distance with a one-to-one correspondence, if a 
spherical smooth earth is assumed. It is easily seen 
from figure 1 that systematic diurnal characteristics 
rapidly disappear with increasing height of the 
crossover point, and that amplitudes of systematic 
diurnal variation depend on radiofrequency and 
have a maximum just beyond the horizon, as pointed 
out in reference [1]. We will see that the unusual 
increases of field strength seen on paths between 
Pikes Peak and Fayetteville and between Camp 
Carson and Anthony do not stand for systematic 
diurnal characteristics but rather are due to unusual 
signal enhancement that took place once on each 
path during the test period. 


We now wish to examine the dependence of sys- | 


tematic diurnal characteristics of the transmission 
loss upon the height of the crossover point. The 
amplitude of the diurnal variation itself has an 
important meaning in practical engineering and 
should be analyzed in a further stage of research 
based upon a large quantity of data obtained on 








various propagation paths and in various seasons, 
and/or upon the propagation mechanism, if clarified, 
in relation with pertinent radiometeorological fac tors, 
Several methods might be available to express the 
importance of systematic diurnal characteristics in 
the total variation of transmission loss. A rough 
but simple method is applied here as a trial. We 
assume that the total range AL of the hourly median 
transmission losses consists of two components, 
AL, and AL,, the former being subjected to system- 
atic diurnal variation and the latter to nonsystematic 
variation. Then 
V, _AL, —_ AL, (1 
‘AL B1y+AL, 
represents the importance of diurnal variation in the 
total variation, which may be temporarily referred 
to as ‘diurnal variability” hereafter. Noting that 
maximum and minimum signal strengths are ex- 
pected at 02 and 14 hr of the day, respectively, in 
an ordinary diurnal pattern, and considering that 
radiosonde observation data at Denver are available 
at these times, the difference of transmission loss in 
decibels at 02 and 14 hr divided by the maximum 
variation of transmission loss observed during: the 
test period is used as an expression of diurnal 
variability. 


That is: 


,_ (Le)1s— (Laon 


c— = = 
(Ls) max— (La) min 
where 


V,=diurnal variability (<1), 
d * 
(Lpg)is=mean of hourly median 
losses at 14", 
(Lg)o2=mean of hourly 
losses at 02", 
(Le)max=maximum hourly median basic  trans- 
mission loss during the test period, 
(Le)min=Minimum hourly median basic trans- 
mission loss during the test period. 


transmission 


median transmission 


This value is not an expression of the absolute im- 
portance of diurnal variation but is merely a relative 
one. Comparison of diurnal variability, therefore, 
should be made for the same or similar meteorological 
conditions. A large value of V, means that a large 
portion of the total variation is caused by factors 
subjected to a systematic diurnal characteristic, and 
vice versa. 

The variation of diurnal variability with crossover 
height is shown in figure 2 for the propagation p:ths 
mentioned above, as well as for that between Codar 
Rapids and Quiacy [9]. Except for one point oi the 
Cheyenne Mt.—Anthony path at 1,046 Me, plo‘ted 
points show a clear tendency for V, to be large: the 
lower the crossover height, h,. Further, Vq decreases 
rapidly as h, increases. The value of Vq seen ¢ to 


240 





ho 
fie 
vi 

an 
lin 


ou 
bo 
ids 


sons, 
ified, 
tors, 
s the 
es in 
ough 

We 
dian 
ents, 
‘tem- 
natic 


(1) 


n the 
erred 
that 
» @X- 
Vy, in 
that 
lable 
Ss in 
mum 
r the 
inal 


ssion 


ssion 


. im- 
itive 
fore, 
oieal 
A) rge 
‘tors 

and 


over 
yaths 
dar 
| the 

ted 
» the 
-ases 


»¢ 0 


a. 








TRANSMITTING FREQUENCY 


eesti | | 1046 Mc 
A 


| 100 Mc | 418 Mc 
Pikes Peak 
Cheyenne Mountain | | | e 
Camp Carson | | | 
Cedar Rapids 




















Figure 2. Variation of diurnal variability with crossover 


height. 


increase at extreme heights of crossover point. 
These extreme points are all for Fayetteville, and 
correspond to the case described above when an 
unusual increase i field strength occurred once 
during ashort test period. This result indicates that 
a’ systematic diurnal variation appears when. the 
crossover height is located below about 500 m above 
the ground and diminishes almost completely above 
about 1,000 m. 

It is interesting to note that a similar tendency of 
V, is seen regardless of the height of the transmitters; 
for example, the transmitter ‘he ight was very much 
larger on the Pikes Peak path than on the Camp 
Carson and Cedar Rapids paths. This shows the 
significance of crossover height, rather than either 
that of distance or of antenna height, in the expres- 
sion of diurnal variation of transmission loss. 





2.2. Considerations of Diurnal Variation 


Out of several modes of propagation beyond the 
horivon, a combination of diffracted and scattered 
field seems a most probable explanation of diurnal 
vari: tion. However, this fails to explain the large 
amp itude of diurnal variation by using the ordinary 
linea» N-profile concept [1]. 

A: other interesting phenomenon should be pointed 
out. Field strengths recorded within an hour on 
both the Camp Carson—Haswell and Cedar Rap- 
ids— Quiney paths are frequently subjected to Ray- 
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leigh distributed fading. This even occurs during 
the night when median field intensities are higher by 
10 or more decibels than in the daytime. We find 
a difficulty in trying to explain this phenomenon by 
means of an ordinary combination of diffraction and 
scattering modes with only refraction in the lowest 
part of the atmosphere superimposed. The exact 
answer for this question is very difficult to obtain so 
far, as measurements are not yet available for the 
fine structure of the lower atmosphere. 

At this point we are reminded of the dependence 
of diurnal variability on crossover height. It is well 
known that the lower part of the atmosphere is de- 
formed by solar radiation and nocturnal cooling with 
a distinguished diurnal cycle, and very much has 
been discussed about diurnal variation in the struc- 
ture of the lower atmosphere. It is interesting to 
note that diurnal variation of the atmosphere is 
limited to the lowest part, ranging from the earth’s 
surface up to 500 m but perhaps not higher than 
1,000 m above the ground. For example, according 
to the extensive observations at Larkhill and Down- 
ham Market [10], mean heights of temperature in- 
version layers are 200 to 300 m depending upon seasoa 
and time of the day. Similar results were obtained 
in radiometeorological observations performed by 
ECL [11] utilizing a 300 m high tower. This latter 
experiment showed that temperature inversion layers 
extending up to 200- or 300-m high commonly dis- 
played a diurnal cycle, and the gradient of refractive 
index versus height also showed a remarkable diurnal 
variation. Since the exact mechanism of radio propa- 
gation has not been clarified yet, no specific mete or- 
ologic al factor could be discussed here with particular 
significance. However, the above results may be 
compared with figure 3, which shows the diurnal 
variation of N-gradient at various heights above the 
ground observed in Denver during the radio test 
period i in August 1952. Differences ‘of N -gradient at 
02" and 14", plotted a figure 4 against height, in- 
dicate that diurnal variation in the refractive index 
structure of the atmosphere rapidly decreases with 
height and disappears above about 500 m. 





Denver, Colorado 
7-16 Aug. 1952 








LOCAL TIME 


Diurnal variations of the gradient of refractivity 
at various heights above the ground. 


FIGURE 3. 








Denver , Colorado 
7-16 Aug. 1952 


HEIGHT , km 


o 





60 


i 
Ss 


(AN)2—(AN)jg 


Diurnal range of AN/km versus height above the 
ground, 


FIGURE 4. 


Though a comparison of figures 2 and 4 is not 
based on any strict physical reason, the similarity 
shown in these figures might suggest the large contri- 
bution of the atmosphere near the crossover point 
of the path to propagation beyond the horizon. In 
fact, the difficulty may be reduced by assuming that 
the field strength beyond the horizon is largely de- 
pendent upon the refractive index structure of the 
atmosphere, for instance, laminar structure in the 
lower part of the common volume of two antenna 
beams, considering that the lowest part of the atmos- 
phere may contribute to emphasize it by lowering 
the crossover height. 


3. Effects of an Elevated Layer in Beyond- 
Horizon Propagation 


3.1. Experimental Results (ECL) 


The Radio Wave Propagation Section of Electrical 
Communication Lab., N.T. & T., Japan, conducted 
a series of beyond-horizon oversea propagation tests 
from the fall of 1957 until the summer of 1958 [12]. 
The map and terrain profile of propagation paths of 
Miyazaki—Muroto and Miyazaki—Wakayama are 
shown in figures 5 and 6. In the test of May 1958, 
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Figure 6. Profiles of propagation paths. 


radiosonde observations were performed at Muroto 
four times a day in order to analyze the effects of 
radiometeorological conditions on radio propagation. 

The 1,300- and 3,000-Mc hourly median basic 
transmission losses are used in the present analysis. 
Calculations of refractive index were made at each 
transition point of temperature code of radiosonde 
which covered the height interval from 0 to 5,000 or 
to 7,000 m. . 

In figure 7 is shown the variation of median basic 
transmission loss for both frequencies and for both 
propagation paths, compared with radiometeorologi- 
cal factors; they are: the gradient of refractive index 
in every 500 m classified into three grades as shown 
in the figure, and relative humidity at 1,000 and 
3,000 m above sea level. It is seen in this figure 
that high signal strength is accompanied by steep 
N-gradient at a considerable height for both fre- 
quencies and for both propagation paths. These 
layers are mainly caused by an extremely dry alr- 
mass in a high pressure area lying above a humid 
airmass. It is shown by the relative humidity curves 
that elevated layers appear when a large difference 
of relative humidity occurs between 1,000 and 3,000 m. 
In this season of the year, high pressure areas 
periodically traverse Japan from west to east. In 
response to the traverse of high pressure areas, 
median transmission loss presents a similar variation 
with a period of about 4 days. Systematic diurnal 
variation of transmission loss was not observed a‘ all. 
Variations seem to be dependent largely on the 
property of the airmass covering the propaga'ion 
path. 

Correlation coefficients were calculated between 
transmission loss and N-gradient for two paths and 
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For this figure only, H refers to the relative humidity in percent. 


for the frequency of 3,000 Mec. In this case, the 
maximum value of AN/500 m in the height range 
higher than a height 7 was correlated with trans- 
mission loss, considering that all layers located 
higher than H/ are concerned with the received field 
strength. Correlation coefficients calculated for 
various values of H are plotted against H in figure 8 
It is interesting to note that the maximum value 
of the correlation coefficient is observed near the 
crossover height of each propagation path, and that 

















5 
4 Miyazaki—Muroto (3,000 Mc) q 
Miyozaki— Wakayama 
<u, 000 Mc) 
3 + 
= 
= | 
aif 
= 
2 
WwW 
P 
2 
| 
0 
-0.5 0 0.5 | 
CORRELATION COEFFICIENT 
Fiat :s 8. Variation of correlation coefficient between median 





path loss and (AN/500 m) max with height. 


243 


larger values of correlation coefficient are obtained 
on the Miyazaki—Wakayama path, the crossover 
point of which is closest to the radiosonde observa- 
tion point. 

No significant correlation was found, on the other 
hand, between transmission loss and N-gradients in 
the lowest 50, 200, and 1,000 m of the atmosphere. 

A comparison with surface weather maps showed 
that high field strengths and elevated layers both 
accompanied high pressure areas, as stated above. 
A typical case, observed between the 12th and 15th 
of May when a high pressure area passed over the 
propagation paths, was analyzed in order to present 
the effect of a layer in more detail. Figure 9 shows 
a time cross section of relative humidity up to 7,000 m 
above sea level compared with variations in trans- 
mission loss during the same period. Equi-relative 
humidity contour lines are drawn in the figure for 
every 10 percent; an area of closely spaced lines 
denotes the existence of a layer with steep NV-gradient. 
An extremely dry airmass, with relative humidity 
less than 10 percent, perhaps due to subsidence in 
the rear of the high pressure area, appeared on the 
afternoon of the 12th of May, producing a marked 
elevated discontinuity layer between 1,000 and 2,500 
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Ficure 9. The cross section of relative humidity in a high 
pressure area compared with transmission loss variation. 








m by the afternoon of the 14th. Comparing the 
transmission loss curves, shown in the lower part 
of the figure, with the variation of this layer, it is 
seen that high field strength started on the Miya- 
zaki—M uroto pathcoincidently with the layer appear- 
ance at 21" on the 13th and ended when it disap- 
peared at 21" on the 14th. Further, high signal 
strength started on the Miyazaki—Wakayama path 
when the layer reached up to the height of crossover 
point of the path at 06" on the 14th. This shows 
that an appearance of an elevated layer higher than 
the crossover height produces a high field strength 
at the receiving point. It is also interesting to note 
that no change was found in the distribution of short 
term fading, which was represented by a Rayleigh 
distribution, during the whole process from the 
lowest through the highest field strength. This fact 
indicates that even a marked elevated layer does 
not act as a specular reflection plane, but produces 
many rays, numbering three or more, by finer 
structure of the layer. 

As far as this propagation test is concerned the 
effects of the elevated layer played the most impor- 
tant role in the variation of median transmission loss 
within the month, occasional discrepancies being 
seen between them, perhaps due to other meteoro- 
logical factors. 


3.2. Experimental Results (NBS) 


This section describes an attempt to determine 
relations between transmission loss and the presence 
of elevated lavers, using experimental data obtained 
by NBS.  Radiosonde data observed at Denver four 
times a day are used. By comparison, it was found 
that the effect of an elevated layer was not apparently 
distinguishable during this test period, because it was 
masked by more remarkable diurnal variations in the 
lower atmosphere. Two typical cases in August 1952 
are shown in figures 10 and 11, when extreme 
enhancements in field strength were observed far 
bevond the horizon. In the first case (fig. 10), a 
marked discontinuity layer lies near the crossover 
height of the Pikes Peak—Anthony path. However, 
it is difficult to ascertain the effect of this layer be- 
cause of a superrefractive layer observed simultane- 
ously in the lowest part of the atmosphere. The fact 
that a similar enhancement occurs on the Pikes 
Peak—Fayetteville path, the crossover height of 
which is as high as 12,000 m above the ground, may 
emphasize the importance of superrefraction. 

In the second case (fig. 11), we may be forced to 
attribute the enhancement occurring on the Camp 
Carson—Garden City path at 12" to 14° on the 11th 
to the laver observed near the height of crossover 
point (about 1,700 m), while we find a similar diffi- 
culty as in the first case (fig. 10) for the enhancements 
observed at Garden City and Anthony in the morn- 
ing on the 12th. Further investigations would be 
necessary with careful treatments of lower super- 
refractive layers. 











3.3. Considerations on Contribution of Layers ot 
Propagation Far Beyond the Horizon 


In the experiments by ECL, we found. that 
elevated layers observed by radiosonde were the 
main factor in propagation far beyond the horizon, 
The lowest field level, which is expected in a linear or 
a tapered atmosphere, might be determined by scat- 
tering, internal reflection, or diffraction. However, 
this idealized type of the atmosphere was rarely ob- 
served in practice, the actual profile condition being 
characterized by sudden changes in the first deriva- 
tive of N-profile. We could expect more and finer 
changes in the atmosphere that were missed by 
radiosonde because of its insufficient accuracy, 
Field strength far beyond the horizon seems to be 
largely contributed by laminar structures in the 
atmospheric refractive index, even though the lower 
or the lowest level might be determined by other 
modes of propagation. 

In case of the experiments by NBS, on the other 
hand, we could not find so apparent effects as in the 
former case, mainly because of radiosonde data which 
were available only at significant levels and also be- 


ON/km AT DENVER, COLO 























Aug, 195 
Tr << 
| 
| 10 
6} 12 
TO ~ 14 | 
14 i 12 19 
5 14 i | 
ons 
E at 33 
- 7 
= | 24 = 22 
2 3 20 18 a / 
w “| | i 
os | | 
| 22 
| 22 
27 |__| 








39 | 
Lae ) _d 
5 " 7 23 
ae. ee 
AUG. 17 
a, “| 


PIKES PEAK - ANTHONY | 
100 Mc Aug , 1952 





PIKES PEAK - FAYETTEVILLE | 





Le,db 
s 
{ 





190] + 100 Mc Aug. ,1952 4 
200} 

| 
210 | 
220} 

* Gaon: eet Sane een: Sees | rs | | J 
a 2 0 2 0 

AUG. 16 AUG. 17 


Comparison of transmission loss with the gro lient 
of refractive index of the atmosphere. 


Ficure 10. 


244 


ca 
at 
OC 
bt 


Boch 








res 
of 

da 
Co 
mé 
the 


I 
var 
trie 
in 
hor: 
prec 
eart 





rs ot 


that 
. the 
izon, 
wir or 
scat- 
ever, 
v ob- 
being 
riva- 
finer 
1 by 
racy, 
tO be 
. the 
lower 
other 


other 
n the 
vhich 
o be- 


“client 








ON/km AT DENVER, COLO. 










































































Aug., 1952 
1 
i Pie 2 | 
| 
6 it | 13 13 10 
13 '2 17 ™ 
5 ey 31 
L. 40 --——| 24 
E ¢ 24 
hea | oe 
- [2] = 
ed 27 18 
S3 22 31 
= 24 24 | 2I 
2 34 100 138 24 
- - = 30 ++ 
| 
xa oT) | 24 | 6 
0 sil . 31 43 | 22 69 4i a 85 a 
" 5 W 17 23 5 Mm ~ 88 
0 \ ir \i me 
AUG. 11 AUG. 12 





= 





200 


210 t t + + CAMP CARSON-GARDEN CITY ] 
100 Mc Aug., 1952 | 


J 


220 cee eet Serre re 


L_.db 
s 
| 
| 











220 + ! + CAMP CARSON - ANTHONY 4 
100 Mc Aug., 1952 
230 | L L i i | | J | 
0 2 0 12 0 
AUG. |1 AUG. 12 | 
| 
Figure 11. Comparison of transmission loss with the gradient 


of refractive index of the atmosphere. 


cause of remarkable diurnal variations in the lower 
atmosphere. It is felt that the lowest atmosphere | 
occasionally plays a role, probably by superrefraction, 
but is not frequent enough to determine the general | 


_ characteristics of the variation in transmission loss. 


| 
| 
A study reported elsewhere [13] shows a similar | 
result on the contribution of elevated layers and also | 
of superrefractive layers, based upon experimental | 
data obtained on an overland propagation path. | 
Considerations of the lowest atmosphere should be | 
made in further studies to distinguish its effects from | 
those of the upper atmosphere. 


4, Suggestions as to the Probable Impor- 
tance of Radiometeorological Factors on 
Beyond-Horizon Communications 


P-eparing for the further studies on prediction of 
varivtions in transmission loss within a month, we 
trie’ to disclose dominant radiometeorological factors 
in propagation beyond the horizon. Near the 
horizon, where the diffraction mode is considered 
precominant, the gradient of refractive index at the 
art ’s surface may largely affect the received field 
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strength. However, effects of elevated layers seem 
to increase rapidly just beyond the horizon, empha- 
sized by refraction in the lowest part of the atmo- 
sphere. In this region, diurnal variation in field 
strength may occur on an overland path correspond- 
ing to the variation in the atmosphere. Diurnal 
variation decreases as the crossover height increases, 
and diminishes at crossover heights higher than about 
500 m above the ground. In propagation far beyond 
the horizon, no significant diurnal characteristic is 
found. At such ranges, the received field is mainly 
controlled by discontinuity layers that are dependent 
on airmass properties and may be occasionally 
affected by superrefraction. 

This interpretation, which is not based upon a 
sufficient amount of data to give a final conclusion, 
may suggest, perhaps, that the effects of radio- 
meteorological factors in the common volume play 
the most important role in communications beyond 
the horizon. It depends, of course, upon the prop- 
erty of propagation path, geographic situation, sea- 
son, and climatological condition. Nevertheless, the 
atmospheric refractive index structure within the 
common volume looks like the most promising factor 
which determines the general characteristics of varia- 
tions in transmission loss within a month, from the 
standpoint of practical communications. Perhaps 
a correction due to refraction may be necessary just 
beyond the horizon. 

This interpretation would also be helpful for better 
understanding of the description of the seasonal 
variation in transmission loss in terms of surface 
refractivitv or N-gradient at the earth’s surface. 


5. Conclusion 


Propagation characteristics beyond the horizon 
should be discussed in two categories. In the first 
case, when crossover height is located in the diurnally 
varying portion of the atmosphere, diurnal variation 
in field strength should be taken into consideration. 
In the second case, when it is higher than about 
500 m above the ground, field strength is largely 
dependent on the refractive index structure of the 
atmosphere free from the earth’s surface. In both 
cases, the most dominant radiometeorological factor 
is considered to be the laminar structure of the 
atmosphere, which might be utilized for the expres- 
sion of variations in transmission loss within a 
month. 
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The Trade-Wind Inversion as a Transoceanic Duct’ 


M. Katzin, H. Pezzner, B. Y.-C. Koo, J. V. Larson, and J. C. Katzin 


(December 21, 1959) 


Radiosonde data for stations in the South Atlantic trade-wind belt are analyzed to 
determine the potentialities of the trade-wind inversion as an elevated duct for transoceanic 


radio transmission. 
craft during the latter part of 1958. 
majority of the cases. 


of its slow response, it is concluded that a duct is present practically all the time. 


These were supplemented by refractometer soundings made by an air- 
These records indicate that a duct is present in the 
Since it is known that the radiosonde underestimates ducting because 


On the 


basis of the data analyzed, an experiment with two aircraft is suggested to test the propaga- 


tion potentialities of this mechanism. 


A frequency of around 200 megacycles per second 


appears to be a gcod choice for an initial experiment. 


1. Introduction 


This paper describes the investigation of a con- 
jecture that it may be possible to communicate 
across the oceans by means of vhf or uhf waves in the 
elevated ducts created by the trade-wind inversions. 
This conjecture developed out of the following 
evidence: 

In World War II, record radar ranges were ob- 
tained on a 200-Me radar at Bombay during the 
season of the northeast monsoon. Frequently the 
entire coast of Arabia would be painted on the radar 
PPI, and ranges up to about 1,700 miles were ob- 
tained. The meteorological situation, as reported 
by Durst [1]? results from hot dry air moving down 
from the Asian continent and overlying cooler moist 
air above the Arabian Sea. The combination of the 
two kinds of air produces a temperature inversion. 
At the level of the inversion, a temperature increase 
and a moisture decrease with increasing height occur. 
These both effect a decrease of reiractive index with 
height, with the result that a strong elevated duct is 
created, Since a radar range of 1,700 miles represents 
a two-way traverse, the total range of transmission 
was up to 3,400 miles. 

In a preliminary study of meteorological data for 
the South Atlantic region between Ascension Island 
and the Brazilian coast, a similarity of the conditions 
in the trade-wind inversion to those which were 
effective in producing the record ranges over the 
Arabian Sea became apparent. Since the trade in- 
version extends between the continents, or islands 
contiguous thereto, it appeared that here might be a 
mechanism capable of propagating radio waves clear 
across the oceans with low attenuation, and thus 
requiring relatively little power to effect communica- 
tions. Because of the persistence of the trade winds, 
which blow virtually continuously through the year, 
is aso appeared that this mechanism might be a 
reli: ble one. 


'Co \tribution from Electromagnetic Research Corp., Washington, D.C. This 
work was supported by Air Research and Development Command, U.S. Air 
oree 

2 Fi ures in brackets indicate the literature references at the end of this paper. 





In order to determine the possible success of an 
experimental program, it was decided to analyze ex- 
isting radiosonde records, which were the only data 
then available for regions of interest. 

It was realized from the outset that radiosonde 
data had great shortcomings for use in revealing the 
existence of ducts. This is due principally to the lag 
of the temperature and humidity elements in com- 
parison to the rate of ascent of the ballon. It was 
felt, however, that the indications obtained from the 
radiosonde would be pessimistic, so that a favorable 
indication perhaps should be interpreted as a strong 
probability. 

Among the various trade-wind regions, the region 
of the South Atlantic trade was singled out for 
study, especially the portion between Ascension Is- 
land and the Brazilian coast. 

In this paper, the results of the analysis of avail- 
able radiosonde data are summarized. Because of 
the favorable nature of these results, arrangements 
were made to take airborne refractometer measure- 
ments of the refractive index distribution through 
the inversion region. These measurements were 
made during a two-week period in November and 
December 1958 by Dr. R. M. Cunningham of the 
Air Force Cambridge Research Center in bis Air- 
borne Cloud Physics Laboratory. In addition, the 
regular daily schedule of radiosonde measurements 
at Fernando de Noronha and Ascension Island were 
stepped up to four per day during this period for 
comparison with the refractometer soundings, as well 
as to investigate a possible diurnal variation in in- 
version characteristics. The results of these addi- 
tional measurements are also summarized here. 


2. Characteristics of the Trade Inversion 


A brief review of the known characteristics of the 
trade-wind inversion will be presented as a back- 
ground against which to view the results obtained 
from the present study. Present knowledge of these 
characteristics is due largely to the classical papers 
of von Ficker [2] and Schnapauff [3], which are sum- 
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marized in Riehl’s [4] book. We shall be concerned 
here entirely with the Atlantic trade winds, especially 
those of the South Atlantic. 

It is believed that the trade-wind inversion is due 
to dry air descending from high levels at the eastern 
ends of subtropical high-pressure regions. This sub- 
siding air meets a current of moist and cooler air 
above the oceans. The warm air above forms a 
stable blanket over the cooler air below which inhibits 
vertical motion and large-scale mixing of the two 
streams of air. An inversion thus forms at the 
level where these streams meet. 

According to von Ficker [2], the height of the trade 
inversion is subject to day-to-day and seasonal fluctu- 
ations. In the South Atlantic trade, the inversion 
rises as one proceeds westward from the African 
coast. The temperature rise, or “strength” of the 
inversion, decreases to the westward and equator- 
ward. The most intense change in relative hu- 
midity within the inversion also is associated with 
the lowest inversion heights, and decreases westward 
and equatorward. 

From the height, temperature rise, and humidity 
decrease characteristics, von Ficker’s data indicate 
that the inversion begins at the African coast at 
a low height and is very intense. As one progresses 
westward, there is at first a relatively rapid rise in 
height, accompanied by a decrease in the amount 





of temperature and humidity change. These changes | 


in height and strength of the inversion flatten off 
about one-third of the way across the ocean, after 
which the height remains fairly constant and the 
temperature and humidity changes decrease slowly 
with distance. 


3. Raw Data and Method of Analysis 


For the present study, the principal source of 
information was radiosonde data which, for the 
most part, consisted of tabulations of temperature 
and relative humidity at so-called “significant” and 
“mandatory” levels. From these values the modified 
index, M, was computed from 


M=N-+0.157h, (1) 
where h is the height in meters, and N, the refrac- 
tivity, is calculated from the relation (Smith and 
Weintraub [5]) 


» a ( 


in which 7 is the absolute temperature, p is the 
atmospheric pressure in millibars, and e the partial 
pressure of water vapor in millibars. 

An example of the results of a sounding is shown 
in figure 1. The curve (a) is an M-curve for a 
nighttime sounding taken at Ascension Island on 
November 7, 1944. From the M-curve, one deduces 
that an elevated duct with a AM, or “strength,” of 
8 units is present between the heights 1,400 to 1,690 
m. This sounding was specifically selected to show 
the presence of a duct. 
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M-curve calculated from radiosonde significant- 
level observations, Ascension Island. 
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(a) Sounding of November 7, 1944, 2340 GCT; (b) sounding of November 15, 
1957, 1145 GCT. 


Because of the large amount of data, the following 
procedure was adopted for the bulk of the analysis. 
From the significant-level tabulations, the indicated 
levels of the bottom and top of the inversion could 
be spotted easily. From the values of pressure, 
temperature, and relative humidity corresponding 
to these and any intervening levels, NV was computed. 
Chronological graphs were then prepared, showing 
the heights of the top and bottom of the inversion, 
the decrease of N between these heights, and surface 
wind speed and direction. Since some stations took 


| one sounding per day, while others took two, the 


data were divided into day and night groupings for 
the latter cases. Some of these graphs are given in 
the accompanying figures, which will be discussed 
in section 4. 

Dr. Cunningham’s Airborne Cloud Physics [ab- 
oratory was equipped with extensive instrumentation 
for measurement of air and cloud particle proper ies. 
The data of immediate interest to the present study 
were the records of temperature and refractive index, 
especially the latter. The refractive index measure- 
ments were made with a microwave refractom: ter 
of the Crain type. A number of ancillary data were 
recorded, such as altitude, air speed, time mark»rs, 
markers to indicate entry into and emergence fom 
cloud, as well as cloud particle data. The proiiles 
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through the inversion region were taken at a rate of 
ascent or descent of 500 to 1000 ft/min. Also a few 
horizontal runs were made near the cloud tops to 
explore the wavy nature of the base of the inversion. 


4. Results and Discussion 
4.1. Standard Radiosonde Summaries 


The stations for which radiosonde summaries were 
analyzed are listed in table 1. 


TABLE 1 


Station Location 


Ascension I 5 ; 
Fernando de Noronha I 
Luanda, Angola, P.W.A 5 9° S, 
Natal, Brazil-- ete aul ee 
Recife, Brazil. - } ‘ 





Figure 2 is a chronological plot of the night sound- 
ings at Ascension Island for 1944. The points 
plotted for the individual days have been connected 
by straight lines. For some days data were missing, 
either due to no data or to no inversion. To differ- 
entiate between these two reasons for no data, dots 
were entered at the bottom of the graph, a single dot 
for no inversion and a double dot for no data. The 
instances of “‘no inversion”’ were quite rare. 

A rather large day-to-day fluctuation in height 
and in AN is evident. In spite of this, a gradual 
seasonal trend in the heights can be discerned. 
Similar characteristics were found to exist in the 
daytime data, and in the data for 1945. 


HEIGHT, METERS 


; Seam tegmet tems. atom 
5 6 615 6 B15 6 B15 6 BLS 6 B15 
JANUARY FEBRUARY MARCH APRIL MAY JUNE 


Figur: 2 








+ ee 
SAP TT? 


25 


In order to bring out the seasonal characteristics 
clearly, 30-day running averages were computed for 
the heights and AN from the data of figure 2. These 
are plotted in figure 3. This brings out quite 
strikingly the seasonal variation, the averege height 
of the lower boundary of the inversion increasing 
from about 1,300 m in summer (January) to about 
1,800 m in winter (July). The thickness of the 
inversion shows only little variation between about 
300 and 400 m, since the top and bottom move to- 
gether fairly closely, even in detail. It must be 
remembered, however, that these are running aver- 
ages of the data. In spite of this, the closeness with 
which the two curves follow each other is quite 
remarkable. From this, one is led to conclude that, 
by and large, whatever causes the day-to-day varia- 
tions in height effects a bodily transport of the in- 
version laver. The average decrease of N in figure 3 
varies between about 25 and 40 without, however, 
showing a marked seasonal correlation. 

Data for the stations on or near the Brazilian coast 
varied considerably in quality. In most instances 
there are long gaps in the data, which make it difficult 
to deduce trends or averages. The data from the 
stations at Natal and Recife show evidences of 
several inversions existing at times. 

As mentioned above in section 2, the sounding for 
curve (a) of figure 1 was specifically selected to show 
the presence of a duct. On that occasion a large 
decrease in N occurred over a moderate height in- 
terval, so that the first term on the right of eq (1) 
gave a larger decrease than the increase due to the 
second term containing h. Thus .W decreased over 


the height interval between the two significant levels 
recorded. 


In the majority of cases, however, the 
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2. Chronological plots of heights at top and bottom of inversion, decrease of N through inversion (AN), and surface wind 


speed and direction. 


Ascension Island, midnight soundings, 1944. 


61S2--60 ° 


Double dots at bottom denote “no data,” single dots, ‘‘no inversion.”’ 
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Fiaure 3. 30-day running averages of inversion heights and AN from data of figure 2. 
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1944 and 1945 data from Ascension Island indicated Table 2 shows the percentage of soundings which 
no duct because the decrease in N took place over a | indicated ducts for the stations listed in table 1. It 
height interval so large that the increase in the | can be seen from table 2 that more recent measure- fF 
second term in eq (1) was larger than the decrease i 
in N. a 
The data for Ascension Island for the latter part et 
of 1957, shown in figure 4, are striking in comparison FFT eT PI PPO Vere vl eT ee Pe esr reer fe Wis ner Ce a 
with the data in figure 2. It is evident immediately f 
that the thickness of the inversion is much less in the il 
later data, by a factor of two or more. Furthermore, | ™ 
the AN’s run to higher values, also by a factor of _/l | o 
about two. This has a profound effect on the trap- oa 
ping capabilities of the inversion. Curve (b) in N i nl for 
figure 1 shows a plot of a selected sounding similar to | wy yyy V zs 
that shown in curve (a). The M/-curve shows a duct | Th 
extending from 1,115 to 1,500 m, with a strength of = 
29 M-units. The same type of change is evident in rm 
the character of the later data for the Brazilian sta- de 
tions. The later data indicate that a duct is present ple 
in a majority of the soundings, as will be shown below. IN { f n Dr 
The rather sharp change in inversion characteris- | (| I, \| 08 
tics as revealed by the 1944 and 1957 data suggests wien due 
that a change in the speed of response of the radio- Wy Wy vii! Ww val 
sonde instrument used took place between those dates \y h W\ ‘al \K eat 
(presumably the replacement of the hair hygrometer V 7" V jo 
by the lithium chloride strip). This matter is related plo 
to the basic question regarding the reliability with the 
which duct characteristics can be determined from tion 
radiosonde data. Andre [6] has discussed the limita- MA Vln Ad a ad a an on aa a a a gn 
tions of radiosonde data for use in refractive index 5 § 615 & 81/5 © S815 & B 
7H = — ager modern radio- SEPTEMBER OCTOBER NOVEMBER DECEM 3€R 
sonde registers only those ducts which have scales of | : ; ’ mae 
hundreds of feet or more, and that these are shown _ ie ere, peg Preesaeey poche Ay _ F tak 
as being weaker, thicker, and higher than they the 
actually are. 





Ascension Island, midnight soundings, 1957. Double dots at bottor: denol 
“no data.” 
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1957 to 1958 | 
1944 
1957 to 1958 
1943 to 1946 
1950 to 1952 
1954 to 1957 
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Natal. 
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ment series show a much larger percentage of ducts 
present. (In the case of Luanda, which shows a very 
low percentage, it is known that this station still 
used the hair hygrometer.) 


4.2. Four-Per-Day Radiosonde Measurements 


The 4-per-day soundings at Fernando de Noronha 
and Ascension Island were scheduled to explore a 
possible diurnal trend in inversion height. ‘The anal- 
ysis of the significant level tabulations for inversion 
characteristics showed no significant diurnal varia- 
tion, however. 

During the two-week period, six soundings showed 
no inversion in the significant-level data. Inspection 
of the recorder charts, which were supplied for this 
period, showed that a large humidity lapse did occur 
through the normal levels of the inversion, in spite 
of no significant temperature change. Furthermore, 
examination of the charts showed that it was a con- 
sistent practice for the observers to smooth the 
records (in accordance with standard scaling proce- 
dures) in such a way as to yield a reduced humidity 
gradient. As a consequence, indications of the pres- 
ence of a duct through analysis of significant level 
tabulations are made pessimistic, even beyond the 
effect of lag of the temperature and humidity sensing 
elements discussed earlier. 

As a specific illustration, figure 5 shows plots of 174 
versus height for the 1800 GCT sounding of No- 
vember 30, 1958. At the time of this sounding, by a 
fortunate coincidence, a refractometer sounding also 
was taken in the same area by Dr. Cunningham. 
The dotted line is the plot of the significant level data, 
while the solid line is the plot of values scaled directly 
from the radiosonde recorder chart to reveal all the 
detail contained in the record. Also shown is the 
plot of the refractometer measurements made by 
Dr. Cunningham. Although the refractometer 
sounding shows two duct regions, the plot of the 
significant levels shows none, while the plot of the 
values scaled directly from the recorder chart indi- 
cates two ducts, each weaker and higher than the 
corresponding duct indicated by the refractometer 
plot. Thus this one comparison is in agreement with 
the general behavior predicted by Andre and men- 
tioned in section 4.1. 


43. Airborne Refractometer Measurements 


In iew of the rather large number of soundings 
taken by Dr. Cunningham, only a few samples of 
these will be included here. One already has been 
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Figure 5. Comparison refractometer 


Fernando de Noronha, November 30, 1958. 


shown in figure 5, and two others are shown in figure 
6. The essential data relating to the duct region at 
the height of the trade-wind inversion for all of the 
refractometer soundings analyzed are given in table 3. 

The soundings in figure 6 are typical of a number 
of cases in which the layer was indicated as having a 
serrated edge. This is due to the fact that the 
soundings actually are slant sections, however, 
rather than vertical profiles through the layer. 
The bottom of the inversion has a wavy profile, so 
that, at a vertical rate of the aircraft of 500 to 1,000 
ft/min, the aircraft passes through several of the 
wave crests. This was verified in several horizontal 
runs through the cloud tops. 

Table 3 lists the duct characteristics derived from 
the M-curves plotted for each profile. The table 
gives values of duct height, and thickness (in meters) 
and duct strength (AM) for each sounding, and the 
latitude and longitude corresponding to passage of 
the aircraft through the inversion. Of 68 soundings 
tabulated, only one showed no duct present. In 
two cases there was a gap in the recording because of 
a scale change made just at the time of passage 
through the inversion, so that values of duct thick- 
ness and strength could not be determined for these, 
although it was obvious that a duct existed. 

Comparison of the aircraft soundings with the data 
derived from the radiosonde summaries shows that 
the inversion is much sharper and more intense than 
the radiosonde indicates. The transition frequently 
takes place in less than 30m. As a result, stronger 
and thicker ducts are shown by the aircraft soundings. 
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Date Run h Ah AM °§ ow 
|| aro 2 1650 110 19 8.2 34.7 
3 1655 110 14 8.1 31.2 
4 1450 230 23 8.1 31.5 
5 1370 115 10 6.2 31.7 
6 1460 200 18 5.4 31.9 
7 1130 45 1 4.3 32.3 
8 1740 180 9 2.8 32.4 
9 1570 7 16 6.5 33.9 
10 1585 ? 8.0 34.7 
| |) Scene 1 2040 ? 34 £4 34.7 
2 1540 165 11 8.5 29.5 
3 1495 130 8 8.3 30.6 
4a 1495 150 12 8.2 31.2 
4b 1515 245 15 8.1 32.1 
5 1470 280 18 8.0 33.0 
6 1610 200 13 8.0 34.1 
7 1510 260 44 a2 34.5 
| eee 2 1695 160 11 es 32.4 
3 2050 200 29 3.6 32.5 
DD A ncemeceneenebewel aooasies 6.1 33.9 
5 2050 335 23 6.7 34.2 
6 1670 90 6 8.0 34.8 
ee 1 1480 80 5 8.2 34.2 
2 1465 320 36 8.5 25.7 
3 1490 315 30 8.5 23.7 
4 1440 30 9 8.0 15. § 
|| 1 1305 160 17 8.2 14.2 
2 1445 245 19 7.6 20.1 
3 1500 235 17 7-7 19.4 
4 1405 365 31 8.0 17.7 
5 1285 170 16 8.1 17.0 
6 1450 235 22 8.1 16.1 
7 1485 105 10 8.1 15.5 
8 1440 235 27 BY 14.9 
| ee | 1 1680 210 11 8.3 14.0 
2 1270 525 50 10.8 8.9 
4 1280 460 34 10.5 10.0 
11 1470 170 18 8.7 12.7 
} 12 1380 260 34 8.7 13.0 
13 1570 210 13 8.6 13. 4 
14 1680 305 36 8.1 14.1 
(| eee 1 1300 175 21 8.0 14.3 
| 2 1410 410 30 8.2 20.3 
| 3 1380 400 46 8.2 19.8 
4 1435 410 27 8.2 19.5 
5 1375 150 15 8.1 19.1 
6 1430 580 45 8.1 | 18.7 
7 1390 >510 50 G34 18.3 
8 1350 390 47 8.1 | 18.0 
9 1320 430 26 8.1 | 17.6 
10 1485 410 44 8.0 | 16.8 
11 1455 365 26 8.0 16.4 
12 1505 320 30 7.9 | 16.1 
13 1580 430 34 7.9 | 15.7 
14 1430 285 21 7.8 | 15.2 
15 1410 125 4 7.8 | 14.5 
16 1485 180 11 8.0 | 14.5 
eee A 1 1595 105 11 8.0 14.5 
2 1300 405 34 7.9 25.3 
3 1500 430 32 8.0 | 26.0 
4 1550 255 42 8.2 | 26.7 
| 5 1410 110 4 8.3 27.5 
| 6 1720 140 10 8.2) 34.5 
| | 
ee | 10 1 60 14 8.1 | 32.9 
11 1370 275 36 7.9 | 33.1 
12 1580 90 30 7.9 | 34.5 
13 1660 250 26 7.8 34.5 
14 1690 275 26 | 8.0 34.6 





An approximate method of calculating the critical 
wavelength for trapping in an elevated duct com- 
posed of straight line segments was derived by the 
phase integral (WKB) method. 
the M-curves of figure 1, for example, the results 
shown in table 4 were obtained. 

If it is assumed that the radiosonde underestimates 
the decrease in N and overestimates the height over 
which it takes place, then both the thickness of the 
duct and the magnitude of the decrease in N through 
it will be underestimated.. Hence this will indicate 
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Figure 6. M-curves from refractometer soundings. 


(a) Taken at 08.5° S, 25.7° W, December 5, 1958; (b) taken at 10.8° S, 08,9° W, 
December 7, 1958. 














TABLE 4 
| M-curve 
es | “ 
| Fig.1 | Fig.9 
— % sini ee ae? |e = 
Amax (meters. | 3. 06 8.37 
fmin (Mc).-.-- 98 | 37 





a smaller trapped wavelength, and thus a higher 
minimum trapped frequency. 

Out of the 68 soundings for which AM could be 
determined, it was found that only one would have 
a value of finn above 200 Me. 


5. Conclusions 


In view of the facts that 

(a) the radiosonde consistently underestimates 
ducting conditions, 

(b) the more recent data show ducts present in the 
majority of the soundings, and 

(c) the aircraft soundings show consistently 
stronger ducts than the radiosonde data, 
it is concluded that a duct is probably present most, 
if not all, of the time. From the observed duet 
characteristics, it is estimated that a conservative 
value of minimum trapped frequency is «around 
200 Me. 

An initial experimental test of the trapping cap®- 
bilities of the trade wind inversion should »im at 
utilizing the potentialities in an optimum fashion. F 
Thus the waves should be launched in the du t ani 
received in the duct. Otherwise a large loss in e> citing f 
the trapped wave in the duct probably woild be 
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From the data presented, it can be seen 


incur’ed. 
that ‘he duct straddles the lower edge of the inver- 


sion. Hence a general guide is to locate the trans- 
mittiny and receiving antennas just below the base of 
the iiversion. This level generally is easy to 
determine because the cumulus clouds which are 
prevalent in the tropics generally terminate at the 
inversion base. The use of two aircraft for the trans- 
mitting and receiving terminals thus is indicated. 
With regard to the choice of frequency, the effect 
of irregularities or ‘roughness” of the inversion 
boundaries and occasional “holes” in the inversion 
along the path must be considered. Roughness of 
the boundaries will result in a certain amount of 
scattering out of the duct, which should increase 
with frequency as the scattering irregularities become 
larger with respect to the wavelength. A “hole” in 


' the duct will be somewhat equivalent to breaking a 


waveguide and separating the two parts. The trans- 
mitting end of the break will then radiate like a 
horn antenna and the receiving end will act like a re- 
ceiving horn. The directivity of these equivalent 
horns will increase with frequency. Thus, if the 
axes of the horns are in line, a higher frequency 


} should bridge the gap with lower attenuation than 


a lower frequency. But if the axes are out of line 
by an angle comparable to the beamwidth of the 
equivalent horn antenna, then a large loss will take 
place between the two ends of the break or hole. 
In this case a lower frequency would produce less 
loss. Because of the earth’s curvature, an extensive 
hole in the duct would be equivalent to a misaline- 
ment of the axes at the apertures. From this it is 
concluded that frequencies not too far above the 
minimum trapped frequency should be used. 
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In making the final choice of frequency, other 
mechanisms of propagation which might interfere 
with or confuse the interpretation of the results 
should be considered. These mechanisms are mete- 
oric and ionospheric scatter. The effectiveness of 
these mechanisms decreases rapidly with increasing 
frequency. Ata frequency of 200 Mc these mecha- 
nisms should be feeble compared to the duct mecha- 
nism, so that such a frequency appears to be a good 
choice for an initial experiment. 
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An Analysis of Propagation Measurements Made at 418 
Megacycles Per Second Well Beyond the Radio Hori- 


zon (a Digest) 


H. B. Janes, J. C. Stroud, and M. T. Decker 
(December 1, 1959) 


During an 18-month period in 1952 and 1953, transmission loss measurements at 418 
megacycles were made over a 134-mile path between Cedar Rapids, Iowa, and Quincy, 


Illinois. 


Continuous recordings made simultaneously at several receiving antenna heights 


from 30 to 665 feet yielded information on diurnal and seasonal variations in both the 


hourly median basic transmission loss and in height gain. 


These data are compared to 


predictions made using the method developed by Rice, Longley, and Norton and are found 


to be in good agreement, particularly at the lower antenna heights. 


An analysis of the 


correlation of short-term signal level variations observed at horizontally and vertically 


spaced antennas is described. 


1. Introduction 


This is a digest of an NBS Technical Note [1]! 
which describes in considerable detail a series of 
transmission loss measurements made by the National 
Bureau of Standards at a frequency of 418 Me over 
a 134-mile path extending from Cedar Rapids, Iowa, 
to Quiney, Il. 

The principal purpose of the measurements was 
to study: (1) The hourly, diurnal, and seasonal 
variations in basic transmission loss experienced 
in transmissions made well beyond the radio horizon; 
(2) the corresponding long-term variability of height- 
gain; (3) the comparison of measured transmission 
loss and height-gain with predicted values; and, 
(4) the correlation of instantaneous signal levels 
measured at vertically and horizontally spaced 
antennas. (A discussion of item 4 is given in ref [1] 
but will not be summarized here.) 

The experiment covered a period of approximately 
a vear and a half from January 1952 to May 1953. 
The transmitter was located at Cedar Rapids and 
was operated by the Collins Radio Co. under contract 
with the National Bureau of Standards. The 
receiving and recording equipment were installed 
and operated by NBS. Space on a 750-ft tower 
was obtained through the cooperation of WTAD-FM 
in Quincey, and the receiving antennas were mounted 
on this tower at heights ranging from 30 to 655 ft 
above ground. The transmitting antenna was 39 ft 
above ground. 

The equipment was operated for 13 recording 
| periods, each of approximately 2 to 3 w ecks duration. 
Duriny each period, continuous recordings of basic 
transmission loss were made simultaneously at 3 
to5 d fferent antenna heights. Table 2 of reference 
[I] sh ws a schedule of the recording periods and 
the a: ‘enna heights used during each period. Also 
show: are the inclusive dates during which each 

anten a height was used and the total number of 
hours sf data recorded at each height during a given 
perio 


1 Fig in brackets indicate the literature reference at the end of this paper. 





The angular path distance [2] ranged from 20.3 to 
15.7 milliradians for the 30- and 665-ft receiving 
antenna heights, respectively. Insofar as the long- 
term median basic transmission loss measured over 
paths having angular distances of this order (i.e., 
greater than about 10 milliradians) agree quite well 
with values predicted from scatter theory [2], this 
might be considered to be a tropospheric scatter 
propagation path. However, analysis of the short- 
term variations in signal level reveals that for sig- 
nificant percentages of the time (especially during 
the night), mechanisms other than scattering appear 
to be important. It would seem that this path is 
in a transitional region between the shorter paths 
where processes such as diffraction and ducting may 
provide most of the signal power and longer paths 
where scattering is the principal contributor. 


2. Description of the Data 


The data output of this experiment was reduced 
to hourly distributions of instantaneous signal levels 
obtained from time totalizing recorders or, in some 
instances, from paper chart recordings. The hourly 
median basic transmission loss, Ly,, and the fading 
range (ratio, in decibels, of levels exceeded 10% and 
90% of the hour) were read from these distributions. 
A complete tabulation of all hourly Ly, values and 
fading ranges is given in reference [1]. Also given 
there are graphs of individual hourly Lom values 
plotted versus time of day for each antenna height 
and each recording period. These graphs illustrate 
the fact that the range of the variations in Lo, 
measured at the same hour for 15 or 20 consecutive 
days is, in general, of the same order of magnitude 
as the range of the diurnal trend as shown by the 
median of hourly Lym Values. 

Although the hourly fading ranges listed in refer- 
ence [1] show considerable variance, the ‘vy consistently 
cluster in the vicinity of the 13.4-db fading range 
that would be obtained from a pure Rayleigh dis- 
tributed signal. This tendency is apparent regard- 
less of time of day, although the variance of fading 
ranges measured at a given hour is somewhat larger 
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during the night than during the day, particularly 
in ‘he summer months. The lack of diurnal cycle 
in fsding range and the tendency to approximate the 
Rayleigh distribution fading range should not, how- 
ever, be interpreted as evidence that the signals 
recorded at Quincy were the result of scattering 
regardless of the time of day. It can be seen in the 
data samples shown in the technical note that the 
character of short-term variations in signal level 
changes considerably in going from afternoon to 
night. The slow, deep fading occurring at night 
often covered a range equal to, or greater than, the 
Rayleigh fading range. 

One of the principal objectives of the Quincy ex- 
periment was to study the effects of antenna height 
on the signals received far below the radio horizon. 
During most of the recording periods simultaneous 
transmission loss recordings were made at three or 
more receiving antenna heights. We define the 
height-gain associated with two antenna heights to 
be the difference between hourly median L, values 
measured simultaneously at these two heights. A 
positive height-gain indicates a reduction in Ly, with 
increasing height. The hourly height-gain values 
obtained for each pair of antennas during each’ re- 
cording period were plotted versus time of day. It 
was found that although the median of hourly Lo», 
values tended to decrease slowly with height, there 
was a large variance in the height-gain observed on 
any one pair of antennas at a given hour of the day 
during a given recording period. Examples of these 
height-gain versus time-of-day plots are shown in 
reference [1]. Also included are graphs showing the 
median of the hourly height-gain values for each 
recording period plotted versus the ratio of receiving 
antenna heights, and the median basic transmission 
loss, fading range, and height-gain versus time of year. 


3. Comparison of Observed and Predicted 
Basic Transmission Loss 


Rice, Longley, and Norton [3] have developed a 
method of predicting the cumulative distribution of 
basic transmission loss at frequencies above 10 Me 
for wide ranges of path lengths, antenna heights, ter- 
rain configurations, and atmospheric refractive index 
gradients (the latter as deduced from observed sur- 
face values of refractivity). Using this method, the 
predicted cumulative distributions of basic transmis- 
sion loss were determined for the 30, 165, 365, 565, 
and 665-ft receiving antenna heights for time block 
two ‘November through April, from noon to 6 p.m.) 
and ‘or the 30, 365, and 665-ft antenna heights for 


time block five (May through October from noon to 
6 p.n.). These antenna heights were chosen because 
of tl relatively large amount of observed data avail- 
able for comparison. The surface refractivity data 
usec in this determination were the average of values 


for | .ese time blocks during 1952 and 1953 obtained 
at t ¢ U.S. Weather Bureau stations at Des Moines, 
low , and Joliet, Ill. These stations lie west and 
east of the propagation path, respectively. However, 
the ‘ata obtained at these two points are so well 








correlated that we may reasonably assume that they 
closely approximate conditions on the path. 

The predicted distributions are shown in figure 1 
along with the corresponding distributions of ob- 
served values. The latter include all hourly medians 
observed during the time block in both 1952 and 
1953. Figure 2 provides a comparison of the ob- 
served height-gain data with the corresponding pre- 
dicted values. A predicted value is shown at each 
ratio of antenna heights; the observed value for each 
ratio is simply the mean of the median height gain 
values for all recording periods. On the assumption 
that the observed decibel values of height-gain are 
normally distributed, there is a 68 percent proba- 
bility that the true mean lies within the “wings” on 
the observed points. The fact that the predicted 
values are all above the measured values (and, in- 
deed, lie outside the wings in most cases) indicates a 
consistent bias in the prediction which is larger at the 
higher ratios, i.e., those involving the 30-ft antennas. 
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Figure 2. Predicted and observed height-gain versus ratio of 
antenna heights for all hours 1952 and 1958. 


The experiment described here was performed 
under the supervision of J. W. Herbstreit. The sur- 
face refractivity data were supplied by B. R. Bean. 
Much of the reduction of the radio data was done by 
F. L. Anderson. K. A. Norton and P. L. Rice offered 
many valuable suggestions concerning the analysis. 
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On the Calculation of the Departures of Radio Wave 
Bending From Normal 


B. R. Bean and E. J. Dutton 


(October 29, 1959; revised December 10, 1959) 


The calculation of nonnormal tropospheric bending of radio waves is treated in terms 


of a reduced-to-sea-level value of the refractive index. 


This method emphasizes departures 


of bending from the average bending for the United States and consists of visualizing ray 


bending as consisting of two parts; an‘ 
component. The ‘‘average”’ 


accurately from refraction tabulations while the component due to departures 


obtained ‘by graphical means. 


1. Introduction and Background 


The angular bending, 7, of a radio ray passing from 
the earth's surface where the refractive index is 
n, to any point in the atmosphere of refractive 
index n is given by 


n 
cot 6 ; 
=— — dn (1) 
ns n 
where @ is the local elevation angle of the ray. (The 
geometry is shown on fig. 1.) In practice, (1) is 


evaluated by numerical integration, assuming that 
nis stratified in layers concentric with the earth and 
decreases vara? between measured or assigned 
values of n [1, 2].! Although at any instant the 
vertical distribution of n may be quite complex, it 
has been customary [3] to assume that m decreases on 
the average linearly with height up to 14 km, thus 
vastly simplifying many practical problems en- 
countered in radio engineering applications involving 
antennas at these heights. Even though the assump- 
tion of a linear decrease of n is adequate for the 
majority of applications, the advent of space com- 
munications has forced a closer consideration of 
actual atmospheric n structure [4, 5, 6] with the 
general conclusion that it is more realistically repre- 
sented by an exponential decrease with height than 
by a linear decrease, Millington [7] and Norton 
8, 9, 10] have given numerous examples of the use 
of these more realistic atmospheres in the calculation 
of transmission loss in both ionospheric and tropo- 


spheri propagation, while Wait [11] has given rigor- 
ous scries formulas for the distance to the horizon 
In suc) an atmosphere. 

In act, the International Radio Consultative 
Comi ittee has recently recommended for  inter- 
natio: il use a basic reference atmosphere to describe 
the 2 erage refractive index structure of the at- 


§ hosp! ere by 


—_—— 


'Figu: : in brackets indicate the literature references at the end of this paper. 





‘average’”’ component and a ‘‘departure-from-average”’ 
component comprises most of the bending and is obtained 


is easily 


RADIO RAY ~ 





Ficure 1. Geometry of atmospheric refraction of radio waves. 


N(h)=[n(h)—1] 10°=N, exp(—ch). (2) 
Tables of refraction variables have been prepared 
[12] for atmospheres of this form for specific values 
of N, and e throughout their normal range of 
variation. 

The systematic exponential decrease of the re- 
fractive index with height is relatively large compared 
to variations introduced by fronts and airmass dis- 
continuities. To obtain a clear picture of such 
variations one should eliminate the systematic 
height changes from the actual observed value, 
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N(h), and thus emphasize the departures from normal 
of the actual N structure. This may be accom- 
plished by 


A(h, N;)=N(h)+N, [1—exp(—ch)] (3) 


which has been found [13] to be more effective than 
previous corrections involving the assumption of a 
linear N(h) distribution [14 through 17]. 

The purpose of this paper is to consider departures 
of n structure from normal, as specified by (2), the 
effect of these departures upon ray refraction, and 
to present a new method for calculating +r based 
upon these departures which will differ from other 
approximate methods already in the literature [1, 
2,5, 12, 18, 19, 20]. 


2. Calculation of Nonnormal Refraction 


In evaluating the bending of a ray one is concerned 
with the refractive index gradient: 


dA(h, Ns) =dN(h)+ Nye exp(—ch)dh (4) 


or 
10°dn=dN(h)=dA(h, N,)—Nsc exp(—ch)dh. (5) 


The integral for the bending of radio waves, 


np 
= cot 6 
ie -f dn, 
ny n 
now becomes 


ak i 10-® cot @dA(h, N;) 
|S ies 
ny 





n 


no —6 ry 
-{ ‘ moe [—N,c exp(—ch)] dh. (6) 
my 


The height variation of 6, although dependent upon 
the refractive index distribution through Snell’s 
law, is at least four times more sensitive to purely 


geometric changes than to refractive index changes | 
This then suggests that we may simplify our | 


[2]. 
problem by assuming that @ may always be deter- 


mined by its value in the N(h)=N, exp(—ch) at- | 


mosphere for the height under consideration. When 
this assumption is made the second term on the 
right-hand side of (6) becomes simply the bending 
in the N(h)=N, exp(—ch) atmosphere, designated 
t(h, N;). Equation (6) may now be written 


*Nno —6 
napend | cot PaAlh, N,) +1 (h, N,). (2) 
ny 


Since r(h, N) normally comprises most of the bending 
and is accurately tabulated (for several specific 
values of N,), approximate or graphical methods 
may be used to determine 


N< —-b a 
- i} “TO cot PA Ah, N,). (8) 


1 





| each atmosphere are also listed. 





The perturbation term represented by eq (8) pre- 
sumably contributes only a small portion of 7 which 
is taken as justification for the further approxima- 
tions that »=1 and that cot 6=1/8, then 


n —-6 pn ng —6 
-{ gh TG N) ~-| ey  aAGh, N,) 
nm n ud | 6 


—10-° 7 \]n 2 n —6 
~——— [AG, No i=—9 7G [AJ s)In2 10-°. (9) 


The problem now consists of determining the best 
method of estimating r(h, N;) and the variation of 
6 with height. One method would be to refer the 
method to a single exponential N profile typical of 
the United States: 


N(h)=313 exp (—0.144h) (10) 


where fh is in kilometers. Equation (10) represents 
average conditions and would have the advantage 
of referring all N structure to a single “standard” 
atmosphere. However, climatic and _— synoptic 
changes in refractive index profiles can be accounted 
for by utilizing the range of refraction variables 
tabulated in reference [12]. These tabulations are 
in terms of specific values of NV, ranging from N,=200 
(extremely dry and high locations) to N,=450 
(extremely hot and humid locations). However, 
refraction effects are more sensitive to initial V 


| gradient conditions than to the value of JN, [5], 


particularly at small elevation angles. Thus, in 
what follows, the choice of a reference atmosphere 
will be determined by the initial gradient of the V 
profile for which we wish to determine the bending. 


| Table 1 lists the exponential profiles for which 


refraction tabulations are available. The N, value 


Initial N gradient,, AN,, inthe C.R.P.L. exponential 
reference atmosphere 


TABLE l. 





Range of AN, (N units/km)| 


N(h) 


—AN,<27.55 ° 200 exp(—0. 1184h) 

55<— AN. <35. 3% 252.9 exp( —. 1262h) 
35. 383< — AN. <42. 1é 289 exp( —.1357h) 
3<—AN.<49. 5% | 313 exp( —. 1438h) 





52<—AN.<59. 68 344. 5 exp( —. 1568h) 
<— AN. S71. 10 377. 2 exp( —.1732h) 
<—AN; S88. 65 404.9 exp( —. 1898h) 
I< —AN, 450 exp( —.2232h) 








« Note: height, A, is in kilometers. 


and the range of initial N gradients assigned to 
Since, theoretically, 
there are an infinite number of exponential atmos 
pheres but, in practice, only a few with tabulated 
refraction variables, it will be necessary to «ssigi 
each actual N profile encountered to a_ speeilit 
exponential reference atmosphere according ‘0 18 
initial N gradient. The initial N gradient of 


N(h)=N, exp (—ch) 


is given by 
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(Am) =—cN, (11) 


dh 


For any actual case, however, one would not be 
able to define (dN/dh), since the radiosonde reports 
at only certain points above the ground and not 
continuously. Thus if the first reporting level is 
at a height of ¢, the actual initial gradient is deter- 
mined from 

N,—N. 


—AN.= (12) 


For the practical application that is the objective 
of this paper we shall approximate (dN/dh), by 
AN,, and the choice of an exponential atmosphere 
from table 1 will be based upon the observed value 
of AN,. As a consequence of this choice N, will 
usually differ from N(0). 

The notation A(h, 313) and 7(h, 313) indicates, 
for example, that the initial gradient of the particular 
profile under study falls into the 313 exponential 
atmosphere category, and that A, 7, and @ are 
determined from that particular atmosphere. Note 
that A(0, 313) is not equal to 313 but A(A, 313) will 
approach 313 at sufficiently large heights. 

Radiosonde data from Santa Maria, California 
(a good test station because the refractive index 
profile departs quite radically from any smooth 
model) were graphically converted into A(h, 313) 
units (see fig. 2) and the bendings calculated for 
several values of 4. The A(h, 313) profile is com- 
pared on figure 3 with the departure of the bendings 
from the values expected in the 313 exponential 
atmosphere and emphasizes that 7 is an integrated 
effect of all refractive index departures from the 
surface to the point under consideration while 
A(h, 313) is determined solely from data at the 
height A alone. 
based refracting layer will bias all bending values 





For instance, a strong surface- | 


above the layer while A(h, 313) is independent of | 


the values of N at any other height. It is quite 





: 2 
4 
E 
x 
<= 
= 
I 
© ; 
W 
= 
os © © mm © wm 38 
Ng [!-exp(ch)],N UNITS 
Ficuis 2. N, [1-exp(-ch)] versus height for conversion of 


N(h) profiles into A(h, N.) profiles. 
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FicurE 3. Comparison of A(h, 313) with the departures of 
ray bending from the value in the 313 exponential atmosphere 
for Santa Maria, Calif., Sept. 4, 1952, 1900 local time. 


Note that negative gradients of A(h, 313) produce positive values of ray bending. 


clear that the agreement in height structure between 
the bending departures and A(h, 313) is very pro- 
nounced on figure 3, especially in the layers nearest 
the ground and for small values of 4, indicating 
that a knowledge of A(h, 313) alone could enable 
one to obtain a visual impression of the effect of 
nonnormal atmospheric structure upon the refraction 
of radio waves. 

The above illustration has served to introduce ¢ 
method of calculating 7 in terms of departures of NV 
structure from normal. The following section will 
be concerned with testing the accuracy of the 
method. 


3. Comparison of Bendings 


Significant level data for the radiosonde observa- 
tions taken at 11 geographically and climatically 
diverse U.S. Weather Bureau observatories were 
analyzed to give adequate coverage of climatic con- 
ditions found within the cour try. Individual radio- 
sonde observations taken during the years 1951 to 
1952 were examined for each observing site, and 
profiles were selected to give a measure of the maxi- 
mum variation of bending due to both geographic 
and local refractive index profile variations. The 
bending was then calculated for each of these profiles 
by both the standard numerical integration of (1), 
[1], and the departures-from-normal method de- 
scribed above. The differences between the bend- 
ings obtained by the two methods are given in table 
2 as a percentage of the value obtained by conven- 
tional methods. A classification of the data of 
table 2 was made as regards height. Since most of 
the total bending to 70 km occurred within the first 
3 km [5], the integral correction involving A was 
only applied to that height, the bending in the 313 
atmosphere being used to estimate the average 
bending above 3 km thus assuming that the effect 
of N departures above this height is negligible. The 
mean errors are quite close to zero, indicating the 
absence of any marked bias in the method of calcula- 
tion. One also notes from table 2 that the maximum 
percentage difference occurs at %=0 and generally 
decreases with increasing initial elevation angle. 

























































TaBLE 2. Percentage deviation of ray bending values calcu- 
lated by the departures-from-normal method from convention- 
ally calculated values 





60(mr) 0 10 | 52.3(3°) 





h(km) 3 70 3 70 70 

















A. Bendings calculated relative to multiple 
exponential atmospheres 

















Mean % of error_-_ —0.35 | +0.49 | +0.30 lo. 007 | —0.80 
Std deviation of ¢ : 3.65 3. 59 3.71 | .97 3.95 
| oes iy +8.6 | 49.4 | 49.4 [42.5 +8.5 








B. Bendings calculated relative to the 313 exponen- 
tial atmosphere 





| 
| 
| 








Mean % of error__...._----- |} —0.03 | +0.04 | —3.04 | —1.14 | +0.78 —(). 87 
Std deviation of % errors-- -| 7. 57 7.15 6. 36 5.19} 1.14] 4. 29 
DORK Fy OINOr...... 2 eens —14.5 |-14.0 |-—14.6 |+10.9 +9.0 


| —2.7 
| 











Since the mean deviations are less than 1.0 percent 
the present system of calculation appears to be 
adequate for normal applications. One would prob- 
ably not wish to use it for estimating 7 for 6)>52.3 
milliradians (mr) since at such high angles the total 
bending is as accurately estimated solely from 
ground level values by [18]: 
7t=N,X10-* cot 4%. (13) 
One might also wish to use the departures-from- 
normal method referenced to a single average N 
profile typical of the entire United States. This 
approach was investigated by use of such an average, 
the 313 exponential atmosphere, and the results are 
tabulated in table 2. It is quite evident that the 
use of multiple reference profiles, classified according 
to AN,, produces significantly smaller standard 
deviations and more consistent mean errors than 
does the use of a single average profile. This is, of 
course, what one would expect since the AN, method 
adjusts the profile to the initial layer where a signifi- 
cant percentage of the total bending occurs. 
Interestingly enough, the maximum errors for 6)=0 





arise from profiles such as shown on figure 2 where | 
a very strong elevated layer exists well above the | 


surface layer. 
tion of profiles according to initial gradient does not 
account for the major anomaly of the profile. 


Under this condition, the classifica- | 


The | 


maximum errors for #=10 mr are due to a quite dif- | 
ferent cause; the presence of ducting profiles in the | 


test profiles. Under ducting conditions rays may 


be traced only for initial elevation angles greater | 
than the angle of penetration [21] which, for radio- | 


sonde observed ducts, is less than 6 mr [22]. For 
this reason the data for #=10 mr includes many 
profiles that represent near ducting conditions and 
consequently maximum departures from normal re- 
fraction. In fact, the maximum errors for 6):=10 mr 
are associated with profiles having very thin surface 
ducts with normal or subnormal profiles above the 
duct, a condition that produces overestimation of 
the bending above the duct. - 
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It should be observed that the A(h, N,) uniis ag 
used in this paper are always referenced to zero 
height above ground level. We are able to ignore 
the altitude of the ground level by using multiple 
reference atmospheres which have, in effect, a 
built-in dependence of N, upon ground level alti- 
tude. This effect may be accounted for with a 
single exponential atmosphere by adding the alti- 
tude of the ground level, 6, to the height, h. Thus 
the equation for bending becomes 


=n, bh 

r=—| , cot 8 AAlh, 313) + exp (—eb)r(h, 313). 
ny , 

(14) 


The exponential correction factor to 7(h, 313) is a 
constant for any particular station and is important 
only when 6 is large and consequently NV, appreciably 
less than 313.0. 

One should bear in mind, however, that the above 
errors are about one-half that of other simple methods 
of estimating the bending of radio rays for @<52.3 
mr such as regression techniques [18] or model 
atmospheres based upon the surface value of initial 
gradient conditions [5]. It would seem then that 
an additional advantage of the present system lies 
in the facility with which the user would come to 
appreciate’ the relative importance of various profile 
departures. 

The data required for use of the present method 
are contained in reference [12]. Values of 
N, [1-exp(-ch)] are given in table 3. 





TABLE 3. Values of N, [1-exp(-ch)] 


Ht. 


| 200.0} 252.9 289.0 | 313.0-| 344.5 | 377.2 | 404.9 | 450.0 
(km) | 

0.01 |; 0.2] 0.3 0.4 0.4 0.5) 0.6 0.8 1.0 
02 | 5 | 6 8 9 ia] «Ls 1.6 2.0 
05) 1.2 1.6 2.0 2.2 2.7 3.2 3.9 5.0 
.10 2.4 3.1 3.9 4.5 5.3 6.5 7.6 9.9 
20] 47] 6.3 7.4 8.9 10.6 12.8 15.1 19.7 
50} 11.5 15.4 19.0) 21.7] 26.0] 31.3] 366] 47.5 
1.00 | 22.3 30.0 36.7 41.9! 50.0) 60.0] 69.9 90.0 
2.00 | 42.2 56. 4 68.7 78.3 92.7 | 110.4} 127.6| 162.1 
5.00 | 89.4 118.4 142.4 | 160.5 | 187.2] 2186] 247.8| 3026 


4. Conclusions 


The present study has shown that deviations from 
normal ray bending are mirrored by departures of 
refractive index from values expected in average 
atmospheres of exponential form. Further, this 
departures-from-average method emphasizes that 
n-profile anomalies cause the greatest change in the 
bending when they occur near the ground, these 
changes being larger the smaller the initial elevation 
angle. A graphical method based upon _ thiese 
departures may be used to calculate the bending of 
radio rays. 


The authors extend their gratitude to K. A. 
Norton and G. D. Thayer for their many cri’ ical 
and stimulating reviews of this work. 
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On the Mode Theory of Very-Low-Frequency 
Propagation in the Presence of a Transverse 


Magnetic Field 
D. D. Crombie ' 
(December 14, 1959) 


The effect of a purely transverse horizontal magnetic field on the propagation of very- 
low-frequency (vlIf) waves is considered. It is shown that the magnetic field introduces 
nonreciprocity, and that for propagation along the magnetic equator, the rate of attenuation 
is less for west-to-east propagation than for east-to-west propagation. 


1. Introduction 


It has been shown by Budden [1]? and by Wait [2] that the condition for vlf waves to be 
guided between a plane, perfectly conducting earth, and a plane, uniform, sharply bounded 
ionosphere is, 

R=exp (4rjhC,,/A—2xjn) (1) 


where 


n=order of mode, 
h/A=height of ionosphere in wavelengths, 
R=the reflection coefficient of the ionosphere, and 
C,=the cosine of the complex angle of incidence 6, of the wave on the ionosphere, for the 
nth mode. 


It can be shown that the vertical component of the electric field of a given mode, n, at 
the ground in the earth-ionosphere waveguide is proportional to 


exp J (wt—2mdS,/X) (2) 


where S,, is the sine of the angle of incidence. If the wave is attenuated in the guide @,, Cy, 
and S, are complex. A mode travels with a phase velocity 


Vp=c/Re S, (3) 


and suffers an attenuation 
A=kdIm S,, nepers/unit distance. (4) 


In these expressions, ¢ is the velocity of light, d is the horizontal distance traveled, Re S,, and 
Im-S, are the real and imaginary parts of S,, and k is 27/n. 

Budden [1] and Wait [2] have discussed the behavior of v, and A for cases in which the 
earth’s magnetic field can be neglected. Their treatment requires the substitution of (1) of 
the appropriate Fresnel reflection coefficient for a sharply bounded ionosphere, followed by 
the solution of (1) for C,. 

Barber and Crombie [3] have recently shown that if the ionosphere is assumed to be sharply 
bounded and the earth’s magnetic field is taken to be purely transverse, then the reflection 
coefficient for waves polarized in the plane of incidence is given by the complex quantity 


1 Dominion Physical Laboratory, Department of Scientific and Industrial Research, Lower Hutt, New Zealand (invited paper). 
2 Figures in brackets indicate the literature references at the end of this paper. 
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_E,{LA+6)?—y"]—[em, (6+8’—7") o—jrSn), (5) 
CLC +6)?—7’] i [em (6+8—vy’)/w—jyS,| 


At vif 62j78=jwv/wk, y=w-+wy/w3, where w/27 is the wave frequency, w,/2m is the critical 
frequency of the ionosphere, and w,/27 is the gyrofrequency of the electrons in the ionosphere. 
The term cm,/w is given by 


R 








em,/w=y C2 + (1+ 8)/(G8—B’—7’) (5a) 


the sign in front of the radical being chosen so that the imaginary part of cm,/w is negative. 
This ensures that the amplitude of the wave transmitted into the ionosphere decreases with 
height. 

For propagation from west to east, the sign of y is negative, while for east-to-west propaga- 
tion it is positive. Thus the value of 2, in general, differs for these two directions of propaga- 
tion, and the earth-ionosphere waveguide exhibits nonreciprocal propagation as will be 
demonstrated below. 


2. Propagation Constant of the Earth-Ionosphere Waveguide 


Signals received over very great distances must suffer little attenuation; thus |R|~1. 
Then, eq (5) can be written as 
R=—(1—z) 
2C,[(1+8)’—'] ; (6) 
em,(j78B—f’—y*) /w—jyS,, 





where «= 


From eq (1), taking natural logarithms 
(n—1/2) , jx 
en Bs ind EME ol 7 
ne DAA TORR (7) 
x is a function of C, and S,. Following Wait [2], a first-order perturbation solution of (7) 


. . . -— (n—}%) = ;_ = 
can be obtained if C, and S, in x are replaced by C,= Dh)r “+ and S,=v1—C?, the values 





obtained from (7) when «=0. 


Then 
a ee (8) 
2kh S), 


From (5a) and (6), since (,? is very small for low order modes, 


C, [1-8 +2568]-v58 


y== —2 ———*— 


58(1-+ 58) V¥1—77/98. +98) +37SeV98- 





It is assumed that y?<|@(1+76)|, and on taking ¥7 as — (1+ )//2 


2C, ¥28(1—6’—7°+258)(1+j)_ 
—28?—7?+-yS,V¥ 28+ 9 (28— ¥2ByS, 





Separating this into its real and imaginary parts and substituting these in (8) gives 





Im § On ¥28, 2B U+B+6°+ 6) +7°(36?+-7?—1)— 48-288, 0) 
, khS, 4877S? + (28?+-77)?+46?— 27S, V28 (26?+ 28+”) 
712 192 9.0 ./9R/1— Q2_~2) — _ a ee a 
Re 8,5, 4 C2x28 2781281 B’—y*) —28(1— 6+ 6°—B*) — 7? (1—38*—’)_ (10) 





khS, 4By?S?2 + (28?-+-7?)?+-46?— 27S, ¥2B(28?-+ 28+”) 
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It is instructive to simplify these equations further by letting y be much less than 8. 
Equation (9) then reduces to 


C2 l ; 7S,+2 
Im S,=— 3 = 1-+-——— (11 
2V2khS,, vere tate) el 


This is identical, when y=0, to the value obtained by Wait [2] for propagation in the absence 
of the earth’s magnetic field. Equation (11) shows that for west-to-east propagation, since y¥ is 
then negative, the attenuation coefficient is less than when the field is absent (y=0) or when 
the propagation is from east to west (y positive). 
From eq (11) the ratio of the west-to-east, and east-to-west attenuation coefficients can 

be written as 

Im S,(W- —>E) _ 2 27S, aa 24 op 

Im S, (E>W) —a+9VA y3/2yl/2 


when @ is greater than unity. The value of this ratio decreases as the wavelength increases, 
and thus the nonreciprocity becomes more marked at the lower frequencies. 
When y<8, eq (10) reduces to 


Re S,~ 8,4 ar: 
“4 uit, sas, (8 a 


which again is the value obtained by Wait in the absence of a magnetic field. Thus the presence 
of a small transverse magnetic field does not affect the phase velocity of waves in the earth 
ionosphere waveguide under the conditions assumed here. 

When the transverse magnetic field is such that y and 6 are comparable, eqs (9) and (10) 
must be considered in full. Some calculations for likely ionospheric parameters have shown 
that nonreciprocity is still present under this condition. 


3. Discussion 


The writer has shown previously [4] that there is a considerable amount of evidence indi- 
cating that long nighttime vIf paths show nonreciprocal effects. The data refer to paths which 
cut the magnetic equator at various angles and thus the results cannot be really compared with 
the present work which deals only with a purely transverse horizontal, and small, magnetic 
field. It was not possible from the experimental evidence mentioned above to determine 
whether daytime paths exhibited reciprocity since in most cases the signals received over the 
daytime paths were too small. 

However, when the ionosphere is dark reflection takes place from a greater height than 
when it is daylit, and thus the collision frequency v is reduced considerably. Equation (11) 
shows that the effect of this is to make the nonreciprocity larger. Thus it may be expected that 
the effect of the transverse component of the earth’s magnetic field will be smaller for a daytime 
path than for a nighttime path. 
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On the Theory of Reflection of Low- and Very-Low- 
Radiofrequency Waves From the Ionosphere 
J. Ralph Johler and Lillie C. Walters 
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The rigorous application of the magneto-ionic theory to the calculation of reflection 
coefficients for a sharply bounded ionosphere model is carried out. The paper is illustrated 
with computations applicable to the D-region or the E-region of the ionosphere. The quasi- 
longitudinal approximation is derived from this theory and the range of validity of this 
approximation is illustrated. The restrictions imposed by the use of a sharply bounded 
model ionosphere are discussed. 


1. Introduction 


The classical magneto-ionic theory introduced by Appleton [1],! Hartree [2,3], and Booker 
[4] describes the propagation of waves in a homogeneous, anisotropic ionosphere. Various 
methods have been proposed by Bremmer [5], Yabroff [6], and Budden [7] to calculate iono- 
sphere reflection coefficients. The ‘quasi-longitudinal’” (Q-L) approximation [7] provides 
considerable simplification of the calculation. Wait et al. [8] calculated vf reflection coeffi- 
cients with the aid of this mathematical approximation. 

In this paper, the rigorous theory based on Maxwell’s equations for a medel ionosphere 
in which the electron density and collision frequency increase abruptly to a finite value at a 
particular altitude and so remain uniformly for all greater altitudes, is reduced to computa- 
tional form. In this paper such a model is called a ‘sharply-bounded” model and represents 
a “first approximation” of the actual electron density-altitude, collision frequency-altitude 
profiles. The sharply-bounded ionosphere model is a physical approximation at low frequencies; 
the quality of the approximation decreasing with increasing frequency. The closeness of the 
approximation is also dependent upon the form of the ionosphere electron density-altitude 
profile near the assumed sharp boundary. The theory is illustrated by the calculation of 
certain reflection coefficients applicable to the D-region or the E-region of the ionosphere. 
Calculations are also presented to illustrate the range of validity of the Q-L approximation. 


2. Theory 


The xy-plane, figure 1, describes the boundary of the model ionosphere. The vertical 
direetion, 2 describes the normal to the boundary. The region above the zy-plane (2>0) is 
characterized by a uniform electron density N and collision frequency v. The region below the 
vy-plane (z<0) is a vacuum. A plane wave is incident on the boundary such that the normal 
to the wave front assumes an angle ¢; (angle of incidence) with the vertical z, and the plane of 
incidence, which can contain either electric E or magnetic H vector, is oriented at a magnetic 
uzimuth ¢, 1.e., the earth’s magnetic field vector H,, is contained in the yz-plane, figure 1, with 
i magnetic inclination or dip J. The local coordinate system for the wave is described by 
,y’, 2’ such that the coordinates x, y, z and 2’, y’, 2’ coincide when the angle of incidence 
o, and the magnetic azimuth angle ¢, vanish (¢;=0, ¢,=0). An incident plane wave field E; 
which varies harmonically in time ¢ at a frequency f=w/2z is incident upon the zy-plane,? 


, 


0,=|E,| exp i [ 2 (x sin ¢; Sin dg+y sin ¢; COS da+2 cos ate (1) 


1 Figures in brackets indicate the literature references at the end of this paper. 
2 c=speed of light, c~2.998 (108) m/sec. 


5: 6182—60 5 269 











FicurE 1. Coordinate systems. 


A resultant wave transmitted into the ionosphere model (z>0) is then assumed to have the 
form, 


E.= |E,| exp i | o—2 (x sin ¢; Sin ¢a+y sin ¢; cos +20) |} ’ 


where ¢ is, in general, a complex number. Such a wave is described by an electric # and a 
magnetic H intensity vector in Maxwell’s classical equations,’ 


4 
Xx E+ um S*=0, (3) 


= 7 GF oH 
Vx H—J—«, —=0, (4) 
ot 
where the permeability and dielectric constant of space are represented by po and €o, Tespec tively, 
and where the electron convection currents are represented by the vector J=NeV for N 
electrons per cubic centimeter in which each electron has a charge e and travels at a vector 
velocity V; and the equation of motion of an electron, 


dV Ty Tt? ry Al re) 
m 7 mV + moe(VX Hm) +e, (5) 


where m is the mass of the electron and H,, is the earth’s magnetic field intensity vector, describe 
the propagation in the ionosphere model. The simultaneous solution of these eqs (3), (4), 
(5) for a wave transmitted into the ionesphere /, (2) upon elimination of the veetors H and V 
can be expressed as the matrix * equation, 

A, 

B. 

CL 
s 


—h?’ 


A,=1—a}— ie 


3 See for example, H. Bremmer [5] pp. 278 to 280, 
4 See for example, Yabroff [6]. 




















- & hyh 
Ap=0r—i oy (8) B.=as+o ae Oy (12) 
A=trt +i gy 0) G=art—-is (13) 

; hih 
B,=a,a7+i (10) C,=a,¢+ a oy (14) 
ate s’—h2 ’ 9 v’—hi = 
B,=1—§ Re By’ (11) C= 1-0 hy)’ (15) 


where,’ defining the critical frequency squared w,,?= Ne?/km and the gyrofrequency #,=polT,/m, 





on} 1-5 “| _ — 
Wer w : 
a,=sim ?; cos du, (18) 
Ww Ww Law . . 
h = — (17) Adrp=sin $; sin gy, (19) 
a=sin ¢;. (20) 
h,=—h sin J, (17a) 


Rearrangement of the matrix eq (6) in powers of ¢ results in a quartic equation in ¢ with com- 
plex coefficients,® 


asf +03 +as?+af+ao=0, (21) 


ay= (sin? ¢;—1)? | 1-3 “a | in’ o;— 1) [2+3 +5 3 Spt y hac — ¥ (22) 


where, 





a,=2- fats (sin? = 1), (23) 
oe 9 ee. ] , hi _ feat on ai ied 1 ? 
a2 {2[1 s—h2 Te (sin* ¢;— I) +> te ae (24) 
Ag=2 - prt iad > di, (25) 

s(s?— 
yeni hi (26) 


s(s?—h ) 


3. Determination of the Roots of the Quartic 


The four complex roots of the quartic (21) were found by the Muller [9] iterative method 
applicable to n roots of the nth degree equation, 


F(¢)=a,¢* +4@,-:6" '+ rae Tax +a=0, (27) 


Where dy, Qn—-1, . . . @, are, in general, complex numbers and a,#0. This method does not re- 
quire the calculation of derivatives and necessitates only one value of the function per iteration. 


2=3.18 (10%) N. 
OL ad 76 (10?) Hm, where Hm=Hm| which by convention in geophysical data is called the earth’s magnetic intensity in gauss (symbol: I) or 
| c earth’s magnetic intensity in gammas (sy mbol: y) where H»=105 y.=T, 
K=1/c? po= 0. 
6 This equation is equivalent to equations given by Bremmer [5] eq (18), p. 291 and Yabroff [6] p. 751. 
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Each iteration in the process of finding one root is obtained from a calculation of the neare: 
root of the quadratic equation which passes through the last three points of the function, 
F(¢). This quadratic equation is, in general, complex, i.e., it possesses complex coefficients anc 
complex roots. A LaGrange interpolation formula was employed in the process of finding the 
root. The function, f(¢), in the LaGrange interpolation formulas, 


S(H)=A,* +A,-10" | + “tek + Ap, 


















(28) 







is an nth degree equation with the same ordinates as F(¢) for n+1 distinct abscissas [10] as 
fny fn-1 « » » €o The LaGrange interpolation formula through the three points; ¢)-2, F'(¢;—2); 
fi, F(Gi-1); and § 1, F(g.) ef P(E) is, 







I(§) =A? + Ag+ Ao, (29) 







where A, A,, and Ap are evaluated from the requirement: 






F(Fi-2) =F(§;-2), I(Gi-1) =F(§i-1), and f(¢)=F(¢;). 





Upon solving for A,, A;, Ap and using the quantities B={—¢;, Bi=fi—fi-1, Bi-r=i-1—f-2, 
A=6/B;, i= B:/Bi-1, and 6;=1+,, the LaGrange interpolation formula, eq (29), becomes a 
quadratic in \: 








I(S)=N EF "P(E i-2) M— FS) i+ PF) 
+S PF 1-2) M— PFGE) Oi+6)]4+ FC). 





(30) 





¢:4, is found for the condition, {(¢)=0, solving for \ and employing the relationship, 






Cia — 81 
A=Aig1= 
sa orf i<4 







Rationalizing the numerator of the standard quadratic formula, and solving for \j41, 






—2F (51) 6; 


N= Poe coe =} 
- gi vy gi—AF (E,) bd; [F'(Fi-2) \i— F(Ei-1) 5,+F(¢;)] 






where, 








§i=F (Ei-2) M—F (61-1) 67+ FSi) i+ 6)). (33) 






The sign choice in the denominator of \,,; (32) is resolved by selecting the value for the larger 
denominator. This choice of ;,, gives ¢),; the root of the LaGrange interpolation formula 
(29) which is nearer ¢;. The initial values of ¢ and F(¢) can be taken as follows: ¢)>=—1, 
F(§o)=@2—Q,+4,5, =1, F(fi1)=a2+a,+a, {2=0, and F(g,)=ay. The iterative process is 
terminated with ¢;, the derived root when, 


fi — 4-1 
Sai 









<6, 






where ¢ is a predetermined number. 
Upon determination of a root, the degree of the polynomial can be reduced by dividing 
F(¢) by the reot. The new coefficients can be found by, 







Qj=£n0;-1+4;, 1=0,1,2 csp 











with a’_,=0, where a; replaces a; and ¢, is the root already calculated. 

Two pairs of roots, ¢, where each root represents either an “ordinary” or an “extraordinary” 
wave propagated in the ionosphere, can be identified as upgoing (+ 2 direction, fig. 1, usually « 
fourth quadrant 7 ¢) and downgoing (— 2 direction, fig. 1, usually a second quadrant ¢) waves 
The upgoing pair determine the reflection coefficient for waves incident on the ionosphere from 
the region below the zy-plane (2<0). 


7 It is also possible to find_roots in the 3d quadrant under certain conditions, 
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See for example, Booker [4]. 

















The quartic (21) is satisfied by the classical Appleton-Hartree formula,’ 


“(<1 


fate ; ——— (34) 


2(1 ae sin? yok m - sint yg th (, (1 =e cos’ p 





where, 


P=7'—sin? di, (35) 
and, 
tC. 1. ies 
cos y=—=~ sin [+ =sin ¢; cos ¢, cos I, (36) 
n n 
oe, ee ae ’ , ; ‘ sai 
sin rs [n’?— ¢? sin? J—sin ¢; cos ¢,(sin ¢; cos ¢, cos? J—2¢ sin I cos [)]'””. (37) 


Although the Appleton-Hartree formula (34) provides a solution of the quartic for the up- 
going waves (the dual sign in the denominator (34) represents ordinary and extraordinary 
waves), it is also necessary to satisfy the auxiliary eqs (35) to (37). But the iterative solution 
(27) to (33) is identical with such a process (34) to (37 


(). 
4. Determination of the Reflection Coefficients 


The reflection coefficients are det ermined ‘by five boundary conditions which express the 
principle of continuity of the tangential # and H/ fields and the normal // field * at the boundary 
(cy-plane, fig. 1) of the model ionosphere. The £, field, figure 1, immediately above and im- 
mediately below the boundary can be equated, 


Ly; COS bat Ey; cos o; sin dat, cos da—Ey, cos $; sin da=Q.EL,.+Q-,.3 (38a) 
also the F, field, 

— Ey, sin dgt+E,; cos $; C68 b,—Ey, sin bg— Ey, cos $; COS Goa=E,.+ FE, 3 (38b) 
the H7, field, 
H+, COS @; SiN bg— E.,; COS ba— Ez1, COS G; SIN Gg— Ey, COS ba= (Az Po— Fo) Lyot (arP e— Fe) Lye; 

(38¢e) 

the H, field, 
LCOS &; COS bg + E,,; sin dg—E yz, COS $; COS Gat Ly, sin ba 


(F0Q0—ArP )Eyot+(EeQe—ArP Eye; (38d) 
and the H/, field, 


—E,,, sin ¢;—Ey, sin &:= (€7p—,Q 0) Eyot+ (€r—41.Q 0) Eye; (38e) 


where '° "see f fig. 1) #,,; is the electric field vector normal to the plane of incidence of the incident 
wave, EH,,, is the electric field vector in the plane of incidence of the incident wave, £,,, is the 
clectric fed vector normal to the plane of incidence for the reflected wave, £,,, is ‘the electric 
field vector in the plane of incidence for the reflected wave, also, 
* See for example, H. Bremmer [5], p. 282, eq (8). The direction y is complex and double-valued (Wo, ¥-) as a result of the two roots, {> and 
The authors do not concur with a certain previous interpretation of the Appleton-Hartree formula, op. cit. [6], p. 751. It can be shown that 


the classical A ppleton-Hartree formula, eqs (34) to (37), after considerable ado reduces precisely to the quartic, eq (21), the coefficients of which 


ive been described, eqs (22) to (26); the latter of which are by definition valid for both zero (v=0) and finite (»>0) collision frequency. The 
ithors must therefore conclude that the classical Appleton-Hartree formula is valid for finite collision frequency (»>0). 

® See for example, Stratton [11], p. 483. The fifth boundary condition (38e) expresses the continuity of the normal H field. As a consequence 
f this condition (38e) it can be shown that (see eqs (4la-h)), 


—Tmm—[(ar—aLt Qo) Umot(ar—at Qe) Umel/sin ¢i—1=0. 


“he fifth condition (38e) must be satisfied automatically by the previous four conditions (38a-d), and hence the above expression (derived from 
Se) can be employed as an independent partial check on the entire computation. 
10 The subscripts o and e refer somewhat arbitrarily to the two roots of ¢ corresponding to ‘‘ordinary”’ and ‘‘extraordinarv’’ waves. 
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(39) pe. 


— 


Four reflection coefficients and four “transmission” coefficients can now be defined," 


Pivot’, (41a) Us (41e) 
yri 


y'i 


Dig ae, (41b) U Ev (41f) 


} _ ~y 
Ey 6p Eos, 


Eve 


e—p” 
gli By; 


E., .  E 
pi (41 d) l iain 7 


=, (41c) U, 


7 
Ly 


TV ne= (41g) 


Tl ua™ (41 h) 


where, 7,,- refers to the plane wave ionosphere reflection coefficients with electric, , vector in 
the plane of incidence of the incident wave and the electric, #, vector in the plane of incidence 
for the reflected wave; 7'.,, refers to the same incident wave but the magnetic component 
(abnormal component) is in the plane of incidence for the reflected wave. Similar normal 
(electric) and abnormal (magnetic) components arise in the reflected wave resulting from an 
incident wave with magnetic component in the plane of incidence which components are de- 
scribed by the coefficients, T,,, and T,,, respectively. The quantities, U., Umo, Uec, and Um, 
define the nature of an ordinary wave (second subscript 0) and an extraordinary wave (second 
subscript ¢) excited in the model ionosphere by an incident wave with the electric vector in 
the plane of incidence (first subscript ¢) or magnetic vecter in the plane of incidence (first 
subscript m) of the incident wave. 


The matrix solution of the boundary conditions (38a, b, c, d) for an incident wave with the 
electric, £, vector in plane of incidence, 


b, b. 4, ™ 
C| 2 ‘ ; Coe 


id, dp ds dy a 




















and the matrix solution for an incident wave with the magnetic, H, vector in the plane of 
incidence, 


a 
b 
Cj 
d, d» ds d, 
completely define the four reflection coefficients: Te, Tem, Timm; Tme; the ‘transmission’’ co- 


efficients: U.o, Uec, Umno, Ume, although of secondary interest, are a byproduct of the solution, 
where, 


Doe=COS di sin da; (44a) b om = —sin Pa; (44d) 
Vom= COS Pa, (44b) Coe— — COS Pa; (44e) 


boe=COS G; COS gu, (44¢) Com=COS ¢; SIN da, (44f) 


1 Bremmer’s textbook notation for the reflection coefficient, 7, is followed in this paper [5] pp. 286 to 295. Budden [7] and Wait [8] have em- 
ployed for the reflection coefficients (41a, b, c, d) the notation ,Rj, 1, Ry, 11, respectively. However, for application to multihop geo- 
metric-optics (Bremmer [5] p. 194 et seq.) the “ 7”’ notation can be more readily discerned in the complicated formulas containing both ionosphere 
and ground reflection coefficients, in which the symbol R, has already been used for the latter. 
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g) 


le 


yf 


doe=SiN da, (44g) (44p) 
dom=COS ; COS a, (44h) ¢;= — cos ¢; sin gy, (44q) 
,=COS da, (441) C= — COS a, (44r) 
d,=— COS ¢; SIN da, (44}) Cs=fo—azP ., (44s) 
a3= — Yay (44k) G=f.—a,P,, (44t) 
d=—Q,, (441) d,=— cos ¢; COs da, (44u) 
b,=—sin da, (44m) d,=sin da, (44v) 
b.= — cos ¢; COS dy, (44n) d3=arP ,.— Qo; (44w) 
b= — ] ’ (440) ds=arP .—£ Qe. (44x) 

The solution of the matrices (42 and 43) was obtained by an application of Crout’s [12] 
modified Gaussian method. Although it is quite possible to solve the matrix analytically and 
there are several numerical methods for the solution of matrices, the Crout method was em- 
ployed because of its adaptability to electronic data processing and the requirement that the 
method chosen must be readily applicable to the solution of matrices with complex coefficients 
of the variables. The Crout method is applicable to n linear equations in n unknowns with 
either real or complex variables. The matrices (42) and (43) are of the form, 


Ayt+Ay%2+ . . . +FAntnp=Cy 


Ag1%1 +Q%o+ . . . +Aon¥n=—Co 


Ani®itAnlot . . . TQanan=Cn; (45) 


where the n? coefficients a;; and the n right-hand numbers ¢; are given (44a-x). Since it is neces- 
sary to know the position of each element in the matrix to develop the method of solution, 
each element has a double subscript, that is, element a,; is the element in the 2th row and jth 
column. 

The augmented or given matrix, |{a;;|| for the system (45) is formed by adjoining the 
right-hand numbers (the c’s) to the matrix formed by the coefficients of the unknowns. This 
matrix can be expressed in rectangular array, 


Q;Q\2 . . . Ayn \Cy 
[lag;||=@2iQoo . . . AonlC2. 


AniAnz » + © Ann|Cn 


First the elements of the auxiliary matrix, |{a;,/| are determined, 


pe o|oe 
MyQ32 . « « Ain|C1 
Te et en ae ae 
| |Qjj| | =Aq1Ao2 oo «© Agn|Co. 


| 
, , , , 
QniAn2 . + - Ann|ECn 
From this matrix a final column matrix, ||x;||, with the elements for the required variables 
zZ,)... , 2, can be obtained, 
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||24|| =22. (48) 


Ln 
Each element in both the auxiliary and final matrix is evaluated from previously calculated 
data by a sequential operation. 

The following equations were used to calculate the elements a;; from the elements a;; of 
the given matrix: 
i) ’ 


Aj =Ai;— Dy AjxAky (1D J) (49) 
k=1 
d i—1 7 : 
a= [ a3 aaa b (<D 60) 
k=1 


i-1 
C= a wr | — 25 a ais (50a) 


where any summation whose lower limit exceeds the upper is zero. Since each aj; in the auxiliary 
matrix, except those in the first row and first column, depends upon the value of previously 
calculated elements in the same matrix, the elements must be found in a certain order. The 
elements of the first column are found (49) as follows: 


, , , , 
111; = 411, A213 = Aq), A31 = 431, and 4; = 4). 


The remaining elements of the first row are (50), 


Qy2 13 Ay4 ry 
die=— A3=— Ay=— and c,=— 
ay, ay, ayy 11 


With the aid of these values, the remaining elements can be found (49) or (50). aj; can be made 
available for the solution of the matrix ||aj,|| by the following sequential calculation: The 7 
elements of the first column, the remaining n of the n+1 elements of the first row, the re- 
maining »—1 elements of the second column and secend row, the remaining n—2 elements 
of the third column and third row, continuing in this sequence until the elements are calcu- 
lated [9]. 


The values of z are found from z, to x, from the elements of the auxiliary matrix, 


n 


Li=Ci— D>) inde. (51) 


k=i+1 


It is evident (51) that z,=c,. The remaining solutions x,_), %,-2 . . - , 22, 2; can be found (51) 
with the aid of z,. The computations presented in this paper were checked by substitution of 
2}, t2, . . . 2, in each of the original equations. An inductive-type proof of the Crout method 
has also been given by Crout [12] and Hildebrand [10]. 

The analytical expressions for the complex numbers P,,, P,, Qo, Q- can be derived from the 
definitions (39) and (40) with the aid of the matrix (6) resulting from the simultaneous sc lution 
of Maxwell’s eqs (3), (4), and the equation of motion of an electron (5) with the following 


result: 
Se anit om oll i ween Herta = 7 |e i. 2] 
Peace seat oa Mello 


hy 
dfvou - he Sf 2 —h? “a || uit tk 


= a * (53) 
“Leeg 7 cs _ pH [arti rae aes pe _ 
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8) 


a] 


of 





where the subscripts 0 and e for Po, Pe, Qo, Q, refer to the two reots of ¢ which represent 
upgoing waves in the model ionosphere. 


S. The Q-L Approximation 


Budden [7] and Wait [8] have evaluated reflection coefficients for the sharply bounded 
model ionosphere employing the mathematical Q-L approximation. This approximation has 
been employed to interpret experimental measurements of skywaves propagated at vIf between 
the surface of the earth and the ionosphere in the northern hemisphere. 

Such an approximation can be derived from the rigorous formulation presented in this 
paper. The model ionosphere reflection coefficients can be written analytically from the rigor- 
ous matrix eqs (42) and (43), 


Te NB Ba aed a | 
ln 5B Be 5) Bar| pear) en 
ae ae ae 6) Bemar' sare 8 Ge 
Pan BB om Beare ba[e eb ay 


a é b, Qoe Coe ~ y Qom b, a, mn Com . 
A,=4;"} —* —A,;! — , (58) C:=A;' —” ~a;-1f 4 "|, (64) 
as by ” oe & a, 0b, "tn & 


__a-l a,b, —A-l q 4% RC : = | Bom Dom ae Gym ym ; G5 
A,=A; E 5] A: [2 “| (59) D,=A; a, by As a; dad, — 


where, 


a; bs _ a3 C3 = a; ds vey 
sete 6 -—— ( As=———. (68) 
me a, 0,4 (66) ms Naa al ~ a ae 
The Q-L approximations are as follows: 
g.=0, (69) 
p sin ¢; (72) 
% =—- = ’ (2 
. ‘ 0s 8 
om . 0 No COS 0 
dy cos 6, i ; 
P SIN @¢; (73) 
° =——_——-» ‘3 
ae = : , COS 0 
O.— 1 Ne é 
d cos 6, (71) 
or, 
or . - Q.£. 
obo (74) 7s, (79) 
No e 


which ((74) and (75)) is approximately true for vlf skywaves reflected in northern hemisphere. 
After considerable ado, the Q-L reflection coefficients with the aid of the approximations (69) 
to (75) and Snell’s law,” 


SIN $i=No,¢ SIN Dy ¢, (76) 


iii 
2? The validity of Snell's law for complex directions, 6. and @,, is also implied by eqs (36) and (37). 
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reduce as follows: 


Tee=Ap'{(no+ne) (cos? ¢;—cos 6, cos 6.) +(none—1) (cos 6,+ 0s 6.) cos g;}, (77) 
T em=Ay'{2 « cos d; (n. COS O,—7, COS 0,)}, (78) 
Tme= 4p 1{2 7 cos db; (15 COS O-—1- COS Bo) }, (79) 
Tnm=Mi'{(notne) (cos? ¢;—cOos 6, cos 6.)—(none—1) (cos 6,+ COs 6.) cos ¢;}, (80) 

where, 
A,=(notn-) (cos? d;+c0s 6, cos 6-)+(nonet1) (cos 0,+ 0s 8,) COs gi, (81) 


which formulas agree with those independently derived by Budden [7]. The indexes of 
refraction of the model ionosphere, 7, and 7,, corresponding to upgoing “ordinary” and “ex- 
traordinary” waves can be calculated rigorously as the roots of the quartic in ¢ (21). However, 
as a result of the matrix asymmetry introduced by the Q-L approximation (74) and (75) an 
interchange of the roots of the quartic (y, and 7,) results in an ambiguity, +7, in the argument 
or phase of the abnormal components, arg 7, and arg 7». (78) and (79). At very low fre- 
quencies, the indexes of refraction 7, and 7, are chosen such that arg 7’, and arg T,,, are close 
to z. The values 7 can also be calculated from the Appleton-Hartree formula (34). Budden 
[7] and Wait [8] employ additional approximations to this formula,” 


n5,<=1—i exp [i], (82) 


in which the plus (+) sign before ¢, refers to 7, and the minus (—) sign refers to y, and 
where, 

Or, Wy Wer 
tan ¢,=—) (83) =—____—- (84) 
Vv 


® wy P +o 
6. Computations and Discussion 


The results of a calculation of model ionosphere reflection coefficients which can, under 
certain conditions, represent the reflection of waves from the D-region or the /-region of the 
ionosphere are illustrated, figures 3 to 32. These data have been presented as a function 
of frequency, for various angles of incidence on the ionosphere, ¢;. The application of these 
reflection coefficients to the geometric-optical theory is quite simple,” however, the relation 
between angle of incidence, ¢;, distance of observer on the surface of the earth from the source 
on the surface of the earth, d/j (j=order of hop or time-mode, i.e., 7=1, 2, 3 . . .), and the 
altitude of the boundary of the model ionosphere have been presented for the convenience 
of the reader, figure 2. The results of a rigorous calculation of the reflection coefficients of 
the model ionosphere are compared with the results of the Q-L approximation, figures 29 to 32. 
Thus, for magnetic inclinations near 60°, the Q—L approximation is quite satisfactory at fre- 
quencies less than 8 ke for the normal components, 7',, and T\». The most serious discrepancy 
occurs in the prediction of the abnormal components, |7'.»| (fig. 29, for example). At higher 
vif frequencies (> 8 ke) and at If, the Q-L theory fails except in certain special cases (|7;,.|. 
fig. 32, for example). 

The effects of magnetic azimuth ¢,, figures 19, 20 (compare with figs. 3, 4) magnetic 
inclination or dip J, figures 21 to 24, magnetic intensity H,,, figures 25 to 28, and distance or 
angle of incidence ¢;, figures 3 to 18, on the reflection coefficients are illustrated. It is of interest 
to note that an increase in the earth’s magnetic intensity H/,, increases the abnormal components 
Tem, Tme, figures 27, 28. It is also of interest to note that the reciprocity theorem does not 


13 The validity of these approximations has been discussed by Budden [7]. 
14 The calculations were performed on the IB M-650 electronic data processing machine. 
15 See for example, H. Bremmer [5] p. 153 et seq. 
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Figure 2. Geometric-opiical relation between the 
angle of incidence, ;, distance from the source, d/j, 
(j=order of skywave hop, j=1, 2, 3...) and 
altitude of boundary of model ionosphere, h. 
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Figure 4, Model ionosphere reflection coefficients; 
¢i=75.08°, sin $;=0.966356, N=870, v=4(10), 
Hm=0.5, ¢a=O, I=60° (for example, fig. 2, 
d/j=329 miles, h=65 km). 
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FijureE 6. Model ionosphere reflection coefficients; 
5;=80.39°, sin $;=0.985948, N=870, v=4(105), 
[m=0.5, da=0, I=60° (for example, jig. 2, 
i/j=621 miles, h=65 km). 
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Fiacure 3. Model ionosphere reflection coefficients; 
$:=75.08°, sin $:=0.966356, N=870, v=4(108), 
Hn=90.5, ¢a=0, I=60° (for example, fig. 2, 
d/j=329 miles, h=65 km). 
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Figure 5. Model ionosphere reflection coefficients; 
$;=80.389°, sin $;=0.985948, N=870, v=4(10°), 
Hn=0.5, ¢a=0O, I=60° (for example, fig. 2, 
d/j=621 miles, h=65 km). 
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Figure 7. Model ionosphere reflection coefficients; 
$;=81.79°, sin $;=0.9897538, N=870, v=4(10), 
Hn=0.5, ¢a=0, I=60° (for example, fig. 2, 
d/j=1000 miles, h=65 km). 
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Figure 8. Model ionosphere reflection coefficients; 
$;=81.79°, sin ¢;=0.989758, N=870, v=4(10), 
Hn=0.5, ¢da=0, I=60° (for example, fig. 2 
d/j=1000 miles, h=65 km). 
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Figure 10. Model ionosphere reflection coefficients; 
$:=43.25°, sin $,=0.685204, N=1200, v=19°, 
Hn=0.5, ¢2=0, I=60° (for example, fig. 2, 
d/j=100 miles, h=85 km). 
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Figure 12. Model ionosphere reflection coefficients; 
$i=71.13°, sin $:=0.946258, N=1200, v=10, 
Hn=90.5, ¢a=0, I=60° (for example, fig. 2, 
d/j=329 miles, h=85 km). 
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Fiaure 9. Model ionosphere reflection coefficients; 
$i=48.25°, sin $;=0.685204, N=1200, v=105, 
Hn=0.5, ¢da=0, I=60° (fcr example, fig. 2, 
d/j=100 miles, h=85 km). 
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Figure 11. Model ionosphere reflection coefficients; 
¢:=71.138°, sin $;=9.946258, N=1200, v=10', 
Hn=0.5, ¢da=O0, I=60° (for example, fig. 4%, 
d/j=329 miles, h=85 km). 
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Ficure 13. Model ionosphere reflection coefficient»; 
oi=78.17°, sin $:=0.978751, N=1200, v=10', 
Hn=0.5, da=O, I=60° (for example, fig. 
d/j=621 miles, h=85 km). 
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y, ; =78.17°, sin $;=0.978751, N=1200, v=10, = 79 65°. sin 6:=0.9836 I= 1206 a 
2 7 i 0 5 'b =0 ~— 60° (for exam ole, fig 2 sf = oe? pee sa ah = gered os ye A 
“; : ee ae ’ x : ple, fig. «, Hin =0.5, ba=9, I=60° (for example, fig. 2, 
d/j=621 miles, h=85 km). d/j=800 miles, h=85 km). 
- 10 
- - nn 70 | 
18 
8 
|Tmm| : , arg Tee |. 2 
9 4 10 Je Q = 
4 a 0 > = 5 
5 Ea 5 = arg Tem = 
$ Re Pm soi Tme , 3 w 0 4 _ 
Ee a “s ~ o> 
o rad ‘ = 2 > oO 
5 z 06 | arg Tmm | = a é ie 
ob _ wi < < 
c= 4 = P P 2 10 z 
P 04 | T 
as a 
j~2 7 
A J-4 
4 ot 4 n eUTt Gaara eT) ul -4 if I 
0 10° 10° 0° My 10! : : 
ruamaney.4 FREQUENCY ,f, cps 
+7, Cps 
- FictrE 16. Model ionosphere reflection coefficients ; Fre — 17 os fodel SS pow 
“) ¢,=79.64°, sin $;=0.983688, N=1200, v=108 $i = 80.40", sin $\=0.985987, N=1200, »=10", 
), ; rs eben 1 aie = re lao 2 H,»=0.5, ¢a=0, I=60° (for example, fig. 2, 
g Hn=0.5, da=0, I=60° (for example, fig. 2, d/j= 1000 miles, h=85 km). - 
d/i.=800 miles, h=85 km). ] “9 om . 
* 0 estes , 
18 
|Tmml | 
j g c Q 
Z E 3 hay " & 
os & oO ae rant 
| > org Tme aq ~ S 
. us 14 & w 0 4¢ 
3 : ie : : 
¥, F ‘, o ao aS 
- 216078 Tm a § < g 
5 = WwW = WW 
° dq g b= § a 
o jo x I 
2 a a 
’ [Tmel 2 2 
— —_ ~4 wi -4 
10° 108 10° My 10! v 10° 10° ie? 10 
FREQUENCY, f,cps FREQUENCY, f, CPS 
l1GuRE 18. Model ionosphere reflection coefficients; Figure 19. Model ionosphere reflection coefficients, 
Rg ; $;:=80.40°, sin $;=0.985987, N=1200, v=105, titustrating the effect of magnetic azimuth, da 
D' Hn=0.5, ¢a=0, I1=60° (for example, fig. 2, (compare with fig. 3); 6;=75.08°, sin ¢;=0.966356, 
f ‘ d/j= 1000 miles, h=85 km). N=870, v=4(10°), Hn=90.5, ¢,.=180°, I=60° 


(for example, fig. 2, d/j=329 miles, h=65 km). 
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Figure 20. Model ionosphere reflection coefficients, 
illustrating the effect of magnetic azimuth, ¢. 
(compare with fig. 4); ¢i=75.08°, sin $;=0.966356, 
N=870, v=4(10°), Hm=0.5, $,=180°, I=60° 
(for example, fig. 2, d/j=329 miles, h=65 km). 
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Figure 22. Model ionosphere reflection coefficients, 
illustrating the effect of magnetic inclination or dip, 
(compare with figs. 4, 24); %i:=75.08°, sin 
¢;=0.966356, N=870, v=4(10), Hm=0.4, 
¢.=0, I=0. 
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Figure 24. Model ionosphere reflection coefficients, 
illustrating the effect of magnetic inclination or dip, 
I (compare with figs. 4, 22); $;=75.08°, sin 
¢;=0.966356, N=870, v=4(10), Hm=0.5, 
$.=0, I= 90°. 
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Figure 21. Model ionosphere reflection coefficients, 
illustrating the effect of magnetic inclination or dip, 
I (compare with figs. 3, 23); ¢;=75.08°, sin $; 
0.966356, N=870, v=4(10), Hm=0.5, ¢,=0, 
=0. 
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Figure 23. Model ionosphere reflection coefficients, 
illustrating the effect of magnetic inclination or dip, 
I (compare with figs. 3, 21); $:=75.08°, sin 
$i:=— 0.966356, N=870, v=410), Hmn=0.5, 
¢,=0, I=90°. 
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Figure 25. Model ionosphere reflection coefficients, 
illustrating the effect of the intensity, Hm, of the 
earth’s magnetic field vector, Hm (compare with fig:. 
8, 27); ¢i=75.08°, sin $:=0.966356, N=870), 
v=4(10°), Hn=0.2, 6.=0, I1=60°. 
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IGURE 26. Model ionosphere reflection coefficients, 
illustrating the effect of the intensity, Hm, of the 
earth’s magnetic field vector, Hm (compare with 
figs. 4, 28); ¢:=75.08°, sin $;=0.966356, N=870, 
v=4(10), Hm=0.2, ¢,=0, I=60°. 
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IGURE 28. Model ionosphere reflection coefficients, 
illustrating the effect of the intensity, Hm, of the 
earth's magnetic field vector, Hm (compare with 
figs. 4, 25) $;=75.08°, sin ¢,;=0.966356, N=870, 
v=4(10°), Hm=1, ¢a=0, 1=60°. 
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iGURE 30. Comparison of reflection coefficients 


calculated by the rigorous method for the model 
‘onosphere with the Q—L approximation; $;=450.84°, 

sin $;=0.7753858, N=870, v=4(10), Hn=0.5, 
¢,—0, I=60° @. and I do not opely to the Q ws 
method; also note: fig. 2, d/j=100 miles, h=65 km). 





= 


AMPLITUDE, | T| 
PHASE, arg T, RADIANS 











FREQUENCY, f, cps 


Figure 27. Model ionosphere reflection coefficients, 
illustrating the effect of the intensity, Hm, of the 
earth’s magnetic Sield vector, Hm (compare with 
Sigs. 3, 24); ¢:=75.08°, sin 6;=0.966356, N=870, 
v=4(10), Hn=1, $a=0, I=60°. 
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FiGuRE 29. Comparison of reflection coefficients 
calculated by the rigorous method for the model 
ionos phere with the Q-L  geaerres ¢;=40.84°, 
sin $\=0.7758538, N=870, v=4(10°), Hm=0.5, 
¢.=0, I=60° (be and I ‘do not apply to - oh 
method; also note: fig. 2, d/j=100 miles, h=€ 
km). 
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Figure 31. Comparison of reflection coefficients 
calculated by the rigorous method for the model 
ionosphere with the Q-L approximation; ¢;=81.37°, 
sin $;=0.988681, N=870, v=4(10°), Hn=0.5, 
¢,.=0, I=60° (¢, and I do not apply to the Q-L 
method; also note: fig. 2, d/j=800 miles, h=65 
km). 
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Figure 32. Comparison of reflection coefficients 
calculated by the rigorous method for the model 
ionosphere with the Q—-L approximation; ¢;=81.37°, 
sin ¢;=0.988681, N=870, v=4(10°), Hm=0.5, 
o,=0, 1=60° (6, and I do not apply to the Q-L 
method; also note: fig. 2, d/j=800 miles, h=65 
km). 


hold, i.e., south-north propagation, ¢,=0, figures 3, 4, is not precisely equivalent to north-south 
propagation, ¢,=180°, figures 19, 20. It is important to note that the magnetic dip J, figures 
21 to 24, and the magnetic azimuth ¢,, figures 19 to 20, i.e., the direction of the earth’s magnetic 
field vector H,, is a very significant consideration, not only at If but also at vIf. 

Since the actual ionosphere electron '® density versus altitude profile is quite variable, 
considerable caution is necessary in the application of this model to the interpretation of 
experimental data. It can, in general, be stated that the model is valid when the boundary 
of the ionosphere is sufficiently sharp (relative to a wavelength) at the frequency of the incident 
wave under consideration. The precision with which this model represents the actual 
ionosphere can be considered a first approximation at low frequencies, the degree of approxima- 
tion decreasing with increasing frequency. 


7. Conclusions 


The reflecticn coefficients for the sharply bounded model ionosphere can be readily 
evaluated with the aid of electronic data processing techniques for the solution of the quartic 
equation and the tensor matrix, thus eliminating the necessity for the Q—L approximation. 
The Q-L theory is a crude mathematical approximation taking account of the intensity but neglect- 
ing completely the direction (magnetic azimuth and dip) of the earth’s magnetic field vector and 
if used must be applied with considerable caution not only at If but also at vIf frequencies. 
The complete and rigorous magneto-ionic solution for the assumed model ionosphere not only 
eliminates the necessity for such an approximation but also illustrates the application of 
modern numerical analysis techniques which can in many cases obviate such mathematical 
approximations, leaving only the physical approximations implied by the assumed model. 

The model ionosphere presented in this paper represents a first approximation of the 
electron density-altitude profile, the degree of approximation decreasing with increasing 
frequency and the validity of the model dependent upon the sharpness of the actual ionosphere 
boundary relative to a wavelength. The results of this paper suggest a refinement of the 
theory which would take into account a “less sharply bounded” model ionosphere. 


16 Values of electron density, N, and collision frequency, », employed in this paper were estimated from recent data, see for example, Waynick 


(13). 
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Focusing, Defocusing, and Refraction in a Circularly 
Stratified Atmosphere’ 


K. Toman ? 


(October 29, 1959) 


Focusing, defocusing, astronomical refraction and path length of rays as a function of 
the departure angle A of the ray at the source is described for cases with the source outside, 
inside, or on the boundary of a circular stratification. Relative to zero elevation angle 
symmetrical and centrosymmetrical distributions are found. 


1. Introduction to which A belongs. Here, rays are assumed to origi- 
nate at P. Should the source be at the location of a 
circularly orbiting satellite monitored from P the 
reciprocity theorem can be invoked. 

To illustrate these effects, the differential refrac- 
tion angle de of a beam with a beam width 6A=5° 
passing through a medium y,;=u;=—1, w.=0.92 is 
shown in figure 1. The de(A) distribution was ob- 
tained using convenient values for the radial distance 
of P at C=90 with 7,=100 and 7,=110. Before 
entering the refracting medium rays are linear. At 


In order to determine focusing, refraction, and 
path-length properties of rays in a circularly stratified 
atmosphere for all departure angles at a source, the 
earth is temporarily removed. If the earth is restored 
the use of the obtained distributions is unaffected for 
positive departure angles, but the use of negative 
departure angles is limited by the elevation of the 
source. Applied to a spherical lense system, how- 
ever, the distributions apply for all departure angles. 





A=90° (zenith angle z=0) there remains a net 
P f : amount of defocusing which is zero for zero beam 
2. Focusing and Defocusing width. For smaller values of A defocusing is en- 


, hanced until a maximum is reached. For A=0 

Place an electromagnetic emitter (P at r=C#0) | there is neither focusing nor defocusing. The 6e(A) 
in a medium of constant refractive index (4) which | distribution is centrosymmetrical relative to A—O. 
is circularly bounded. Designate 4,(<r;)=1, | Similar distributions are obtained if Ma Varies with 
wo(P)<r<2) <1, and p3(>7.)=1. Define zero eleva- 
tion angle as the direction s which is normal to the 





diameter through P. Let the smaller quadrant con- ' ; — 
tain positive elevation angles. Assume an opening 
angle 6A and let the beam rotate en P. The behavior i. : 


of the opening angle of the refracted beam shows 
that for positive elevation angles the beam is de- 
focused. For negative elevation angles the beam is 
focused. If po(r,<r<72) >1 these conditions are re- 5h : 
versed. If the beam is centered in a direction A=0 
there is neither focusing nor defocusing. Geometri- 
cally, this is true for any beam width. For rays the | 2 
beam width is limited by the known restrictions of | ¥ 
ray theory. 

These results apply to a circularly stratified iono- 
sphere without magnetic field for which yo(7)<1 if - ° 1 
the influence of the collisional frequency is neglected. 
Taking into account collisional frequency, the re- 




















fractive index can become greater than unity and rem 
the ret effect is either focusing or defocusing. If, a a 4 
however, defocusing is obtained for a particular value 
of A jefocusing strictly prevails over the full quadrant \ ! ! ! 
90 60 30 ce) -30 -60 -90 
sz 4 ,deg 
' Pr. ented, in parts, at the spring URSI meeting, May 5 to 7, 1959, Washing- 
ton, 1). NQURE poe focuss ~— eae ‘ly stratihe 
2 Ge ohysies Research Directorate, Ionospheric Physics Laboratory, Air Force FicurE 1. Focusing and defocusing for a circularly stratified 


Cam! dge Research Center, Bedford, Mass. (invited paper). medium. 
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height in an arbitrary manner. The de (A) distribu- 
tion remains centrosymmetrical if P lies at the 
boundary of stratification provided at this boundary 
uw is single valued. If P lies inside the stratification 
between 7; and 72, the de (A) distribution no longer 
retains its centrosymmetry because for negative 
departure angles at P the amount of differential 
refraction depends on u(r) for r<C. 


3. Refraction 


For the same parameters of figure 1 the astronomi- 
cal refraction én was obtained as shown in figure 2. 
Maximum deviation of the ray from its initial direc- 
tion at P occurs at A=0. An interesting case is 
6n=0 for A¥90°. Then dn is zero for all values of A. 
Consequently, de is zero and zero-focusing prevails 
for all departure angles at P. 

















7 T T r T 
6F al 
5 s 4 
gab : 
7 
3b 4 
2r al 
IF = 
re) l 1 ry n 
90 60 30 10) -30 -60 -90 


4 ,deg 


Astronomical refraction 6n for a circularly stratified 
medium. 


FIGURE 2. 


The symmetry of 6n is valid for a circularly strati- 
fied atmosphere of any u(r) distribution provided the 
lowest stratification level is at 7,>C and uy is single 
valued at 7,x=C. For r,=C the én (A) distribution 
will no longer have zero gradient at A=O since the 
behavior of 6n depends on the gradient of » at the 
departure point P. If » at 7,=C is double valued 
the 6n (A) distribution ceases to be symmetrical. 
For reasons indicated above the 6y (A) distribution 
also ceases to be symmetrical if P lies inside the 
stratification. 

To make use of the symmetry a radio source must 
be located there where » does not change with height. 
These conditions may best be fulfilled in the space 
between the troposphere and the ionosphere. At 
such a location one obtains extremes of de (A) and 
6n (A) at A=0. These distributions are limited by 
a negative elevation angle for which the ray grazes 
the ‘‘top” of the troposphere. 

Snell’s law for spherical refracting surfaces derives 
the orientation of the ray from the boundary values 
of the u(r) distribution. For a circularly stratified 
atmosphere it is thus possible to determine the 6n(A) 
distribution for any y(r) distribution in a simple 








manner. First, one chooses a departure angle 
A#90° and traces the ray path from r, to r..  Be- 
tween 7, and 7, one selects 4.=constant such thai the 
linear ray intersects the actual ray path at 7, and 7, 
Outside 72, wis chosen so that the angle of intersection 
of the ray with the radius vector is the same. For 
this model the complete 6n(A) distribution is easily 
computed. ; 


4. Ray-Path Length 


Symmetry properties with respect to zero eleya- 
tion angle A can also be stated in a general form for 
the length of ray paths which originate at P and 
which traverse a circularly stratified medium. If 
P lies below the boundary of stratification the path 
length between 7; and r, of the refracted ray is a 
maximum for zero departure angle of the ray at P3 
The path-length distribution is symmetrical relative 
toA=Oat P. If Plies on the boundary of stratifica- 
tion (C=r,) this symmetry is preserved provided 4 
at Cis single valued. If P lies inside the stratifica- 
tion the symmetry of the total path length vanishes 
but the line integrals between fixed levels for the 
geometrical path length 


°C<r<@ 
| ds 
r>C 


and for the optical path length 


*C<r<so@ 
| pds 
r>C 


of rays emerging from a source have both a maximum 
for zero departure angle of. the ray at P. Their 
values are symmetrical relative to A=0. 
Applied to a circularly stratified ionosphere for 
C<r,, these results illustrate that the maximum of a 
nondeviative type of absorption is strictly obtained 
for zero departure angle of the ray at the source. 


5. Conclusion 
If a source of rays (P at r=C) lies below or on the 


bcundary of a circular stratification of the refractive 
index, the astronomical refraction and the total ray 


| path length are both symmetrical relative to A=0 





with a maximum at A=0; the differential refraction 
is centrosymmetrical. If P lies inside the stratifica- 
tion, these symmetries vanish although the line inte- 
grals of the geometrical and the optical path length 
between levels of r>C are symmetrical and obtain a 
maximum at A=0. 


’K. Toman, New geometrical properties and their usefulness for ionospheri¢ 
radio propagation, Proc. IRE 47, 1381 (1959). 
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Response of a Loaded Electric Dipole in an Imperfectly 
Conducting Cylinder of Finite Length ° 


Charles W. Harrison, Jr., 


* and Ronold W. P. King * 


(November 16, 1959) 


Analytical relationships are developed which permit calculation of the power in the load 
impedance of an electric probe, symmetrically located within an imperfectly conducting 
cylinder of small radius compared to the wavelength, in terms of the electric field incident 


upon the cylinder. 


1. Introduction 


The problem is to determine the power in the load 
impedance at the center of a short dipole receiving 
antenna that is located within an imperfectly con- 
ducting shield of cylindrical shape and finite length 
in terms of a known electric field outside the com- 
pletely closed shield. It is assumed that the radius 
of the shield and length of the probe are small frac- 
tions of the wavelength. The solution consists of 
the successive determination of the following: 

(a) The ratio of the electric field inside to the field 
on the outside surface of the shield. 

(b) The ratio of the electric field on the outside 
surface of the hollow cylinder to the incident electric 
field. 

(c) The effective length and the driving-point 
impedance of the center-loaded dipole inside the 
shield. 

(d) The power in the load impedance ef the dipole 
: _ of the electric field within the cylindrical 
shield. 


2. Ratio of the Electric Field Inside an Im- 
perfectly Conducting Shield to the Field 
on the Outside Surface [1] ‘ 


Figure 1 shows a tube with hemispherical end 
caps. Its inner radius is a), its outer radius a2, and 
its axial length 2/.. The metal annulus is region 1, 
the spaces outside and inside the tube are regions 
2 and 3, respectively. Let the axis of the cylindrical 
shield coincide with the z axis of a system of cylin- 
drical coordinates r, 6, and z. If the length of the 
tube is at least 10 times its diameter and a<<), it 
Is a satisfactory approximation to assume the trans- 
verse distribution of the axial electric field at any 
cross section of the cylinder not too near its ends to 
be independent of its axial distribution. The field 





'Th: paper originally appeared as Sandia Corporation Technical Memoran- 
dum \.., 457-58(14) dated December 5, 1958. 
*M: uber of the Scientific Staff of the Sandia Corporation, Sandia Base, 
Albuc: erque, New Mexico. 
Co: sultant to the Sandia Corporation and Gordon McKay Professor of 
Applic : Physies, Harvard University. 
‘Fiv resin brackets indicate the literature references at the end of this paper. 





outside the cylinder is assumed to be directed 
parallel to its axis, i.e., in the z-direction. 

The governing wave equation for the electric field 
E= 2E, in a homogeneous region with conductivity 
a; > > weo, dielectric constant ¢;=¢, and permeability 


My, IS 
V?E—jwo;y,E=0. (1) 


A time dependence of the form exp(jwt) is assumed 
where w=2z7f and / is the frequency. 

Owing to rotational symmetry and the assumed 
independence of the transverse and axial distribu- 
tions, the equation for the transverse distribution 
of FE, is 


+k2.E.(r)=0, (2) 


OE) 


1 OF, (r) 
or . 


or 
which has the general solution 
Er) =A (km?) + By Nolkn?) ay, <r <a, (3) 


where 
WO} 


ba= (I= 34/2 (4) 





-~—— REGION! 


RECS (METAL) 


(AIR) 






REGION 2 
(AIR) 


Figure 1. Cross section of hollow conductor. 


289 



















and J)(x) and N(x) are Bessel functions of the first 
and second kind. In region 3 the free space wave 
equation, 





when combined with (8) leads to the conclusion that 


B,(r)=0 (0<r<a,). (10) 


Since the B-vector satisfies the boundary condition 








With (12), the constant B, may be evaluated in terms 
of A, from (3). The result is 









J (ken; ). 


Bi=— At Ny ent) 








(13) 






The substitution of (13) in (3) and its evaluation 
successively at 7 and r=ay, leads directly to 











E,(r) 


E, (a2) 


Jo(k af) N, (ke m(l;) =" 
~ Jo (kn, »)N (kd) —N 


Jo(k nf) J, (k mM) 
Jom 2) J (ke my) 







a,<r<d,. (14) 






Finally, when r=a, 






E. (a 1) 
E, (az) 





_ olka) N, (km) — No(km@1) J (km) » (15) 
So (kem2) Ni (kmdi) — No(km2) Ji (hema) 









which is the desired complex ratio of the field inside 
the imperfectly conducting hollow cylinder to the 
field on its outside surface. 






V°E+ 0 weH=0, (5) 
applies; wo=4 7X10~*h/m; «=8.85 X 107 f/m. 
The solution of (5) that remains finite at 7=0 is 
Er) =AgJ(k sr) 0<r<a, (6) 
where 
k =v Moto. (7) 
Now, if (k,a,)?<< <1, Jo(k sr) ~1, and E,(r) ~A3;=const 
(0<r<a,). It follows that within the cylindrical 
shell | 


OE, (r) _ | 
The Maxwell equation 
‘ E, ‘ 
curls E= —% =—jwBg (9) 


poBos(a;) = u Be: (a1) (11) 
at r=d,, it follows with (8), (9), and (11) that 
joBu (as) =| 2 | 9 r=). (12) | 








In the important special case of large arguments 
defined by ® 


@, ywu,o,> 10, (16) 


| it is possible to use the well known asymptotic forms 
_ of the Bessel functions to simplify (15). 


The result is 


E, (a,) (17) 


ve } 
{I [km (d2— (a,—a,)] 


With (4) and standard formulas for the cosine with 
a complex argument, (17) becomes 





E.(a) __ [a2 f cos ¥ eos y—Jj sin 7 sinh 1} (18) 
Eva.) Wa, cos? y+sinh? : 
and its magnitude is 
| E.(a,)| = ier | ' 
=| 2 = 19 
|. (a2) | V2 4 cos 2 y-+sinh? y y (19) 
where 
Ord 
=(a.—4, 2 (20) 


Note that (18) and (19) are valid only when (16) is 
satisfied. 


3. Relation Between the Field Incident Upon 
an Imperfectly Conducting Hollow Cylin- 
der and the Field on its Outside Surface 


The volume density of current 7,(7) in the conduct- 
ing tube (a,;<r<az) is related to the electric field 
Er) by the constitutive relation 






i.(r)=0,E,(r). (21) 
It follows that 

4.0) _ Ele), 4 

(a2) E,(ap) a 








The total axial current J(0) at the center (z=0) of 


| the cylinder is given by the formula 


_ rent density across the center of the cylinder. 


I(0) =|.’ i,(r)2erdr, (23) 
1 


where 7,(7) is the transverse distribution of the cur- 


The 


| substitution of (22) with (14) in (23) and the subse- 
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quent integration gives the following expression for 


5 At 15ke an aluminum cylinder must be at least 0.447 cm in radius; an iron 
shield could be smaller. 








VY 
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ents 


(16) 


rms 
It is 


90n 
1ce 


uct- 
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cur- 
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bse- 
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n iron 





the current density near the outer surface in terms of 
the total current: 


I(0) mts) 
maz 2 








1,(d2) = 


So (kemA2) Ni (kim a,) — No(km@2) Ji (km) . (24) 
J (Km) Ni (km) — Ni (Rm) Ts (hm) - 





The corresponding asymptotic formula for a, oto, 
>10 is 


i, (a) = 


1a3 


Ken . 
wt) ot [hem (a (a,—a,)], 25) 
so that with (21) at r=a, 


E.(a;)=—_ 


eer 2 (*3") cot [kn(a2—a,)]. (26) 
This expression relates the electric field on the out- 
side surface of the hollow cylinder halfway between 
its ends to the total current J(0) traversing this 
cross section of the tube. 

The axial distribution J(z) of the current in the 
cylinder, in particular, its value 7(0) at the center, 
is known from antenna theory since the cylindrical 
shield is, in effect, a receiving antenna without load 
(refer to fig. 2). The current at its center is given 
by [2] 

Voc_ 21H: . 
1(0)=7° =F (27) 

in tin 

where V,, is the open-circuit voltage given by the 
product of the effective length 2/, of the cylinder 
multiplied by the incident tangentially directed elec- 
tric field #3. Z;, is the driving-point impedance of 
a symmetrical center-driven antenna with dimen- 
sions identical to those of the shield. The effective 
length 2/, of an electrically short antenna (k,/<0.5) 
is given approximately by [3] 


21, =, (28) 


where / is the half-length of the shield and k,=27/d. 

The impedance of a perfectly conducting short 
antenna [3] for which kJ <0.5 is given by the formula 
[4] 


i. s . 
A*—) eed 
* , (ksl)° 
x{ 2 —2In2) O-isq- 3(0— Samay) Pohms, ( (29) 
wher 
~— 2a 120%, (30) 
€o 
and 
21 
Q=2h (=). 31 
‘e. (31) 
































Figure 2. Electric probe symmetrically oriented along the axis of 
an imperfectly conducting cylinder. 


The input impedance of the imperfectly conducting 

short dipole is approximately. 

Zin=Zh+ Ri, (32) 
where Rj is the ohmic loss resistance referred to the 
input terminals. 

Rj may be evaluated by noting that the current 
distribution along an electrically short antenna is 
approximately triangular in shape. Hence, the aver- 
agec urrent along the structure is J2,=4/°(0). The 
ohmic resistance of the tube of length 2/ has been 
given by King [5]. It is 


R= ihe (|= 2y-+cos ar cos (v.-v.+3) (33) 


TA: cosh 2y—cos 2y 











where 





tan ¥,=—tanh y tan + (34) 
and 
tanh y . 
‘ (= = oe 
tan y a, (35) 
provided a, ywu,0,>10. y is defined by (20). The 


power lost in heating the antenna is 


P,=P(0) n=(”) Re, (36) 
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Hence, 


Accordingly, 


Lin ad Janke l 


\ ‘ ‘ 4 (k,1)* ) Rt ‘ 

tte ( 1.4 ——* ae - 
x{ (0 : 2In2) (1 I3(@—2—9ind ) f t 3” 88) 
The substitution of (27) in (26) gives 


9 ri 
E,(a,) =e: 


WL nF 03 


(Fst) cot [Am (@2—a,)]. (39) 


Thus, if the incident field EF} in the vicinity of the 
evlinder is known, (39) may be used to find the field 
E(a2) on the outside surface. The field within the 
cylinder may then be calculated from (18). 


4. Effective Height and Driving-Point Im- | 


pedance of a Short Electric Dipole in an 
Imperfectly Conducting Cylinder 


To determine the behavior of a center-loaded 
electric dipole of half-length 4 and radius a symmet- 
rically located along the axis of an imperfectly con- 
ducting cylinder requires not only a knowledge of 
the electric field inside the cylinder in terms of the 
incident electric field but also the effective length 
and driving-point impedance of the probe. 

The effective length of a probe encased within an 
imperfectly conducting cylinder is the same as its 
effective length when isolated. The effective length 
is defined in terms of the field maintained along the 
probe by all currents other than those in the probe 
itself. This is precisely the field /,(a2) maintained 
in the cylinder by the distant signal source and the 
current in the imperfectly conducting shield. (It is 
to be remembered that the field in the interior of the 
tube is uniform.) The only approximation involved 
is the assumption that the current in the probe does 
not react on currents in the shield to change them 
significantly. The required effective length 2h, may 
be calculated from (28) (or the formula in footnote 3) 
provided f is written for / throughout (hf is the half- 
length of the electric probe). 

The driving-point impedance of the electric probe 
encased in the imperfectly conducting cylinder lies 
between the impedance of an identical unshielded 
probe and the impedance of two imperfectly con- 
ducting sections of coaxial transmission-line in series. 
These sections are open-circuited, and have a length 
equal to the half-length A of the probe. Capacitive 
end effects may be determined but are probably 
small enough to neglect. In terms of the electro- 
magnetic field that would be set up by the probe 
antenna if it were used for transmission, three situa- 
tions must be considered: 








(a) When the probe is isolated, i.e., is outside the 
metal cylinder, the distant field is due entirely to 
the currents in the antenna. 

(b) When the probe is in a perfectly conducting 
cylinder, the field maintained at outside points by 
the currents in the antenna is exactly cancelled by 
the field set up by the currents in the shield. i 

(c) When the probe is in an imperfectly conducting 
cylinder, currents are induced in the shield which 
maintain a field that partially cancels the field of the 
probe, but this cancellation is not complete. 


Thus the current in the probe can be separated into 
two parts. One part, /;, is equal and opposite to 
the current in the shield; it is a transmission-line cur- 
rent. Theother part, 74, is the true antenna current. 
The total current /, in the unloaded probe is 


L=i,4+h. (40) 


The voltage driving the probe is 


Vio=1Zo=MsZ5t+h“Z=l, {2-7 (Z,—Z,) } 
41) 


where Z, is the impedance of the probe when encased 
in the imperfectly conducting cylinder; Z, is the im- 
pedance of two perfectly conducting open-circuited 
sections of coaxial line that are of equal length and 
connected in series. Z, may be computed from the 
formula 


Zi =—j 276 logy (“Jeot ksh (42) 


where h is the half-length of the probe and a is its 
radius; and Z, is the self-impedance of the probe- 
when isolated. It is given by (32) or by (29) when 
losses are negligible. 

From (41), it follows that 
apn alli y—Biy)- (4) 
I, rf 
The current J, is the current in the probe required to 
maintain the field £,(a2) just outside the shield, if 
the shield were absent. J, is the current required 
to maintain the field Li(a,) just inside the shield. 
Since the thickness of the shield is small compared 
with any radial distance over which /, could vary 
significantly in amplitude, it follews that 


I, of (a2) 4) 
I, ~Ei(@) “i 


This complex ratio isappr oximately E.(a,)/E:, ob- 
tained when (39) is combined with (17). The sub- 
stitution of (44) in (43) gives 


L=Zr E, (a2) 


a be EE ae 45 
.— Fi (a,) {Zi,—Za} (45) 
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This is the final formula for the driving-point im- 
pedunce of an electric probe symmetrically situated 
within an imperfectly conducting cylinder. 

It is important to observe that the ratio E,(a,)/ 
Ei(a,) in (45) is small, since when the probe is driven 
E. (a2), the field on the outside of the shield is small, 
while the field on the inside of the shield, Zi(a,), is 
large. On the other hand in the receiving case 


y 


Ei is large and £,(a,) is small, thus 


Ea, Ea 

ee bd Se |. (46) 
E.(a;) 4'2(A2) 

Driven Probe Receiving Probe 

Since the ratio #,(a2)/E’i(a,) is small when the dipole 


is driven and the cylinder is a moderately good con- 
ductor, it follows that 


Lo =D, (47) 
On the other hand when the ratio /.(a.)/Ei(a,) 
>1, as when the cylindrical shield is nonexistent, 
Ly = Za. (48) 
ty bd . . . . 
[hese relations for limiting values serve as checks 
on (45). 

The equivalent receiving circuit of the probe con- 
sists of a generator with an emf equal to 2h,/.(a;) 
driving a circuit consisting of Z) in series with the 
load impedance. The power in the load is readily 
calculated in terms of the field E,(a,). Thus 


2h, z. (a, ) 


0 L J \<40 <AL 


(49) 


The impedance of an electric probe is essentially 
a’ capacitive reactance since the resistive component 
is only a fraction of an ohm. Maximum power is 
obtained in a given load when the probe is tuned to 
resonance by means of series inductors. If this is 
done, the full open-circuit, V,. appears across the 
load, if all losses are neglected. In this case Zp 
does not appear in the equivalent circuit of the probe, 
and (45) is not needed. 


5. Conclusion 


A method has been presented for calculating the 
power in the load of an electric probe encased in a 
partially conducting cylindrical shield. The analysis 
has been carried out for sinusoidal signals. If the 
signal source emits repetitive pulses, it is necessary 
tomake a Fourier analysis of the incoming wave and 
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solve the problem for the fundamental and several 
harmonic frequencies. The total power in the load 
impedance is then the sum of the powers absorbed at 
each frequency considered. Again it is assumed 
that the circuit dimensions are small in terms of the 
shortest wavelength of the signal component that 
contributes significantly to the power in the load. 

The field incident upon the cylindrical shield need 
not be linearly polarized, as assumed in the analysis. 
An elliptically polarized electric field may be decom- 
posed into two components which are fixed in space 
and which differ in phase, magnitude, and direction. 
In particular, the field may be resolved into two 
mutually perpendicular components which remain 
stationary in space. One of these components may 
be chosen parallel to the cylindrical shield, and the 
other perpendicular to it. Both vary periodically 
in time, but the latter contributes nothing to the 
induced voltage; its magnitude and phase are of no 
significance, and it may be ignored. Accordingly, 
maximum power is delivered to the load impedance 
of the probe when the hollow cylinder is oriented in 
space so that the major axis of the elliptical contour 
of the electric field is directed parallel to the axis of 
the cylindrical shield. 
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Impedance Characteristics of a Uniform Current Loop 
Having a Spherical Core 
Saburo Adachi’ 


(November 12, 1959) 


The radiation impedance is derived by the electromotive force method in a convenient 
form as the sum of the self-radiation impedance of a loop in the free space and an additional 
term due to the reaction between the loop and the sphere which is proportional to the well- 
known expansion coefficient of a magnetic-type scattered wave from a sphere in an incident 


plane wave. 


The first antiresonance frequency has been given in the form of a universal 


curve for a very small uniform current loop with core of an arbitrary composition of u, and 
€,, Subject to the condition that the refraction coefficient Ny y,e, is extremely large. Some 
numerical calculations show that high -z core is desirable for a comparatively lower frequency 
region, and high -e core is rather desirable in an antiresonance region. 


1. Introduction 


By use of a sufficiently high refractive index, 
large scattering or absorption cross sections may be 
obtained from spheres small in terms of wavelength. 
For example, it has been shown that the echoing 
area can be increased to approximately three-quarters 
of a square wavelength for resonance of the electric 
or magnetic dipole type, and the required index of 
refraction can be given as a function of sphere 
size. 

In a small loop antenna the ohmic resistance 
normally exceeds the radiation resistance. An in- 
crease in radiation resistance is highly desirable to 
improve the radiation efficiency. It can be expected 
that a high induced voltage, and therefore a high- 
radiation resistance, can be obtained by encircling 
a small resonant sphere by such a loop. Of course, 
it is desired that the radiation reactance be as low 
as possible. The ratio of the radiation resistance 
to the radiation reactance is also an important 
criterion, 

Very recently, the most general theoretical analy- 
sis for a thin loop with a spherical core has been given 
by Herman [1]? and Cruzan [2]. In these analyses, 
however, it is not easy to derive general relationships 
between the input impedance and the medium of the 
spherical core because of the difficulties of the 
numerical computations. 

The purpose of the present paper is to correlate 
the medium constants of the core with the impedance 
characteristics under the assumption of a uniform 
current distribution.’ In order to derive the radia- 
tion impedance, a conventional emf method is applied 
to the electromagnetic field solution of a uniform loop 
current in the presence of a sphere which has been 


‘Antenna Laboratory, Department of Electrical Engineering, The Ohio 
State University, Columbus 10, Ohio; while author was on leave of absence from 
Toho:.u University, Sendai, Japan (invited paper). 

2 Fi ures in brackets indicate the literature references at the end of this paper. 

§T.e assumption of constancy of current in the loop requires that the loop 
be fe’ at a number of points around the loop. In view of the large magnitude 
of N) aa localized generator would produce a highly nonuniform current. 








treated independently by Tai [3] and Wait [4]. 
The radiation impedance is given as the sum of the 
self-radiation impedance of the air loop and an addi- 
tional term due to the reaction between the loop 
and the sphere which is proportional to the well- 
known expansion coefficient of the magnetic-type 
wave scattered from a sphere in an incident plane 
wave. 


2. Impedance Characteristics of a Uniform 
Current Loop Having a Spherical Core 


The general solution for the electromagnetic field 
due to a uniform current loop in the presence of a 
sphere has been given by C. T. Tai. Geometrical 
configurations are illustrated in figure 1. The radii 
of the sphere and the loop are the same and are 


P(r,8,p) 
ky= w fH, % 
av Point Q 
2b 





Uniform Current Loop 


Spherical Core 


Figure 1. Uniform current loop having a spherical cere. 


indicated by a; therefore, the wire of the loop is 
partially immersed into the core. Wavenumbers of 
the free space and the medium of the sphere are 
indicated by ky and by k=Nk)(N=vyesus), respec- 
tively. As the time dependence, e/* is used. The 
primary fields due to the uniform loop current, /, are 
expressed by the following equations: 


295 





B=) 0,2 (by) 
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~ jeopy n=1 


B=) 0, J he (ke 


n=1 


77 ko = j (a) Xy 
=f 5 0, He) iw oh 
J@Ko n=1 hj? (a@) 0) 





where a=hky,a, and 


Tope 2n+1 piri 
2 n(n+1) I n(O)hy: (a). (3) 
The vector wave functions M,,, and N,,, are the 
same with M%eon and Neon defined in the text by 
Stratton [5]. The fields reflected to the external 
region and the field transmitted into the sphere are, 
respectively, given by 


=, 3. ( .R,M. Ton (ko) 


n=1 


*o SS ORNX(ly) 


~ Feo n=1 





and 


E'=>> C,7,M23(Nku) 


n=1 
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set a) aj, (a) |’ 
oh? (a) [Naj, (Na) |’ 


) MoJ n (a) | Najn( (Na) ee 


mG ujn(Na) [ah (a) \'—n 


Jn(@) [ah,? (a) 5 —h;? (a) |aj, (a) |’ 
* in(Nay) [ah (a) |’ —poh® (a) [Noj, (Na) |”" 





It is very interesting to note that the coefficient R,, 
is exactly the same as the coefficient associated with 
the magnetic-type wave scattered by a sphere in an 
incident plane wave. The coefficients R, and T, 
express the effect of the spherical core on the per- 
formance of the loop antenna. Neither the electric 
field nor the magnetic field (the surface current) are 
uniform around the wire cross section. If, however, 
the wire is sufficiently thin, it is reasonable to assume 





the electric field at the point Q (on the surface of 
the sphere, and at a distance 6, the radius of the 
wire, from the current filament which is located at 
the equator of the sphere) as the average value of 
the electric field around the wire cross section; 
namely, 


P22—2na(E{+E}) = | aismy *ds 


= —2ral*(E4+ E5)i-4 
where 


O9=1/2—b6—r/2— 


Thus, the radiation impedance obtained from the 
emf method is expressed by 


oe we 
bmi ate, 


where 


r 2, : 
Zo=Tno >> + 


n=1 n(n+ 


y Pn (0) Pr (COS 80) jn(a@) hn” (a). 


>< 2n+1 
Z.=mnal 257 np 


P3(0)P} (cos 6) Rhy? (a)?. (11) 
In the above equations, Z) represents the radiation 
impedance of a loop without a spherical core, Z, 
represents the variation of the radiation impedance 
due to the reaction between the spherical core and 
the loop, and 7 is the intrinsic impedance of free 
space. The imaginary part of series (10) does not 
converge rapidly enough when 6) approaches 2/2, 
or the thickness of the wire decreases to zero. By 
using the asymptotic expression of Legendre and 
Bessel functions, the radiation reactance Xo in (10) 
can be transformed into the following alternative 
equations: 


Xo= Xo=na{ In J+ 26 r a 


—na? = -. 2n+1 P1(0)P! (cos 6) j (a)ing(e) 
n=1,32-+ 1 n “3 n O)Jn * 


1 b 5.8 me 
+142 COS © (nt+1) +2 sin 7 n+) }} (12) 


The detailed derivation of the above equation is 
given in reference [6]. For a small loop, i.e., a<1, 
the radiation impedance is approximated by retaining 
the term n=1 only; namely, 
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As for the constant ?,, many discussions have been 
mide relating to the problem of the scattering of 
a plane wave by a sphere. These results can be 
directly applied to the present problem. For the 
lossy spherical core, i.e., the complex values of N, 
it is convenient for the computation to transform 
eq (11) by using the logarithmic derivative functions 
|7| with respect to spherical Bessel functions into the 
following form: 


one 
Z,=—aqat Sy Et 
1 n(n+ 


y Pn (0) P} (COS 6) Jn (a) Ai? (a) 
o,(a)—N = a, (Na) 
x<— e Pp (14) 
p,(a)—N oe a, (Na) 
m 


where pr(a) and o,(@) are the logarithmic derivative 
functions with respect to spheric al Hankel and 
Bessel functions, respectively, 1.e., 


Prl. “In [rh\? (x) ] 


o, (2) . In [x7,(2) J. (15) 


The function o,(Na) of any order with complex 
arguments Ne can be computed by the recurrence 
formula of the logarithmic derivative functions. 
Consider the maximum value of /?, and its condi- 
tion. A discussion has been given for special cases 


of pure dielectric (u4,=1) or magnetic (e,=1) 
materials by E. M. Kennaugh. General cases for 


an arbitrary composition of e, and yu, can be dis- 
cussed ina similar way. When asphere is sufficiently 
small in terms of wavelength, a1, only the term 
R, is significant. It is concluded that the maximum 
absolute value of 2; is —1 at the condition of 


: ji (Ne) [orn, (a) |’ — ny (a) [Naz (Ne)|’=0. (16) 


For a<1, the above equation is approximately 
rewritten in the following transcendental equation: 
l Na . “ 
a+ =cot Na. (17) 
Na ps—1 


This equation is graphically solved with respect to 
Na. Figure 2 shows Na/z as a function of u,. Since 
a is assumed to be very small compared to unity, 


NV is necessarily very large, i.e., yujec>1. This 
value gives the first antiresonance frequency of a 
smi ll uniform-current loop with a lossless spherical 
cor having arbitrary values e, and yy. It should 
be noted here that the above discussion can be 
applied to the problem of the plane wave scattering 
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FiGuRE 2. Antiresonance frequency of a uniform current loop 
having a spherical core with arbitrary constants uw. and é€., 


where Na=V uses koa = ka. 


by a small sphere; namely, the curve of figure 2 
gives the magnetic-type resonance frequency ‘of the 
sphere, and also gives the electric-type resonance 
frequency by replacing us by e,. 

The maximum radiation resistance at the anti- 
resonance point is given by 


bp | 


3 ‘ Pe. l : ; 
5 NAN, (a)"ox= mm (a1). (18) 
2 “a 


R=R,+R,= 


resistance increases in the order of 
It should be noted that 
in an actual one-point-fed loop, unless infinitesimally 
the frequency of its antiresonance deviates 
from that predicted by figure 2 due to the non- 
uniform current distribution. This situation is 
illustrated in table 1 

The diameter of the antenna in terms of a wave- 
length in the medium at an antiresonance is found to 
vary between 0.159 and 1.43 by the constants of a 
medium. The results in figure 2 give the limiting 
case of an infinitesimally small loop, i.e., use. 
Similarly, the expression for Z in eq (9) is correct only 
for an infinitesimally small loop, if it is fed at one 
point. The radiation impedance 7 ag been calcu- 
lated for the two cases ¢,=100, u,=1, and u,=100, 
e,=1. For simplicity, the core is wt Be to be loss- 
less. Figure 3 and 4 show the radiation resistances 
and the radiatien reactances. It must be noted here 
also, as mentioned before, that these figures do not 


The Maximum 


give quantitative results for a one-point-fed loop be- 


TABLE 1. Relation between medium of core and dimensions at 
antiresonance 
Medium of core a 2a 
| 
Air tee 2 SAR ewes , 0.159 
per wali \ 1535... ..- 4962 


=9.5—j0.077__...__- j 
*_ (1,00~1.43) (1.00~1.43)d 


V bs €s 


(ps€s) > © 





*From ref 1) by Julius Herman, A is the wavelength in the medium of the core. 
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The vector wave functions M.., and Neon, are the 
same with Meon and Neo, defined in the text by 
Stratton [5]. The fields reflected to the external 
region and the field transmitted into the sphere are, 
respectively, given by 
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It is very interesting to note that the coefficient FR, 
is exactly the same as the coefficient associated with 
the magnetic-type wave scattered by a sphere in an 
incident plane wave. The coefficients R, and 7, 
express the effect of the spherical core on the per- 
formance of the loop antenna. Neither the electric 
field nor the magnetic field (the surface current) are 
uniform around the wire cross section. If, however, 
the wire is sufficiently thin, it is reasonable to assume 








the electric field at the point Q (on the surface of 
the sphere, and at a distance 6, the radius of the 
wire, from the current filament which is located at 
the equator of the sphere) as the average value’ of 
the electric field around the wire cross section; 
namely, 


pda ELL Ey et | +H de 


=—2ral*(E}+E $) 0-6, (8) 
where 


O9=1/2—6—r/2— 


Thus, the radiation impedance obtained from the 
emf method is expressed by 

P 

Z>] 5=L+Z; (9) 

Z| 
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In the above equations, 7) represents the radiation 
impedance of a loop without a spherical core, Z, 
represents the variation of the radiation impedance 
due to the reaction between the spherical core and 
the loop, and 7 is the intrinsic impedance of free 
space. The imaginary part of series (10) does not 
converge rapidly enough when 6) approaches 2/2, 
or the thickness of the wire decreases to zero. By 
using the asymptotic expression of Legendre and 
Bessel functions, the radiation reactance Xo in (10) 
can be transformed into the following alternative 
equations: 


Xy=naq In + at ant 
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The detailed derivation of the above equation is 
given in reference [6]. For a small loop, i.e., a<I, 
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the radiation impedance is approximated by retaining 
term n=1 only; 
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As for the constant ?,, many discussions have been 
made relating to the problem of the scattering of 
a plane wave by a sphere. These results can be 
directly applied to the present problem. For the 
lossy spherical core, i.e., the complex values of N, 
it is convenient for the computation to transform 
eq (11) by using the logarithmic derivative functions 
[7| with respect to spherical Bessel functions into the 
following form: 


7 awn Ant] py 1 Ay ete Ke 
Z,.=—TNa 24 nin) P}(0) P} (cs 85) jn (a) Ai? (a) 
o,(a)—N © o,(Na) 
x4 — a 
Pn (a)—N : a, (Na) 


where pp(a) and o,(a) are the logarithmic derivative 
functions with respect to spherical Hankel and 
Bessel functions, respectively, 1.e., 


px(x) =" In [rh2(x)] 


o, (x) -£ In [77,,(2) |. (15) 


The function o,(Ne) of any order with complex 
arguments Na can be computed by the recurrence 
formula of the logarithmic derivative functions. 
Consider the maximum value of ?, and its condi- 
tion. A discussion has been given for special cases 
of pure dielectric (u,=1) or magnetic (e,=1) 
materials by E. M. Kennaugh. General cases for 
an arbitrary composition of e, and uw, can be dis- 
cussed ina similar way. When a sphere is sufficiently 
small in terms of wavelength, a1, only the term 
P, is significant. It is concluded that the maximum 
absolute value of RP; is —1 at the condition of 


1, J(Na) fan, (a)}’ 14 (2) [Nag (Na)]'=0. (16) 


For a<1, the above equation is approximately 
rewritten in the following transcendental equation: 
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Na ps—!1 


This equation is graphically solved with respect to 
Ne. Figure 2 shows Na/z as a function of u,. Since 
a is assumed to be very small compared to unity, 
\ is necessarily very large, i.e., yusec>1. This 
value gives the first antiresonance frequency of a 
shill uniform-current loop with a lossless spherical 
co'e having arbitrary values e, and us. It should 
be noted here that the above discussion can be 
applied to the problem of the plane wave scattering 
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FiGuRE 2. Antiresonance frequency of a uniform current loop 
having a spherical core with arbitrary constants yp. and €., 
where Na=~V uses koa =ka. 


by a small sphere; namely, the curve of figure 2 
gives the magnetic-type resonance frequency of the 
sphere, and also gives the electric-type resonance 
frequency by replacing p, by e,. 

The maximum radiation resistance at the anti- 
resonance point is given by 


« 


3 BS es | 
R=Ry)+ R,=5 rna'n, (ayowe ™ (a1). (18) 


The maximum resistance increases in the order of 
a~* with the decrease of a. It should be noted that 
in an actual one-point-fed loop, unless infinitesimally 
small, the frequency of its antiresonance deviates 
from that predicted by figure 2 due to the non- 
uniform current distribution. This situation is 
illustrated in table 1. 

The diameter of the antenna in terms of a wave- 
length in the medium at an antiresonance is found to 
vary between 0.159 and 1.43 by the constants of a 
medium. The results in figure 2 give the limiting 
case of an infinitesimally small loop, i.e., use, ©. 
Similarly, the expression for Z in eq (9) is correct only 
for an infinitesimally small loop, if it is fed at one 
point. The radiation impedance Z has been caleu- 
lated for the two cases ¢,=100, u;=1, and »,=100, 
e;=1. For simplicity, the core is assumed to be loss- 
less. Figure 3 and 4 show the radiation resistances 
and the radiatien reactances. It must be noted here 
also, as mentioned before, that these figures do not 
give quantitative results for a one-point-fed loop be- 





TABLE 1. Relation between medium of core and dimensions at 
antiresonance 

Medium of core | a 2a 
a oe iil seats 0.159% 
* = i € 
ue = 10.8—j0.24 Nis agate on 
——t)-0............8°° —_ 
(tees) 90 _-_- ____.| —K. (1.00~1.43) (1.00~1.43)A 
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*From ref [1] by Julius Herman, d is the wavelength in the medium of the core. 
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Ficure 3. Radiation resistances cf uniform current loops having 
air, dielectric, and magnetic cores (N=1, 10; a/b=60). 
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Ficure 4. Radiation reactances of uniform current loops having 
air, dielectric, and magnetic cores (N=1, 10; a/b=60.) 


‘vause of its nonuniform current. As for the case of 
€;=100, the antiresonance occurs at a=7/10, and 
the curves approach asymptotically to those of an 
air loop with the decrease of p. The y-core is effective 
in order to increase the radiation resistance in the 
lower frequency region. The radiation impedance 
fcr an arbitrary composition of » and e ought to show 
a behavior intermediate between these two extreme 
cases. In figure 5 the ratios of the radiation resist- 
ances to the radiation reactances are plotted. From 
these figures it can be concluded that high-y core is 





a 


FiaureE 5. Ratics of radiation resistances to radiation reac- 
tances of uniform current loops having air, dielectric, and 
magnetic cores (N=1, 10; a/b=60). 


desirable for’'a comparatively low-frequency region, 
and high-e core is rather desirable in order to use it 
in a antiresonant frequency region. This can be 
said also from the viewpoint of medium losses, that 
is, losses of usual magnetic materials increase more 
rapidly with the frequency than do the losses of 
dielectric materials. 


3. Conclusion 


The impedance characteristics of a uniform current 
loop (see footnote 3) with a spherical core of an 
arbitrary composition of » and ¢ have been theoreti- 
cally investigated. The radiation impedance is de- 
rived by the emf method in a convenient form as the 
sum of the self-radiation impedance of an air loop 
and an additional term due to the reaction between 
the loop and the sphere which is proportional to the 
well-known expansion coefficient of a magnetic-type 
scattered wave from a sphere in an incident plane 
wave. The first antiresonance frequency has been 
given in the form of a universal curve for a very small 
uniform current loop with a core of an arbitrary com- 
position of u, and e,, subject to the condition that the 


refraction coefficient N=~vuse, is extremely large. 
It should be noted that the above results can be 
directly applied to the first magnetic-type resonance 
frequency of a sphere in an incident plane wave. To 
show quantitative impedance characteristics of a 
loop with an arbitrary composite core, the radiation 
impedances for two cases, namely e,=100, us==1, 
and p,=100, es=1, have been calculated and com- 
pared with an air loop. It is concluded that high-s 
core is desirable for a comparatively lower frequency 
region, and high-e core is rather desirable in an anti- 
resonance frequency region. 
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Harmful multipath distortion on high-frequency facsimile 
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were used in the tests. The transmissions were at a fre- 
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United States. Transmitting conditions were switched at 
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attenuators, G. E. Shafer and A. Y. Rumfelt, JRE 
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The treatment of mismatch errors is extended to cover 
variable attenuators cascade-connected in a system which is 
not free from reflections. The method of analysis is applica- 
ble to any number of cascaded attenuators, but only the 
analysis of two and three variable attenuators in cascade is 
presented. Graphs are given to aid in estimating the limits 
of mismatch error. 

In an example, which is considered representative of rigid 
rectangular waveguide systems, the limits of error are: for 
two attenuators in cascade, 0.19 db in a 3-db measurement, 
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matrices and optical constants of any multilayer with a 
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According to Epstein’s theorem, any symmetrical multilayer 
is equivalent to a fictitious monolayer. <A simple expression 
for the equivalent index and thickness of this monolayer is 
deduced for the case of a periodic and symmetrical sequence 
of equally thick films. 

As compared to any other method of numerical computation, 
the suggested formulation provides a considerable saving of 
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Recent experimental evidence favouring the pK,(p) 
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shows that the variations of the refractive index in space at a 
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Bessel function of the second kind and p=rl) is a normalized 
distance between two points in the atmosphere. The three 
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fractometer, (b) measurements of the variations with time of 
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Relation of Turbulence Theory to Ionospheric Forward 
Scatter Propagation Experiments’ 


Albert D. Wheelon 


(October 28, 1959; revised February 4, 1960) 


This paper attempts to relate turbulence theories to radio measurements on vhf 


ionospherie forward scatter circuits. 


To this end, the single scattering description of the 


electromagnetic response of electron density irregularities and the corresponding transmis- 


sion expression are evaluated. 
with a scattering model. 
are then summarized. 


Statistical distributions of signal levels are found to agree 
The several theories for turbulent mixing of the electron density 
A turbulence mixing model is compared favorably with experimental 
data on absolute signal levels and their diurnal and seasonal variations. 
in the ionosphere responsible for the signals are also consistent with these theories. 
quency and distance dependence scaling laws are compared briefly with the data. 
seatter signal behavior during sudden ionospheric disturbances is also explained. 


Scattering heights 
Fre- 
The 
No 


attempt is made to compare meteoric and turbulence scatter contributions to the measured 


quantities in this paper. 


1. Introduction 


The chance observation of unexplicably high field 
strengths beyond the optical horizon at microwave 
frequencies [1]? gave the first hint of “scatter propa- 
gation.”” Subsequent experiments showed that the 
received signal was weak but significantly greater 
than that predicted by round earth diffraction 
theory [2]. The field strength decreased slowly with 
distance and was observed to fade about its mean 
value several times a second. These observations 
suggested a statistical theory of scattering from 
turbulent fluctuations of the tropospheric refractive 
index [3, 4]; a theory which has been developed and 
fitted to increasingly refined experiments [5]. 

It was inferred from the fading of ionospherically 
reflected skywave signals that similar refractive 


irregularities must also exist in the lower region (2 | 


and )) layers) of the ionosphere. This evidence plus 
the reality of tropospheric scatter suggested that a 
similar propagation mode might be sustained at 
frequencies above the maximum usable frequency 
(MUF) by seattering from turbulent concentrations 
of free electrons in the ionosphere. Such a mech- 
anism was immediately observed at vhf for ranges 
extending to 1,500 km [6], thus providing an im- 
portant new mode of radio propagation. 

The phenomenon of ionospheric scatter propaga- 
tion has also evinced a growing scientific interest. 


The basic theoretical problem combines electro- 
magi etic theory, probabilistic descriptions of ran- 
dom signals, and turbulence theory in an essential 
mixture. On the experimental side, radio waves 
reprisent an accurate, reliable tool for studying 
turb lent conditions at high Reynolds numbers in 
the | nosphere. 

‘Co ribution from Space Technology Laboratories, Inc., Los Angeles 45, Calif. 
Anat viated version of this paper was published in J. Geophys. Research 
64, 223 Dec. 1959). 

*Fiy ses in brackets indicate the literature references at the end of this paper. 
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Approximately thirty references are given. 


This paper is presented as a linkage between the 
turbulence theories and the radio measurements. 
It attempts to point up the important assumptions 
and questionable approximations in the present 
transmission expressions by way of emphasizing the 
accuracy of this linkage. At the same time, brief 
accounts of the experimental data and theoretical 
models are given in the interest of acquainting the 
radio physicists and turbulence theoreticians with 
the implications of the basic results in the opposite 
field. The present paper is preliminary in that it 
anticipates some results of a thoroughgoing com- 
parison of theory and experiment for 1onospheric 
scatter propagation, which is to be prepared shortly. 
This paper does not consider the contribution of 
small meteors to the background scatter signal. 


2. Statistical Behavior of the Signal 


Random fading of the received signal is one of the 
principal reasons for identifying ionospheric scatter 
propagation with electromagnetic scattering from 
turbulent irregularities. A typical time history of 
the amplitude ? of the complex voltage ++ 7y induced 
in the receiver by the incident electromagnetic field 
is shown in figure 1. Statistical analysis of actual 
records show that the probability that the amplitude 
exceeds a given level is approximately described by a 
Rayleigh distribution [7, 8]. This suggests that the 
process ?(t) is the vector amplitude of two orthogonal 
(phase quadrature) Gaussian random processes. On 
the other hand, if the received signal were produced 
by a large number of independent scattering contri- 
butions, one would expect the signal components to 
be distributed in a Gaussian manner by the Central 
Limit Theorem [9]. This line of reasoning indicates 
that scattering theory provides a reasonable (though 
not unique) explanation for the statistical distribu- 
tion of the experimental data. 
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Figure 1. Typical amplitude versus time record of ionospheric 
scatter propagation signal amplitude together with correspond- 
ing time—displaced vector voltage diagrams which are assumed 
to describe the process. 


To be more precise about these ideas, it is im- 
portant to set down their corresponding analytical 
expressions. The joint probability distribution for 
the Gaussian random processes z(t) and y(t) is, 


2 2__ Dor 
P(x,y) dz y= exp—| 


Qo? 1—p' 


(2.1) 
where 
()=(y)=0? 
(xy)=0"p. 
When eq (2.1) is transformed to the polar coordi- 


nates (FR, ¢) of figure 1, and the phase averaged out, 
the amplitude distribution becomes: 


RdR Rp ) 
> —p* 


a PX D5? 1 


P(R)R dR=- 
oy l—p 


a R? ‘ . 
oe-lamima} @ 


This expression reduces to the Rayleigh distribution 
if the component correlation p is assumed to be zero. 
However, this assumption is probably not justified 
for electromagnetic scattering—as it is for electrical 
shot noise—and the more general expression (2.2) 
may explain interesting anomalies in the experimental 
envelope distribution data [10]. The data generally 
seem to emphasize larger values of F? (relative to the 
mean) more than the Rayleigh distribution predicts, 
with corresponding reductions in the occurrence of 
small values. This behavior could also be explained 
by: (1) Admixture of a steady signal component— 
perhaps due to partial ionospheric reflections above 





the MUF, or (2) trends in the average signal, which — 
would produce larger apparent deviations from the 
mean level when viewed over a finite data sample, 
On the other hand, such anomalies may represent — 
the effect of meteor-reflected signals. 

One can also discuss the joint amplitude distribu- 
tion for two amplitude processes R; and R, [5}. 
These could refer to signals received at two adjacent 
aerials, such as are often used in diversity receiving 
systems. 2, and RF, could also refer to two time- 
displaced records of the same circuit signals, ag 
shown in figure 1. Dual process distributions intro- 
duce additional statistical parameters yu, which 
represent the (time, space, etc.) correlations between 
the component processes 21, Yi, %2, Y2. The purely 
probabilistic predictions of such distributions haye 
been confirmed on tropospheric scatter circuits [11] 
but have yet to be studied carefully for ionospherie¢ 
scatter. 

In general, one can say that the statistical predie- 
tions of scattering theory are consistent with the 
experimental data. This agreement is neither exact 
nor unique, but it is satisfactory. The real problem 
in scatter theory is to predict successfully the statisti- 
cal parameters, o, p, wu, ete., as functions of the 
variables which are experimentally controlled: radio 
frequency, path distance, time of day and season, ete. 
No theoretical estimates for the correlation coeffi- 
cients p and yw have been published, with the excep- 
tion of certain calculations for tropospheric scatter 
[5], which may or may not be applicable to iono- 
spheric circuits. Research to date has been focused 
exclusively on the average power, which according 
to eq (2.2) is 


<P> =20’. (2.3) 


3. Electromagnetic Scattering by Turbulent 
Irregularities 


The basic wave equation which discribes radio- 
wave propagation through an ionized plasma of elec- 
tron density Ny with stochastic fluctuations 6N added 
thereto is: 

™ 
[V?+k?—1r(Mo+6N] E=0, (3.1) 
where k=2zx/d is the free space wavenumber and 
ry=2.8X 10-8 em the classical electron radius. The 
mean electron density Np in (3.1) is usually omitted, 
since refractive effects have been found to be negli 
gible [12]. In establishing expression (3.1), one ag 
= 


sumes that: (1) The stochastic variations 6N(rJ) 
rearrange themselves in a time which is long come 
pared to the period of the radio oscillations, and (2) 
that gradients of 6N are negligible over a wavele: 
= ater assumption is Sealy the more ques'10n- 
able. 

It is not possible to solve eq (3.1) exactly, because 
6N (r,t) is an unknown stochastic function of pos: tion 
and time. Heretofore, the Born approximation has 
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been used exclusively to describe single scattering by 
such fluctuations. This is essentially a three-dimen- 
sional iterative solution of the wave eq (3.1), which 
gives the scattered field strength at the receiver R 
in terms of the unperturbed wave E,(r). 


2(R)=r, i d’r G (R,r) 6N (r,t) E, (rn), (3.2) 
. 
where 
—> 
e*| R—r| 


G (R, rn) =— =| 
4 R—r'| 


[PsOneh 
1K, °T 
E, (r)= ay Gr ‘— 


Tv 1 


(3.4) 


P, is the transmitted power and G7 the transmitter 

: The j agit Pe i te oatoaieal 
gain function. ie integration of (3.2) is extendec 
over the common volume V illuminated by both the 
transmitter and receiver. 

Since both the transmitter and receiver are usually 
many wavelengths from the scattering blobs in the 
common volume, one can use the far-field approxi- 
mation [5] to express the scattered field strength as: 


os 
yi (ky —ky) +1 


E,(R) Jorey EES < vat dr © 
V 


RR; 6N(r,t)y Gr 


(3.5) 


where the various quantities are defined in figure 2. 
The orthogonal random signal component z(t) and 
y(t) of figure 1 are identified with the real and imagi- 
nary parts of this expression respectively. The re- 
ceived power is computed from this expression by 
averaging its square and multiplying with the ef- 
fective receiver area. -_In terms of the scattering 


difference vector K= hy ko: 


Pa=Prit an | fer fe By! 


X<SN(r,t)6N(r't)>, 


(Gr@7GrGp)'” sare K- 7K?) 
R,RiRLRS 





(3.6) 


where Ag is the actual receiver area. The space 
correlation probably vanishes unless 7 and 7’ are 
within several kilometers of one another, and the 
other factors are relatively weak functions of position, 
so that R:=Rj, R.=R}, ete., to a good approxi- 
mation. Transforming the double integral to sum 
and difference coordinates (7,p), one finds: 


i Gr@e (in 22 
Pa=Portegts | Orpen \toe™ 


N(r,t)8N(r-+p,t)> 


A G7G ed 
=P Gs | argtee S(K)- 














where S(K) is the spectrum of turbulent irregul 
ities to be discussed presently. This express ion i 
probably a valid approximation, at least insofar gg 
single sc attering is the dominant scattering mecha- 
nism. 


4k 
| 








Figure 2. Geometry for analysis of electromagnetic scattering 


from ionospheric irregularities. 


Transmission expressions which have been used 
thus far in interpreting exper imental data acquired 
on forward scatter communication circuits, however, 
represent further assumptions, which are well worth 
we °° ing. 

The ionospheric irregularities are assumed f 
be: inoue,” so that the spectrum S(K) appearing 
in (3.7) depends only on the magnitude of the seat- 
tering difference vector. 

2) 
— sin 


where @ is the scattering angle between the upgoing 
and downgoing rays at the integration point 7. The 
scattering process thus acts like a narrow band filter 
on the spectrum, emphasizing the uniquely important 
wavenumber given by eq (3.8). The isotropy a& 
sumption evidently precludes a discussion of mag- 
netically-alined irregularities with the resulting 
transmission expression. 

b. The volume integration (d*r) is collapsed b 
multiplying V by an average value of the integrand, 
The average scattering angle @ is usually chosen 
be that at the path midpomt, corresponding to the 
strongest scattering contribution {(ie., smallest K). 
The effective volume is set by 6, the transmitter 
gain, and the width of an effective scattering layer 
(see fig. 2): 


=|K|= (3.8) 


Rib cscs (3.9) 


=. 


of tropospheric scatter circuits and by Booker in discussing the backscat 
from field-alined auroral irregularities. 


3 Anisotropic correlation functions were used by Staras in his extensive an En 
been applied to ionospheric forward scattering to date. 


However, these techniques hav 


303 




















c. Polarization effects have been neglected, al- 
hough a relatively simple theory predicts a factor 


~y 
sin? x in eq (3.6), where x is the angle between Fj 
~ 


and the scattering direction k,. More precise 
accounts [13, 14] of the vector field response support 
his approximation. 

The resulting transmission equation, 


Pr=PrtAaGin py ese (5) s(F sin 5) (3.10) 


vas formed the only linkage between turbulence 
heory and experiments thus far. Expression (3.10) 
s evidently a substantial approximation to the actual 
electromagnetic response of the irregularities, and it 
s well to be aware of its limitations. On the other 
and, a new technique has been developed [5] which 
allows one to remove all of the above approxima- 
ions—within the framework of single scattering—at 
he expense of complicated integrations. 

The scattering cross section (per unit volume per 
nit solid angle) concept is often employed, viz, - 


| o(8, n=ns (<= X sin a 


owever, this approach does not emphasize the joint 

requency-distance dependence of (3.10) which is 
haracteristic of scatter propagation. In any case, 
t is quite clear that the spectrum of irregularities is 
he basic description of the turbulent electron density 
omg which is required by the electromagnetic 
leory. 


(3.11) 


4. Turbulence Theories 


Results of the last section show that the spectrum 
bf turbulent electron irregularities is the physical 
yuantity of central interest for scatter propagation. 
fore particularly, one is interested in the spectrum 
at wavelengths 


(4.1) 


a’ sin ? 


which lie in the following range for typical vhf 
Bcattcr paths, 

0.2m?< K<1.3m7 (4.1a) 

other hand, the wavenumber K, at which 

liffus -viscosity effects ought to become impor- 

within—or at least near—the range of 


. che 
K,=(73) ~0.5m~! [(4.2 


ns of the spectral ranges identified in figure 3, 
eans that one is probably interested in the 
um for the difficult transition region between 
ertial subrange and the asymptotic dissipa- 
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tion range. This is unfortunate, since one probably 
cannot use the dimensional analysis methods which 
have proven so powerful in the inertial subrange. 

To avoid notational confusion, we use S(K) to de- 
note the three-dimensional spectrum, which is de- 
fined as the Fourier transform of the space correla- 
tion function. 


<éN(7,t)6N(r-+Rh, )>=— ns | ket RS(K)- 
(4.3) 


If the turbulent irregularities are isotropic, the 
spectrum depends only on the magnitude of the 


ae 
vector wavenumber k, and the entire description is 
much simplified. 

The one-dimensional spectrum is denoted by I'(k) 
and corresponds to wavenumber contributions to 
the mean square variation. 


<IN>=55 | ak? S(K) =| dkr (b). 


0 / 0 
This establishes the relation: 


oI (k) 
ig? 


‘(hk 
: (4.4) 


S(D=2 


Three distinct physical theories have been de- 
veloped in recent years to describe the irregularities 
of electron density established by the turbulent 
velocity field of neutral ionospheric gases: 


Theory of pressure fluctuations, 
b. Obukhov-Corrsin mixing theory, 
Villars-Weisskopf mixing theory. 


Each of these theories has now been extended into 
the dissipation regime, and the essential results are 
tabulated for convenience in figure 4, together with 
brief references to the many contributors. Without 
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Theory Inertial Range 


References 


Dissipation Range References 





Pressure 
Fluctuations 


V 4 
° 4/3, -13/3 
Ny (2) k, * 


(15) Villars and 
Weisskopf 


(15) Villars and 
Weisskopi 


Vv < 
N, ( 5) k, 4/3 k, 20/3, -11 
: (16) Wheelon 





Villars - (17) 
Weisskopf 
Mixing (16) 
(19) 


(18) Gallet 


Villars and 
Weisskopf 


Wheelon 
Wheelon 


Villars and 
7 }3 Weisskop‘ 
(Unpublished) 


Wheelon 
Wheelon 


2 
(ar) k 8 
ak) s 





(20) 
(21) 
(22) 
(23) 
(24) 


q 74/3 ,- 11/3 
° 


Obukhov 
Corrsin 


Silverman 


Batchelor 


Batchelor, 
Howells, 


~ D<< v 


we po 23/3 — 


Bolgiano 
Batchelor 





FIGURE 4. 


attempting to plead one case or another in the color- 
ful but unfortunate controversy which has been 
kindled in this new field, it is important to note 
several points which now seem rather clearcut: 


a. The theory of pressure fluctuations has essen- | 


tially been abandoned as a major source of iono- 
spheric irregularities [17, 18]. 

b. The two mixing theories both agree that a 
(random) convective mixing-diffusion equation of 
the form: 


(2—pv) sN(r, t)-+0(r, t)-V8N(r, t)=0-VNy (4.5) 


: —> ° 
characterizes the process, where v (7, t) is the turbulent 
solution of the Navier-Stokes equations. 


ce. The Obukhov-Corrsin theory is patterned 


precisely on the Kologomoroff theory of the velocity | 


spectrum. It essentially disregards the differential 
eq (4.5), assumes that the input and inertial range 
do not overlap, and arrives at the following result 
by dimensional analysis: 


T(k)~k-* (“Py ky”. 


(4.6) 

d. Villars and Weisskopf noted that the gradient 
of N, appears in the basic eq (4.5). Accepting 
dN,/dh as a legitimate parameter for dimensional 
analysis, one finds: 


T\2 
rayse(M) 


(4.7) 


e. In deriving expressions for the transition and 
dissipation ranges, both mixing theories use approxi- 
mate analysis which are open te question. 

f. None of the theories discussed here have as yet 
been extended to include the influence of the earth’s 
magnetic field. 











Summary of spectral models S(k) for electron density irregularities in the lower ionosphere, 


The reader is referred to the basic references 7 
indicated in figure 4 for detailed arguments and 
precise expressions. : 


5. Signal Level and Scattering Heights 


One can combine the approximate transmission 
expression (3.10) with various turbulence models 
listed in figure 4 to predict theoretically the received 
power on a particular scatter link. This calculation 
and comparison has been performed for ionosphere | 
forward scatter circuits so far [17, 26] only for the ~ 
Villars-Weisskopf mixing model (4.7), which is_ 
subject to a rather stringent test since it contains no™ 
adjustable turbulence parameters. Using only the 
inertial subrange result for illustration, one has for 
the theoretical transmission equation: 


j 5 A7.\2 
rere bilan (2) oe (9) (8). 
2 \ “, 


All of the factors in this equation are known for @ 
given circuit, except the appropriate value of 
electron density gradient. This evidently depends 
on the ambient electron density profile at the 
common volume altitude. 

In figure 5 we reproduce a suggested typical 
noontime profile of electron density for the lower 
ionosphere from reference [26]. The sharp lower 
boundary at 70 km is consistent with vf reflection 
data, and the upper portions agree moderately well 
with rocket data. According to both mixing theories, 
large gradient portions of the profile ought to give 
rise to more intense turbulent irregularities and 
hence stronger scattering. A sharp gradient at 70_ 
km would reproduce the strong daytime signal” 
contribution. The power levels measured on the~ 
Cedar Rapids-Sterling path [7] require that this ~ 
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Fiaure 5. Possible noontime profile of electron density in the 
lower ionosphere which is consistent with various radio 
measurements from reference [26]. 


gradient be approximately 


dNo| ‘ e - 
za ae out per km, (5.2) 
which represents a very fast rise to the modest total 
electron density at this height. It would be interest- 
ing to see if the Obukhov-Corrsin theory gives a 
smaller number. 

A weaker gradient at approximately 85 km is 
suggested in figure 5, and should also contribute to 
the scatter signal. The gradient at this height is 
thought to be 


dNo| e 


~3C0 —, per km, 
em‘ 


dh | ss 


corresponding to a signal some 10- to 15-db weaker 
than the 70-km contribution. It is interesting that 
both of these signal components are found in the 
short pulse measurements of Pineo [27]. In general, 
he finds unequal signals from two levels separated 
by about 15 km. Further evidence for weaker scat- 
tering from an upper layer comes from the long range 
NBS experiments [28], which compared 36-Mce signals 
over 2270 km with 50-Me signals received on a 
1240-km path. Earth screening on the longer path 
obscured all volume elements below 87 km in these 
experiments, and the (frequency-scaled) received 
signal was some 10-db weaker than the shorter 
circuit, Which presumably could exploit both the 
70- and 85-km ranges. Further evidence for this 
dual stratification comes from the vertical incidence 
pu'se backscatter measurements made at hf (see 
21 for references). 


6. Diurnal and Seasonal Variations 


he signal level of a vhf scatter circuit exhibits 
lai se changes during each day, year, and sunspot 
cy le. Experimental data for the NBS 50-Mc Cedar 
K: pids-Sterling circuit [7] is shown in figure 6, to- 





gether with the long range Newfoundland-Azores 
path. The first record is typical of most vhf paths 
and shows a 10-db rise from morning to noon, fol- 
lowed by a 15-db drop to postsunset values. The 
corresponding meteor count is strongly peaked at 
0600 and is essentially negligible between noon and 
midnight. This suggests that the afternoon and 
early evening is under strong solar control. 

A theoretical explanation [26] for the afternoon 
signal drop is offered by turbulent mixing theories 
through the mean profile gradient factors, since the 
mean profile is under very strong solar control all 
day. The ncontime signal is contributed by the 
70-km level (sec. 5) and the afternoon decay shown 
in figure 6 ought to reflect the way in which this 
sharp gradient is erased by recombination at sunset. 
The rapid drop observed corresponds to the very fast 
recombination rates at lower levels. On the other 
hand, the decay of the upper gradient is found to be 
much more gradual, and in fact should produce 
measurable scatter signals all night. The noon-to- 
evening 1500-km signal drop in figure 6 presumably 
corresponds to the shift of scattering height from 
the 70- to 85-km levels, which is confirmed by pulse 
measurements [27]. The comparative absence of a 
steep signal drop on the long range path is again 
consistent with a slow recombination of the upper 
gradient. This line of reasoning forms quite a satis- 
factory explanation for the existing data on diurnal 
variations. The basic key to this agreement is the 
relationship between turbulent intensity and the 
mean profile provided by the mixing theories. 


DECEMBER 1954 


CEDAR RAPIDS - STERLING 1243 km 49.80 Mc 
RHOMBIC ANTENNAS 


ST. JOHNS -TERCEIRA 2271 km 36.00 Mc 
YAGI ANTENNAS 


DECIBELS ABOVE ONE MICROVOLT (600 ohms) 


— ALL DATA,INCLUDING VALUES AFFECTED BY Eg PROPAGTION 
--- DATA AFTER ELIMINATING, BY INTERPOLATION, E, PROPAGTION 





00 02 04 06 08 10 l2 14 16 18 20 
LOCAL TIME AT PATH MIDPOINT 


Ficure 6. Diurnal variation of power on two vhf scatter paths 


from reference [7]. 


Recent published data [29] on correlation of vhf 
scatter signal strength and sunspot number demon- 
strates a strong solar control over a 6-yr period. A 
good explanation is again provided by the relation- 
ship between turbulence intensity and the mean 
profile (gradient), since the latter is clearly under 
consistent solar control. 


306 














7. Frequency Dependence 


The basic transmission eq (3.10) depends upon 
ihe radiofrequency through: (1) The turbulence spec- 
trum S(K), and (2) the effective receiving area ApGp. 
To avoid confusion on how the second effect is ac- 
counted for, it is convenient to compare received 
power on two different frequencies for scaled anten- 
nas, viz, equal G, factors. The definitive experi- 
ments by the NBS group [10] on frequency depend- 
ence actually used carefully scaled rhombic antennas, 
so as to insure identical illumination of the scattering 
layers and similar antenna response. With this con- 
vention, the frequency variation is that due to the 
spectrum plusa A)? factor which representsthe physical 
scaling of the receiving aerial size. If the spectrum 
is expressible as a simple inverse power (n) of wave- 
number in the relevant turbulent range, one would 
predict a (scaled antenna) frequency scaling law [30], 


const 
ae frt 2? 


Pr (7.1) 


The most recent experimental data is that reported 
by Blair [10], using 30, 40, 50, 74, and 108 Me. He 
finds that the exponent nm in eq (7.1) is variable, 
ranging from 7 to 10. This variation is both diurnal 
and seasonal, so that it is dangerous to quote a 
mean value. During late afternoon hours, however, 
when scattering from turbulence is presumably the 
dominant mode, the exponent n is definitely higher, 
and a value of 8 to 9 may be representative. Com- 
paring this with the turbulence results tabulated in 
figure 4, the Obukhov-Corrsin inertial range result 
gives f-*°, which is definitely too low. The Villars- 
Weisskopf inertial result f~‘ is occasionally correct, 
but the corresponding dissipation behavior f-" is too 
high. The f~*-* dissipation result for d >> vy given 
by Batchelor, Howells, and Townsend [25] describes 
some of the records. On the balance, however, one 
finds that none of the theories give a satisfactory 
explanation for the important frequency exponent 
variability. 

_ Earlier experiments of frequency dependence [7, 31] 
indicated a higher exponent scaling law between 50 
and 100Mc, than that measured between 30 and 
50Mc. Because the scattering process acts like a 
narrow band filter on the spectrum (sec. 3), it was 
uggested that the viscosity transition wavenumber 
of the ionosphere (4.2) did, in fact, divide the wave- 
mumber range of experimental interest (4.1). The 
teeper slope approaching the dissipation range and 
he -maller inertial slope seemed to explain the data 
ratior nicely [16]. However, the newer data [10] 

ites that such a dichotomy does not exist, and 

a’ the exponent is constant over the wavenumber 

employed at any given hour—even though the 
itself shows diurnal and seasonal variations. 


8. Distance Dependence 


_/ the turbulent spectrum function S(K) is expres- 
is a simple inverse power (n) of wavenumber in 








the relevant range, two factors which depend on path 
length d occur in the basic transmission eq (3.10), 


constant 


n+l 


r= 


R3 (sin5) 


If a denotes the mean radius of the earth, the distance 
R, from the average scattering point to the receiver 
is given by 


P 


(8.1) 


ae - l iN, 
R3=a?+ (a+h)?—2a(a+h) cos (= ) ~(5 ) for a>>d. 
2 2 
(8.2) 


The scattering angle is a more complicated function 
of distance d and scattering height / [16]. 


fe 
7] — ~ (sa )+3 d , 2h 


tan -—— —— = +7 


8.3 
7. i d 4a (8.3) 


for da. 


A graphical evaluation of 6 versus d for various h is 
given in reference [16]. By combining all of the 
above expressions, it is possible to establish the vari- 
ation of received power with distance predicted by 
any turbulence model (n). However, one should also 
note that earth screening horizon limitations have the 
effect of raising the lowest scattering midpoint as the 
distance is increased. Insofar as the strongest scat- 
tering centers are located at the lower height (sec. 6), 
this vertical inhomogeneity must be reflected in an ad- 
ditional distance dependence of the mean signal level. 

The experimental data now available is probably 
not accurate enough for a decisive test of the theories. 
The early data [7] used successive measurements of 
50-Me signals at 491, 592, and 811 km, whereas one 
would have preferred simultaneous data over longer 
paths. The shipborne DSIR experiments [31] on 
41 Me gave limited results in terms of defining the 
distance scaling law [30]. Recent (unpublished) air- 
borne receiver experiments made by the Lincoln 
Laboratory group out to 3000 km on 50 Me should 
provide a valuable basis for testing the various theo- 
retical results. 


9. Sudden Ionospheric Disturbances 


A sudden increase in the flux of ionizing radiation 
from the sun increases the electron density rather 
quickly in the lower ionosphere, which in turn in- 
creases the nondeviative absorption of radio waves 
which pass through the D region [33]. This prompt 
absorption is called a sudden ionospheric disturbance, 
and affects both totally reflected short wave (hf) 
signals and the partially reflected waves responsible 
for (vhf) ionospheric scatter propagation. A typical 
set of simultaneous signal amplitude records made on 
a shortwave circuit at 6 Mc and two adjacent scatter 
links at 28 and 50 Mc is reproduced in figure 7, from 
reference [7]. The shortwave link drops out im- 
mediately, while the 50-Me scatter link increases 
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Figure 7. Transient behavior of power on three frequencies 


taken from reference |7). 


gradually until the recovery cycle of the transient D 
region begins. The 28-Mce link shows a mixture of 
the two effects. Viewed in a qualitative way, these 
data lend strong support to the notion that iono- 
sphereic scatter links are under direct solar control 
much of the time [29]. 

One can construct * an analytical explanation for 
the transient amplitude behavior shown in figure 7. 
Nondeviative absorption of a radio wave of frequency 
f can be represented approximately by a multiplica- 
tive factor [33]; 


+c 
=xP— | dyN(y,t)v(y), (9.1) 


where h is the reflection height. N (y,t) is the in- 
stantaneous value of electron density at the ray path 
integration point y, and v is the collision frequency 
at the same point. The totally reflected shortwave 
field strength is modified by the factor (9.1) alone, 
which is very large because the carrier frequency f 
is relatively small. The rapid realization of this 
absorption loss indicated by figure 7 indicates how 
rapidly the electron density profile is modified by the 
burst of solar ionization. 

If one is to believe the turbulent mixing theories, 
the field strength of an ionospheric scatter circuit 
depends both on the transient electron density profile 
and its gradient, viz, 


>, PAN(h, ty P FAT / 
px [ENG oxp—2 {, dyN(y,t)(y). (9.2) 


4A. D. Wheelon, unpublished calculations. 
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Because of height-dependent recombination rua‘es, 
etc., rapid changes in the flux of ionizing radiation 
produce substantial modification of the basic e/ec- 
tron density height profile. Careful analysis shows 
that transient modification of ionization gradicnts 
in the D region can explain the signal increase of 50 
Me shown in figure 7. (The exponential factor is 
negligible at such high frequencies.) On the other 
hand, the 28-Me signal ought to suffer significant 
absorption, and the competition between enhanced 
gradient scattering and this absorption can be ex- 
plained with the theory. A possible explanation for 
this type of behavior is thus provided by turbulent 
mixing theories and standard absorption expressions. 
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Propagation at Oblique Incidence Over Cylindrical 
Obstacles’ 
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Investigations of propagation of short electromagnetic waves at oblique incidence over 


smooth, perfectly conducting cylindrical obstacles are described. 


It is shown that the effect 


of oblique incidence can be considered as a change in the effective radius of curvature of the 


diffracting obstacle. 


The power in the shadow region of a cylindrical obstacle decreases 


with angle of obliqueness for horizontally polarized waves and can decrease, remain constant, 
or increase With angle of obliqueness for vertically polarized waves depending on the geometry 


of the propagation link. 
region than horizontal polarization. 


In all cases, vertical polarization gives a stronger field in the shadow 
In addition it is shown that the diffracted field behind 


an obstruction of uniform radius of curvature is the same as that behind an obstacle of uni- 
formly varying radius of curvature, provided the effective radius is the same. 


1. Introduction 


Of common occurrence in radio engineering, is the 
situation where an obstruction lies across the direct 
line path between transmitting and receiving sta- 
tions. If the obstacle is smooth, of uniform radius 
of curvature, and is located normal to the line joining 
the transmitter and receiver, then its effect has been 
investigated by several authors [1, 2, 3, 4]? who 
studied diffraction by smooth cylindrical obstacles 
at grazing angles. In particular the latter two 
[3, 4] brought their investigations to the point to be 
useful for numerical calculations. However, if the 
obstacle is located at an oblique angle to the direct 
line path and/or is better approximated by a cylinder 
of varying radius of curvature along its length, then 
the application of the above analysis is not straight- 
forward. In fact, few investigations [5, 6] have been 
extended to include the case when the electromag- 
netic energy is other than normally incident on the 
obstacle. 

One case of field measurements has been reported 
[7] where a diffracting ridge was inclined under an 
angle of 60° to the path of radiation. However, at 
that time, no theory was available to take the 
obliqueness of the obstacle into account. Further- 
Hore, no experimental evidence of the effect of 
oblique incidence appears to have been published to 
date. 

In this paper, propagation of electromagnetic 


energy st oblique incidence over smooth, perfectly 
conduct ng eylindrical obstacles of both uniform and 
linear] varying radius of curvature is investigated. 
The exj-rimental results are compared to a general- 
zed the sry of diffraction by smooth conical obstacles 
(6). : 

——— 


' Contri! rp 
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brackets indicate the literature references at the end of this paper. 





2. Theory 


In figure 1, 7 and R represent transmitter and 
receiver locations respectively. Let a_ cylindrical 
obstacle of uniform height horizontally, but varying 
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Figure 1. Notation for propagation at oblique incidence over 


a cylindrical obstacle. 


radius of curvature (cone angle 27), cross the propa- 
gation path so that the normal to the axis of the 
cylindrical obstacle is inclined at an angle ¢ (angle of 
obliqueness) to the straight line joining the trans- 
mitter-receiver. The scattering angle and radius of 
curvature in the vertical plane containing the re- 
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ceiver and transmitter are then: 
2 Wee=2 COS £ COS T Yo 
a,.=a/(cos £ cos 7) 


where 2%, a@ are the scattering angle and radius of 
curvature, respectively, measured in the plane per- 
pendicular to the axis of the cylinder and passing 
through the point where a vertical plane containing 
the transmitter and receiver would intersect the 
crest of the obstacle. (In general, the transmitter- 
receiver does not lie in this plane [6] which defines 
Y and a.) 

The results for diffraction by cylindrical obstacles 
[3] at normal incidence have been shown to be directly 
applicable [6] for conical obstacles at oblique in- 
cidence provided the following substitutions are 
made: 

(1) 


(2) 


2Y=>2y.-=2 cos £ cos Tr W 
@ ©>e1>=a/cos* € COs T 


Hence it now becomes convenient, for the case of 
oblique incidence and/or varying radius of curvature 
to speak of an effective radius of curvature der: given 
by eq (2). The scattering angle y,, is the actual 
scattering angle determined by the geometry of the 
propagation path. 

Equation (2) indicates that the effect of oblique 
angles of incidence are of much greater influence 
than a changing radius of curvature of the interven- 
ing obstacle. Thus the distinction between a cy- 
lindrical obstacle of constant radius of curvature and 
one of linearly varying radius of curvature (half- 
cone) will not be significant except for obstructions 
of large cone angles (>30°) which are seldom found 
in practice. As can be seen the variations become 
more pronounced as the angle of obliqueness in- 
creases. These predictions will be verified in the 
following section. 


3. Experiment 
3.1. Apparatus and Technique 


Measurements of power diffracted by smooth, 
perfectly conducting cylinders of both uniform and 
linearly varying radius of curvature were conducted 
within the laboratory using model techniques de- 
scribed previously [3, 6]. Uniform cylinders with 
ka values of 0 (knife edge), 154, 202 and 254 and 
cylinders of varying radius of curvature (half-cone) 
with 15° half-cone angle, and ka values of 130, 194 
and 254 were used in the experiments. 

Measurements of diffracted power as function of 
angle of obliqueness could be performed by rotating 
the model about a vertical axis in the vertical plane 
containing the fixed receiver-transmitter positions 
and passing through the axis of the model. In this 
manner, ka,;; values greater than 2,000 could be 
obtained. The sizes of the models permitted in- 
vestigations for angles of obliqueness of up to 60° 
from the normal before end effects became important. 
In addition, power measurements behind obstacles 
for scattering angle of up to 12° were made. 
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In all measurements, the top surface of the diflract- 
ing cylinder was horizontal, and the incident electric 
vector orientated so as to be either parallel (horj- 
zontal polarization) or perpendicular (vertical  polar- 
ization) to the grazing surface. In this way, cross. 
polarization effects were minimized. As well, since 
the obstacles were perfectly conducting, no crogs- 
polarized effects due to oblique incidence of the 
radiation should be present [5]. 






3.2. Power Variation With Angle of Obliqueness 


The power variation at different receiver heights 
with angle of obliqueness (¢) is shown in figure 2} 
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Figure 2. Experimental measurements of power varia ion will 
angle of obliqueness for a smooth, perfectly conduct: 4 cylin 
drical obstacle of constant radius of curvature for b th hor 
zontal polarization (ell) and vertical polarization (e1 


The dashed lines are for a knife edge: ka0. The dots represent 
values. (d:=150A, d2=113A, A=1.25 cm.) 
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(eyh indrical obstacles of uniform radius of curvature) 
and figure 3 (obstacles of linearly varying radius of 
curvature) for obstacles of various size. 


a. Vertical Polarization 


For vertical polarization, the diffracted power in 
the receiving space varies with angle of obliqueness 
as follows: 

Illuminated region (2¥,<0, corresponding to 
receiver heights h>0). The diffracted power in- 
creases with angle of obliqueness and increasing 
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The ‘ represent theoretical values. (d;=150A, d2=113A, A=1.25 cm.) 














half cone angle) for both 





kde. Small values of ka,.y, show little variation 
with angle of obliqueness. 

2. Halo region (2y,.~0—-5°, h~0 to —5d). Power 
increased with increasing angle of obliqueness and 
increasing kderr. 

3. Shadow region (QW 5°, h<—5dr). The power 
deep in the shadow x sete on the value of ders. 
For small kaey, values, the power continues to 
increase with increasing angles of obliqueness while 
for large values of kder: the diffracted power decreases 
with angle of obliqueness. Alternately, regions are 
possible where the diffracted power is independent of 
angle of obliqueness. 
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of obliqueness for a smooth perfectly conducting obstacle of 
horizontal polarization (el) and vertical polarization (€L). 









b. Horizontal Polarization 


For horizontally polarized waves incident on the 
obstacles the diffracted power behavior is: 

1. Illuminated region—the power is nearly con- 
stant with angle of obliqueness, showing only a small 
increase at large ka.:, values and large oblique 
angles. 

2. Halo region—the diffracted power decreases 
with increasing angle of obliqueness and increasing 
kdet: Values. 

3. Shadow region—the power decreases rapidly 
with angle of obliqueness and increasing effective 
radius. 

The diffracted power behind a knife edge obstruc- 
tion (kders=0) is also shown in figure 2. It should be 
noted that the diffracted power in this case is inde- 
pendent of both the angle of obliqueness of the 
incident energy and of polarization. 

Comparison of the data for obstacles of constant 
radius and varying radius of curvature shows that 
the diffracted power variation with angle of oblique- 
ness is indeed similar provided their effective radii 
of curvature (der;) are the same. In all cases the 
horizontally polarized field results in the diffracted 
power in the halo and shadow regions being consider- 
ably less than for a knife edge obstruction. The 
vertically polarized energy, on the other hand, is 
greater than the values for a knife edge obstacle in 
the halo region but can be less than the knife edge 
values deep in the shadow region. These results 
will be discussed further in section 3.3. Theoretical 
values of the diffracted power for grazing incidence 
(Wse=0) are shown in each case and are found to 
agree well with experiment up to angles of obliqueness 
exceeding 50°. 


3.3. Effect of Oblique Incidence on Power Variation 
With Scattering Angle 


The variation of the diffracted power with scatter- 
ing angle is shown for normal incidence (¢=0°) and 
an angle of obliqueness of 60° for obstacles of con- 
stant radius in figure 4 and for obstacles of varying 
radius of curvature in figure 5. 

In the illuminated region, the horizontally polarized 
energy is considerably greater than the vertically 
polarized energy. The power for a knife edge 
obstruction is intermediate to the values for the two 
polarizations. The effect of oblique incidence is 
small for either polarization in the illuminated region. 

For small scattering angles, the diffracted power 
for vertical polarization is greater at oblique angles, 
while the reverse is true for horizontal polarization. 
Comparison with theory shows satisfactory agree- 
ment. 

At large scattering angles, the vertically polarized 
energy decreases with angle of obliqueness and _ be- 
comes less than for normal incidence. The horizontal- 
ly polarized energy, however, continues to decrease 
more rapidly with angle of obliqueness. This 
behavior for large ka alan has been predicted for 
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FIiGure 4. 


Obstacles of constant radius of curvature. (d;=150A,d2=113A, A=1.25 em.) 


normal incidence in earlier publications [2, 8] but 
not verified experimentally. The theory for diffrac- 
tion by conical obstacles [6] appears to hold up to 
scattering angles of 5 deg or more, then deviates 
from experimental measurements as the geometric 
approximations used in numerical evaluation of the 
theory become significant. 

The power distribution behind a uniform cylindr- 
cal obstacle has been found experimentally to be 
the same as the power distribution behind an 
equivalent cylinder of uniformly varying radius of 
curvature. 
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4. Conclusions 


It is shown that, for propagation of electromagnetic 
waves at oblique incidence over smooth, perfectly 
conducting cylindrical obstacles, the effect of oblique 
incidence can be accounted for by assigning an 
effective radius of curvature to the obstacle and then 
considering propagation to occur at normal incidence. 

The effect of oblique incidence is to sharply de- 
e ka=200, 0-0? | | decrease the scattered power for horizontally polar- 
a ka=200, C=60° | | ized energy, while for vertically polarized energy, 
the diffracted power is enhanced for small scattering 
’ angles and decreased at large scattering angles 
a behavior similar to that predicted [2, 8] for normal 
incidence. In all cases the power in the halo and 
shadow region is less for horizontal polarization 

veRTICAL | | than for vertical polarization. 

POLARIZATION There is no difference in behavior of the power 

Tko=200 whether it is diffracted by an obstruction of uniform 
° radius of curvature or by an obstruction which has a 
varying radius of curvature (half-cone) providing the 
| kder, Values are the same. For small grazing angles 
the theory for diffraction by smooth conical obstacles 
[6] agrees well with experimental measurements. 
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Diffraction by Smooth Conical Obstacles’ 
H. E. J. Neugebauer ° and M. P. Bachynski 


(November 24, 1959; revised January 11, 1960) 


Expressions obtained earlier [1, 2] 3 for the calculation of diffraction due to conducting 
obstacles with smooth cylindrical surfaces, are generalized to oblique incidence and to sur- 
faces of conical shape. The derivation is based on a generalized concept of the Green’s 
function and on the use of corrective factors that take the same place as corrections intro- 
duced by other authors into the theory of diffraction by apertures. The final expressions 
for conical obstacles and oblique incidence are very similar to those for cylindrical obstacles. 
The results are compared with scaie model measurements. 


1. Introduction 


Kirchhoff’s theory for the solution of diffraction problems can be generalized to be ap- 
plicable to the case of scattering by cylindrical obstacles with smooth surfaces. In two recent 
publications [1, 2] it has been shown that the predictions of this theory are in good agree- 
ment with experiments. In addition, J. R. Wait and A. M. Conda [3] have derived numerical 
results from a different theory which are also in agreement with our own experimental and 
theoretical conclusions. 

An object of the present paper is a further generalization of our investigations to conical 
obstacles and oblique incidence. Another object is a more thorough justification of the theo- 
retical procedure used previously [1]. 


2. Basic Theory 
In figure 1, 7; represents a transmitter, 7, a receiver, and Z a perfectly conducting ob- 


stacle of cylindrical shape between the two stations. Green’s theorem (1) can be used 
calculate the field # at receiver T). 





x 0G . 
E=— {TX (G i” - )ds. (1) 
s On 
The integration is extended over the entire plane = separating the two stations, the 
normal n points inwards, E’ is the radiation at the plane = and G is Green’s function. — If 


the field #’ and Green’s function were rigorously known the field / could be rigorously cal- 
culated from (1). Neither Z’ nor G@ are known, but approximate values can be obtained by 
the following reasoning. 

Incident radiation travels directly from 7; to V. In addition, some radiation is reflected 
at point S; of the obstacle and reaches point V. The sum of these two radiations is used as 
E’ in eg (1). 

Such a procedure obviously involves two approximations: (a) Strictly speaking the 
radiation reflected from a curved surface cannot be calculated from geometrical optics. How- 
ever, the curvature of the obstacle is assumed to be small enough so that geometrical optics 
is a permissible approximation. (b) As is typical for Kirchhoff’s theory, the unperturbed 
incident field is substituted for the true field in the plane of integration. 


! Contribution from Research Laboratories, RCA Victor C ompany, Ltd., Montreal, Canada. 
2 Present address: 59 Fuller Ave., P.O. Box 176, Webster, N. 
3 Figures in brackets indicate the literature references at the end of this paper. 
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Turning next to the discussion of Green’s function, we recall that @ is the field at T, 
when a unit source of radiation is located at V. When the effect of obstacles is neglected 


¢ —jkR, 
G =—=— = 2) 
R, ( / 


where 7/2, is the distance from V to 72, and k=2z/\ is the wave number. This basie form of 
Green’s function is used for the solution of many simple diffraction problems. 

The correct form of Green’s function must, however, satisfy the boundary conditions at 
the obstacle Z [4 to 7]. In the case of plane obstacles the image of V is added as a virtual 
source of radiation. In the present case, an approximate form of Green’s function is obtained 
by adding to the expression of eq (2), the reflected radiation traveling from V via S; to 7:. 
A necessary precondition for such a procedure is that geometrical optics is a sufficiently accurate 
approximation for the calculation of the reflected radiation. 

Another justification for the use of this approximation follows from the property of Green’s 
function to be symmetrical in the coordinates of V and 7). Placing a unit source of radiation 
at 7; and calculating its field at V is essentially the same problem as calculating the incident 
field at V due to a source at 7;. Hence, it is reasonable to use the same method for the deter- 
mination of £’ and G, thereby automatically satisfying the reciprocity theorem. 

Summarizing the preceding considerations we state that 


—jkR — jk [| R’+r,] 


. ¢ 1 5 é iy 
Kk’ =- ee 3 
ide ee @) 
e7IkRy e-sRIR/ +74] 
re ei ee A Ml 
a Ts ee. (4) 


can be expected to be useful approximations for the field in plane = and for Green’s function. 

The meaning of the distances R,, Rj, 1, . . . can be taken from figure 1. The symbols 
Div, and Div, denote divergence factors [8] that take care of the loss of intensity when radia- 
tion is reflected by a curved surface. The factor p is difterent for vertical and horizontal 


polarization. It will be further discussed at the end of this section and in section 3.2(d). 





FicurE 1. Notation for diffraction by a cylindrical obstacle. 


In applying equation (1) use will be made of the inequality 


kr>1 (5) 
so that the derivatives of E’ and G are 


»— UR! +14) 





OF’ ae " ‘  @ ' 
ee =—yk - R. cos (P,,n)—jk p Div, Rw, cos (7,2) (6) 
G PY sce , i ere - 
o6 = jk ; e cos (R;,n)—jk p Div: : Rain, © (72,n). (7) 
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Substitution of (3), (4), (6), and (7) into (1), yields the sum of four terms, the first one being 
exactly the same as when the obstacle is a conducting half plane. This term is called knife 
edge term. It is characterized by the path of radiation 7,V 7). 

The other terms which are called halo terms, can be characterized in a similar manner by 
the paths of radiation which are 7,S,V 72, T,;V S:T>, T;S,;V S:T2. It is seen that the treatment 
of the problem is very similar to what is generally known as four-ray-theory [9] of a knife edge 
obstacle over plane conducting ground. In that theory the factors p have different values for 
parallel and perpendicular polarization. For a perfectly conducting plane earth, 


pi=—1 (8) 
p,=t+l1 (9) 


Since geometrical optics has been used to calculate the field reflected by the obstacle it 
would appear that the same values must be used for p in connection with the present theory. 
However, a better approximation can be obtained based on the succeeding arguments. 

As mentioned at the beginning of this section, a correct value for E would be obtained from 
(1) if the correct field values of Z’ were known in plane =. Instead the values of the incident 
field are substituted for ’. In the analogous case of diffraction by a circular aperture, Braun- 
bek [10] could improve the results by adding, to the incident field, field values near the rim of 
the aperture which he derived from Sommerfeld’s [11] electromagnetic theory of the diffraction 
field near the straight edge of an infinite half-plane. The same approach has been used by H. 
Levine [12] in his treatment of the same problem. 

In the present case of scattering by a cylindrical obstacle a similar improvement can be 
obtained when electromagnetic theory of scattering by a conducting cylinder is combined with 
the observation that the main contributions to the integrals representing the halo terms are 
supplied by rays that are almost grazing. [1]. 

From Fock’s [13] investigations it is known that, in the case of perpendicular polarization, 
the electric field at the grazing point is very nearly 1.4 times the incident field, whereas straight 
geometrical optics would yield a factor of two in agreement with (9). Hence, it is to be expected 
that 


p,=0.7 (10) 


leads to a better agreement with experimental evidence than p,=1.0. 

This reasoning is unsatisfactory only in one respect. It cannot be applied to the case of 
parallel polarization because the total field at the surface of a perfect conductor is zero whether 
it is calculated by geometrical optics or by electromagnetic theory. Hence, any finite value 
could be chosen for pj. The only justification for setting 


p= — 1.0 


is that it is the simplest assumption and that it leads to good agreement with experimental 
results. However, a slightly smaller value than 1.0 might produce an even better agreement. 

Strictly speaking p is not a constant but depends on the location of the point of the surface 
where the reflection takes place. Thus, the incident field yielding the knife edge term would 
also have to be multiplied by a similar factor p’ since the strength of this field is also reduced 
very near the top of the obstacle where, for perpendicular polarization, p’=p=0.7. Since the 
zone of the plane of integration where p’#1 is narrow compared with the first Fresnel zone 
the factor p’ can be set equal to unity for the calculation of the knife edge term. On the other 
hand, the first “‘Fresnel zone” in the calculation of the halo terms is so small that p can be set 
equal to the constant value 0.7. It has been shown [14] that the agreement between theory 
and experiment can be slightly improved by calculating the halo terms with a varying p factor. 
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3. Detailed Theory 


The general theory of the previous section may now be applied to generalize the earlier 
results [1, 2] in two directions: (a) The mountain may have a top that is more appropriately 
described by a cone. (b) Electromagnetic radiation is incident under an angle that may be 
different from 90 degs. 

An approximate description of the obstacle would be that of a cone with a fairly small 
cone angle, with its axis more or less horizontal, and with its circular base approximately 
vertical. The tip of the cone is, in general, far away from the point where the radiation crosses 
the obstacle (fig. 2). 

The theory will be general enough to cover also another case of great practical interest 
(fig. 3). The base of the cone is essentially horizontal, its axis approximately vertical, and 
the radiation is diffracted around the obstacle at two opposite sides. In this case the cone 
angle is, in general, fairly large. 

It may be mentioned that the picture of ‘“‘creeping waves” is not commensurate with this 
theory. As is typical for Huygen’s Principle, all the rays from the source reaching the plane 
of integration, either directly or after reflection, generate secondary radiation. The sum of 
all these secondary wavelets at the receiver is the field F of eq (1). Hence, the question for 
the path of radiation along the surface of the scatterer is not meaningful in this theory. 
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FieureE 2. Diffraction by a conical obstacle where 


radiation travels around one side of the cone. 





TRANSMITTER 


FicurE 3. Diffraction by a conical obstacle where 
radiation can travel around both sides of the cone. 


3.1. Knife Edge Term 


The knife edge term corresponds to the ‘‘direct”’ path of radiation (7,V 7:) and is obtained 
by replacing the obstacle by a conducting half-plane. For the situation of figure 2, the resulting 
obstacle is a simple, rectangular knife edge for which the solution is well known. The knife 
edge obstacle for the case of figure 3, represents a plane obstacle of triangular shape. The 
diffraction of electromagnetic waves by such an obstacle will be dealt with in the sequel. 

Figure 4 represents a plane conducting obstacle of triangular shape as seen from the 
transmitter 7. The straight line connecting transmitter 7 and receiver 7>, intersects the 
obstacle at B. The obstacle is subdivided into five different areas whose effects are calculated 
separately and by different methods. 

Lines 6 and 6’ are drawn, through B, parallel to the edges a and a’ of the obstacle. They 
include the angle ¢. Lines BC and BC’ are perpendicular to a and a’ respectively. Finally 
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Fiaure 4. Subdivision of triangular region into five 
different areas. 


A and B are connected by a straight line. Temporarily it is assumed that 77; is perpendicular 
to the plane of the obstacle. This simplifying assumption will be dropped later. 

If there is no obstacle the total unobstructed field radiated from JT towards 7» is well 
known. The field intercepted by the obstacle can be calculated by means of Kirchhofft’s 
formula and subtracted from the total field (Babinet’s Principle). For this purpose the obstacle 
is subdivided into: (1) The triangular area, of infinite extent, bounded by 6 and 6’; (2) the 
two rectangular areas bounded by a, 6, and BC and by a’, b’, and BC’; and (3) the two triangles 
ABC and ABC’. 

The contribution of the triangular area bounded by 6 and 6’ is ¢/27 of the total field. 
This follows immediately from Kirchhoff’s formula. The total field without obstacle is given 
by 


ri jk 227 fa ¢ — jk( Ry +R) ] | 
ata 4 — (cos 0,—cos 45 (EE) 
total rt {. | RR, (cos #,—Co 2) pdp dd 4 


where: the integration is extended over the entire plane, p, ¢ are cylindrical coordinates with 
origin at B. As usual, PR; and P?: are the distances from TJ to the element of integratiou and 
from there to 7,. 6, and 6) are the angles of incidence. When a triangular obstacle bounded 
by 6 and b’ is present, the upper limit of the first integral of eq (11) is (27—¢@) instead of 27. 
Since the integrand is independent of ¢, eq (12) is obtained. 


= : oe . ‘ 
E — Fvota—3- Fvotale ( 12) 


The effect of the rectangular areas can be calculated by exactly the same method used 
in the well known treatment of Fresnel diffraction by a half plane. For normal incidence it 
is found that the effect of the rectangular area bounded by the straight lines a, 6, and BC, 


is given by 
: : it+g\[/,, /2k ) sit a ) aor 
7 ee, Po (NL Bie ’ ‘ S 3 
Erect. =€ ( 4d, ) | ( Vy TL yi J “ (y Tm : a 3) 


where C and S are Fresnel’s cosine and sine integrals, the meaning of ¢ is explained by figure 5, 
and that of d, by eq (18). 

To obtain the “knife edge” term of the scattered field it is necessary to subtract, from the 
right-hand side of eq (12), the expression (13), with a corresponding one for the other rectangular 
area and expressions for the effect of the two finite triangular areas ABC and ABC’. Triangle 
ABC may be treated as example. The angles of incidence can be considered constant when 
the dimensions ¢ and s of the triangle (fig. 5) are small compared to the distance d; and d; of 
the stations from point B. For perpendicular incidence, 6,=6:—7=0. The (negative) con- 
tribution of the triangle is 


E jk [ {e-menrtno de (14) 


f= 
2rd do, 
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Figure 5. Notation for evaluating contribution of 
area ABC. 





where, 


do== dy dr. (15) 
Making the substitution: 
R,+R.=d+5 (1+-¥'/e) (16) 
( m 
with d=d,+4d,; (17) 
2/dn=1/d,+1/d, (18) 


and integrating with respect to 2, we obtain: 


>—ikd (*s dy —jk “ (1+y?/c2) |, 
E,=5 ne F —e ] 19 
4=orde Jo 1 Tye é (19) 


The integral splits up into the difference of two integrals. The second one is evaluated by the 
stationary phase method yielding 





c2 


l 5k -(#z) {71 Eade) —78(0!9Eled_e | 2 
ey —+1d,,/2k é ar (4 2h Td», 8)—jS(+2k/rd, s)j (20) 


oe ska 
K,=— 
2rde 
Minor changes take place when the plane of the obstacle is not perpendicular to the straight 
connection 77, For the succeeding derivations it is assumed that the decisive contribution 
to the integrals in question are made by surface elements do whose distance p from B is small 
compared to d, and d, so that the angle of incidence ¢ can be considered constant for the inte- 
gration, ¢ being the angle between TT, and the perpendicular of the plane of the obstacle. 


With this assumption, the integrand of eq (11) can be written 


e7 IRR, +Ry) 


2—_,, ‘0s (do. 21 
RR, cos (do (21) 


The product cos ¢ do can be replaced by do’ where do’ is the surface element obtained by 
projection of do onto a plane perpendicular to 77). 

Figure 6 represents a plane through the stations 7, 7,, and through the element of inte- 
gration do. The distance of do from B is p. Depending on the location of do in the plane of 
the obstacle, angle Q assumes a value between 7/2—¢ and 7/2+¢. An elementary calculation 
vields 


R,+R,=d,+d.+ (p?/dm) sin? Q. 
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Figure 6. Plane through station TT’ for calculation 
of effect of oblique incidence on triangular obstacle. 


Denoting the distance of do’ from B by p’=p sin Q we can replace (21) by 


9 — jkd 
2 —— e-ike dnd’ , (22) 


did, 


This expression establishes the rule that a plane oblique obstacle must be projected onto a 
perpendicular plane and that the diffraction field must be calculated as if the projection were 
the obstacle. 

3.2. Halo Terms 


The halo terms represent the additional radiation due to the smooth surface of the obstacles 
rather than the sharp edges of their plane substitutes. The following derivations will be 
based more on the situation of figure 2, rather than figure 3, although the theory applies to 
both cases. 

If a, is the radius of curvature, it will be assumed that ka,>>1. This would exclude the 
area near the tip of the cone which may be important in the case of figure 3. The halo terms 
obtained for the cylindrical mountain in the earlier publications [1, 2 ]tend towards zero with 
vanishing @, in agreement with experiment. Since this theory will lead to a similar result we 
feel certain that it can be applied to any part of the cone, be it near its tip or far away from it, 
although ka,>> 1 is a basis of its derivation. 

Experimental evidence does not indicate the existence of a special contribution of the tip 
of the cone of any appreciable amount. This is in agreement with the general experience that a 
point singularity does not contribute appreciably to the far field. 

It is understandable that the mathematical expression will be more involved for oblique 
incidence on a conical mountain than for normal incidence on a cylindrical mountain, the latter 
being a special case of the former. The more important difference, however, is that the integral 
over the mathematical plane which is typical of Huygen’s principle, reduces immediately to a 
simple integral in the cylindrical case whereas the double integral must be treated much more 
carefully in the conical case. 

The reason is that the situation of the point of stationary phase for the integration parallel 
to the cylinder axis is self evident. For the conical obstacle and oblique incidence, the point of 
stationary phase must be determined by a rather laborious calculation. This will be described 


in several steps. 
a. Geometrical Preliminaries 


Following notations will be used: Point 0 is the tip of the cone; cone angle is 27; and trans- 
mitter and receiver are located at points 7, and 7», respectively. 

Two tangential planes, one through 7; and another one through 72, touch the cone in the 
generatrices OU, and OU, where the exact location of peints U; and U, along the generatrices 
will be determined later. The two tangential planes 7;,O0U, and 7,0U, intersect in a straight 


line ON. The plane through the cone axis and through ON will be used as plane = of inte- 


gration in the sense of Huygen’s principle. A third tangential plane is perpendicular to 2 and 
is used as base plane. 
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Figure 7 shows a ground plan of stations and conical obstacle. This figure is obtained by 

DS z I =] . 

projection onto the base plane. The projections of points onto the base plane are marked by 

brackets added to the notation of the corresponding points. The straight connection of points 
—) S 

(7;) and (7;) intersects the plane of integration in A so that OA is the generatrix that lies in the 

base plane. The acute angle between (7;)A and the perpendicular to OA is called “angle of 





incidence ¢.”’ The lengths of 7,(7;) and 7,(7;) are denoted h, and hz (fig. 8). They are taken 
positive for points under the base plane. 

A plane through A and perpendicular to the cone axis intersects the cone in a circle whose 
center is Mand whose radius isa. Points U), >, and N are located in this plane. 


It is assumed that the distance d,=(7,)A and d,=(T,)A are large compared to a, 
d,>>a; d,>>a. (23) 


A right-handed rectangular coordinate system with origin in 0 is used. The positive z-axis 
is OA, the x-axis lies in the base plane, the y-axis in the plane of integration, OMAN. 

Figure 8 shows an intersection with the plane UAV, which is perpendicular to the cone 
axis. We set 


ZAMU,= ZAMU,=W (24) 
Another point on the circumference of the circle is denoted S, and, 
ZU,_MS, = vy. (25) 


A ray transmitted from 7, and incident at S, is reflected by the cone so that it intersects 
the plane of integration, =O, in V. Ray S,V seems to come from the image TY of point 7}. 
Points 7; and 7{ are symmetrical to the tangential plane through generatrix OS,. (In general, 
none of the points 7\, 7{, V lies in the plane of fig. 8.) 

Any other ray transmitted from 7, and incident at one of the points of generatrix OS), is 
reflected as if it comes from T{ and intersects the plane of integration in a point of the straight 
line OV. 

Generatrix OA will be called summit of the mountain. The radius of curvature of the 
mountain at point A is obtained by putting a plane perpendicular to the summit through 4A, 
which intersects the cone axis in the center of the osculating circle M’. Hence, the radius of 
curvature in this cross section is 2 tan r=a/cos tr. The radius of curvature in the cross section 
of a plane through 7,AT, (which contains also .M’) is 


a.=a/(cos 7 cos ¢). (26) 
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FicurE 7. Plan view of stations and conical 
obstacle. Figure 8. View in plane perpendicular to cone axis. 
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The angles of incidence occurring in eqs (6) and (7) can be approximated by ¢ or 7+¢, 
respectively. Substituting (3), (4), (6), and (7) into (1), we obtain 
E=*— (+ pe:+pe2+ pe} (27) 


4r 


where é , é1, €2, €;2 are integrals characterized by the paths of radiation 7;,V72, T)S,VT2, T,VS82T>, 
T,S:VS;T>. Being slowly varying functions the distances R,, R} +7, R2, Rj+r2in the denomi- 
nators of (3), (4), (6), and (7) can be approximated by d, and d:, respectively. 

Hence, 


Beas ae Sete 
2 Cos ¢ —jk{R +R] . 
= : e maraldS 98) 
F dids J ( 
9 7 _ @ . . 
« COS —jk{R’ eS Y ) 
ime S¢ e jkK{R,+r,4 R18 (28’) 
did. . 
9 ane F or 
2 cos ¢ neil, Lehn s ai a 
€}9>=> = é MR +H Retr) dS. (2g7") 
dds 


The expression for ¢: is obtained from (28’) by an exchange of subscripts “1” and “‘2”’. 
b. Determination of the point of stationary phase 


In this subsection a series of calculations will be briefly described which are required for 
the evaluation of the integrals (28’) and (28’’). The integral for ¢, will be considered in partic- 
ular. 

Point V has been obtained by reflection of radiation at point S,, another point V’ is obtained 
by reflection at a slightly different point whose corresponding angle is y+dy instead of y. 

The double integral for the summation of the contribution of all the wavelets is carried 
out in two steps, first a simple integral over a narrow triangular strip VOV’ which extends to 
infinity beyond V and V’, followed by another simple integral over the different strips from 
y=0 up. 

The integration over one strip is done by the stationary phase method. The point of 
stationary phase is obtained by putting a plane through OV and 7, and folding it up by tilting 
it about OV until it coincides with plane OV7;. By this operation point 7, is brought to 7%. 
The straight line 7; 7 intersects OV at the point of stationary phase and the length of 7; 7? 
determines the phase of the radiation arriving from 7; at 7; after reflection from the cone and 
reradiation. 

The details of the calculations shall not given here.t| They are simplified by the assumption 
of small scattering angles so that powers of higher than first order in y are neglected. From 
the corresponding calculations [1] for normal incidence on cylindrical mountains it is concluded 
that powers up to the third in y must be carried. Mixed terms in Y ¥* have been disregarded 
as the numerical calculations for the cylinder [1] have shown that their effect on the result is 
negligible. 


c. Evaluation of the Integrals 
The substitution (29) can be made in the exponent of eq (28’), 
Ri +r.+R.=Dist (7,73) +6 Dist (772). (29) 
It can be shown that * 


Ri+r,+R,=Dist (T7TH + oo ae. (30) 


dm 


4 For details, see: RCA Victor Research Rept. No. 7-100, 4. 
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When corresponding substitutions are made in (28) and (28’’) the eqs (31), (32), and (33) are 


obtained. 


eo=2 “ee ff exp| ak { Dist (T,VT») +89 oe b Jas (31) 
1¢ 
a2 S55 [{ Div (S) exp | —Jk { Dist (1:79) +97 ae } Jas (32) 
Le d 
COs ¢ , cos” 9 y 99) 
és—=2 id, ff Div (S,;) Div (S,) exp | - in { Dist T; T,*) +—- mE seh i S. (33) 
46 ie 


+ 


The integration of the factor of (32) that depends on &’ 
where: 


Str 


pi? 


=== ODS @ dé 
-\z 
is achieved by the stationary phase method. 


lad. m - ee “— dm exp (=a 4) 
ay oF ae ree z exp (=i costs a as = “Vk cos? ¢ 


Substituting this expression into (32) together with some added manipulations, 


zt ta [kdn a. exp (jx/4) 1 "VXQXF Wao) exp [—jk Dist (7; T#)|dx (34) 
“¥ x 2d,d,cos¢ ’ 
where: 
Dist (7;}7%)=d+2(a,/cos £)X®+5(a,/cos £) We X*, (35) 
and 


x= (cos ¢ cos 7)y. 


Comparison of (34) and (35) with eqs (13b) and (14) through (17) of [1] yields immediately 
the result that the first halo term is exactly the same in both cases if a is replaced by a,/cos¢ 
and Yo by Ys- 

The third halo term represented by eé, is calculated in a corresponding manner. As has 
been pointed out [1] the angles y on the two sides of the plane of integration are not, in general, 
equal in magnitude. However, a mean value for y is assumed to be sufficiently accurate. 

It can be found that 


Dist (17; T3*)=d+4 (a,/ cos £)X°+7 (a,/ cos ()WsX?. (36) 


Again a comparison with eqs (21) and (22) of [1] shows that the third halo term is the same 
if a is replaced by a,/cos¢ and Yo by Vee. 
A more accurate calculation yields an additional term to the expression (36) for Dist 
(1;T2*), 
Phe 9s) 
[3 ac/(dm cos?¢)] Wee x°. 


d. Correction Factors 


A last remark shall be made with respect to the correction factors py and p, which were 
discussed at the end of section 2. It has still to be shown that p,=-+0.7 also for oblique 
incidence. 
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A convenient way makes use of formulas published by J. R. Wait [15, 16]. Wait studies 
oblique incidence of a plane wave on a cylinder by means of a series expansion. Since he con- 
siders the case of parallel polarization, the easiest way of using his equations is to consider the 
perpendicular component of the magnetic vector H% for a cylinder of infinite permeability 
which behaves like the electric vector for infinite conductivity. With Wait’s notations, from 
Maxwell’s equations, 


—kj 1 H2=dE3/2(p¢)—dE3/OZ. 
Substituting from his eqs (3) and (6) for Ef and E} and setting ¢=7/2, p=a, 


J,,(v) 
om 


EF, 2) ) 14 
i<— : 2 AH? (v) exp (—jkz cos 0+ 7¢t) 


v) 
. 2) . . . ° ° P 
where J, and HH’ are the Bessel and Hankel functions in the usual notations, and his » is, 

with our notations, 
v=ka sin ¢ 


It follows that, 
| oT FE, Tn(v) (2) />. 
Mel =~ | Hero) © 


Fock [13] has investigated the case ¢=7/2 and ka>>1. He found a numerical value for 
5 3 
! 8) , . . . » 1 a. 2 . 7 . . 
T,|/E which is independent of a. Hence, |H;|/Eo is independent of v and, consequently, it is 


also independent of ¢ when ¢#7/2. 
4. Experiment 
4.1. Apparatus and Technique 


Experimental measurements of power diffracted by smooth half-conical mountains have 
been performed in the K-band frequency range using model techniques. The details of the 
experimental arrangement have been discussed previously [1]. 

Two overlapping, perfectly conducting, conical mountains of 15° half-angle were used in 
the investigations. The first was connected to a knife edge obstruction with a transition into 
a 15° cone which extended to a ka of about 200. The second was a complete half-cone and 
covered the range of ka=0 to 400. The knife edge cone transition was used in order to provide 
an automatic normalization of the received power as a function of effective radius of the cone 
to the power diffracted by a knife-edge (ka=0) obstacle. Thus a continuous plot of diffracted 
power for different ka values ranging from 0 to 330 was possible by moving the cones perpendicu- 
lar to the plane joining a fixed transmitter-receiver location before end effects became of conse- 
quence. In all measurements the surface of the cone (and the knife edge) was either parallel 
or perpendicular to the incident electric vector so that cross-polarization effects w ould not be 
present. 

4.2. Diffraction by Conical Mountains 

The power behind a conducting conical mountain as function of ka,(k=27/A, a,= effective 
radius of the cone in the vertical plane containing both transmitter and receiver) for normally 
incident (¢=0) electromagnetic waves at the grazing angle is shown in figure 9. A large 
difference between the two polarizations exists with the vertically polarized field which increases 
with radius of curvature being much stronger than the horizontally polarized field which de- 
creases with radius of curvature (ka,). The measurements agree well with the expression for 





power at grazing incidence derived earlier. 

A complete family of measurements of power variation with ka, when the electromagnetic 
energy is normally incident on a conical mountain for different receiver positions (i.e., different 
scattering angles) is shown in figure 10a, for vertical polarization, and in figure 10b for hori- 
zontal polarization. 

The variation of power diffracted by a conical obstacle with scattering angle is shown in 
figure 11. As for a cylindrical mountain, the received power for vertical polarization increases 
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FIGURE 9. 
obstacle in the vertical plane containing the transmitting and receiving terminals. (d, 
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vertical plane containing the transmitting and receiving terminals. 


a, vertical polarization and b, horizontal polarization. 
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with ka, while the reverse is true for horizontal polarization. In addition, the slope of the 
power variation with scattering (diffraction) angle becomes steeper with increasing curvature 


for 


horizontal polarization and remains essentially the same as for a knife edge in the case 


of vertical polarization. The agreement with theory appears satisfactory. 


The power distribution behind a conical mountain for ka,=327 is shown in figure 12. 


These should be compared to the power variation behind a knife edge obstacle [1]. Calculations 
of the power for grazing incidence are shown and agree well with the measurements. 
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FicurE 12. Power distribution behind a conical mountain. 
(kK ag—S327, di=—150A, A—1.252 cm.) 
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Characteristics of 488 Megacycles Per Second 
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Signals Reflected From the Moon’ 
B. C. Blevis and J. H. Chapman 


(January 18, 1960) 


Radio signals at 488 megacycles per second, received after reflection from the moon, have 
been studied using a continuous wave bistatic radar system located near Ottawa, Canada. 
These experiments were carried out during 1957 and consisted of monitoring the signals re- 
ceived on two orthogonal dipoles mounted at the focus of a 28 foot parabolic tracking antenna. 
The total mean received signal vielded an effective radar cross section of the moon at this 


frequency of 0.05 of the projected area. 


The libration fading as observed in the two orthog- 


onal receiver channels was in synchronism, with a cross-correlation coefficient of 0.89. It 
was established that the signal is not depolarized significantly on reflection at the surface 


of the moon or in passing through the ionosphere. 


Rotation of the plane of polarization of 


the radio wave in the double passage through the ionosphere was observed to change by 
nearly 180 degrees over a six-hour period during quiet ionospheric conditions, 


1. Introduction 


Signals reflected from the moon have been used 
for studying propagation conditions along the path 
between the earth and the moon and for studying 
the radio reflection characteristics of the moon itself 
[1, 2, 4].2. The study reported in this paper was 
begun primarily to investigate the rotation of the 
plane of polarization and the attenuation of UHF 
signals traversing the ionosphere. For this reason, 
plane polarized waves were transmitted from a 
tracking antenna, and the signals which were received 
after reflection from the moon were monitored by 
two independent receiving systems fed from identical 
orthogonal dipoles mounted in a second tracking 
antenna. By this means, the rotation of the plane 
of polarization could be observed and measured over 
a period of time. 

The measurements were begun early in 1957 and 
were continued throughout the year, with various 
changes in equipment and procedure. Both long- 
pulse [2] and continuous-wave transmissions were 
used. For the latter measurements, it was necessary 
to separate the transmitter and receivers to prevent 
the very strong transmitted signal from saturating 
the receivers. For the ew measurements described 
in this paper, the separation was approximately 60 
miles. Provided the direct signal was sufficiently 
low, the moon-reflected signal could be distinguished 
by means of its Doppler shift. 


2. Experimental Method 


The equipment used during these experiments is 
described briefly in the following paragraphs. 

The transmitter was operated at a frequency of 
488 Me, with a ew power output of 10 kw. The 

1 Contribution from Defence Research Telecommunications Establishment, 


Shirley Bay, Ottawa, Canada. 
2 Figures in brackets indicate the literature references at the end of this paper. 





transmitting and receiving antennas used 28-ft 
parabolic reflectors with equatorial mounts and drive 
systems. Small correction motors on each axis per- 
mitted uninterrupted tracking of the moon from 
moonrise to moonset. The transmitted radiation 
was essentially plane-polarized. 

Two identical receiving systems with noise figures 
of about 7 db were fed from orthogonal dipole 
antennas mounted at the focus of the receiving 
parabolic reflector. 

The transmitter frequency and the first two local 
oscillator injection frequencies of the receiver were 
controlled from similar crystal standards with an 
overall stability of the order of 1 part in 10°. The 
receiver output at the second IF was then mixed 
with the signal from a stable VFO to give a third IF 
at a center frequency of 425 cps. The varying 
Doppler shift [2] due to the relative motion of the 
moon and the point of observation was eliminated 
by continual adjustment of the VFO to maintain a 
stable Lissajous pattern on an oscilloscope. In this 
way, the 425-cps output could be passed through a 
fixed narrow band (90 eps) filter. The signal was 
then recorded on magnetic tape for subsequent 
analysis, and also detected and displayed on paper 
chart recordings. 


3. Signal Characteristics 
3.1. Faraday Rotation 


The Faraday rotation of the plane of polariza- 
tion of a radio wave passing through the ionosphere 
has been described in detail in the literature [1]. A 
recording which exhibits the effects of Faraday ro- 
tation is given in figure 1. This record was made 
during a period of relatively quiet ionospheric con- 
ditions. The slow rotation of the plane of polari- 
zation of the signal during a 6-hr period is evident 
from a comparison of the two traces which come 
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Figure 1. Faraday rotation record. 
Comparison of the relative signal on two orthogonal polarizations over a 6-hr period on 15 September 1957. 
from the two orthogonal receiver channels. The | The difference in signal levels between the two 


broadening of the record is due to the libration 
fading, as discussed below, which is_ partially 
smoothed by post-detection integration. Timing 
marks on the record were made by shutting the 
transmitter off every 15 min. Receiver noise can 
be seen during these periods. 

Upper transit of the moon occurred just before 
the beginning of this record, and the moon was 
tracked down to the horizon. The increase of signal | 
near the end is attributed to constructive inter- | 
ference between the direct and ground-reflected | 
signals just before moonset. 

This record was obtained during the morning 
when the total electron content of the ionosphere 
Was increasing towards its maximum. In addition, 
the amount of rotation due to the increasing path | 
length through the ionosphere was also increasing. 
It is reasonable to assume, therefore, that the ro- 
tation of the plane of polarization was monotonic, 
and hence a total change in rotation of almost 
180 deg is indicated. 


orthogonal channels during periods when the re- 
ceived signal was nearly all in one of the two chan- 
nels, or between maximums and minimums on a 


| single channel, has been observed to be as great as 


16 db. The isolation between the feed dipoles was 
40 db when measured alone, and although this value 
Was somewhat reduced when the dipoles were 
mounted in front of the reflector, the isolation was 
still greater than the measured differences between 
channels. 


3.2. Libration Fading 


Fading due to libration of the moon is generally 
deep and rapid, being as fast as several cycles per 
second during periods of maximum libration rate. 
This fading is due, of course, to the change in rela- 
tive path lengths of signals scattered from dif- 
ferent portions of the moon’s surface. 

A typical expanded recording covering a 35-sec 
period is shown in figure 2. The signal was about 
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Figure 2. Libration fading. 


A 35-sec recording of the amplitude of signals on two ortho 


gonal polarizations. The recording time constant was 0.4 sec. 
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twice as strong in the upper channel but an ad- 
justment of the recorder gain has compensated for 
this. The depth of fading will be limited by the 
effective bandwidth or amount of post-detection 
integration. However, in this example, with a 
time constant of 0.4 sec, the signal still fades into 
noise On occasion. 

The signals are seen to be well correlated in the 
two receiving channels. Several analyses of this 
correlation have been performed. A typical example 
is illustrated by figure 3 which shows a scatter plot 
of the signal amplitude on the two channels at 0.8- 
sec intervals during a 1-min period. Machine cal- 
culations indicate a cross-correlation coefficient of 
0.89. 
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Figure 3. Scatter plot of the relative signal amplitude on 
orthogonal polarizations. 
An amplitude of zero corresponds to the noise leve!. 
The amplitude distribution of the signal on 


either channel approximates that of a Rayleigh 
distribution as can be seen by figure 4, which is a 
logarithmic plot of the probability density in am- 
plitude. The amplitude is given in arbitrary units. 
These data were obtained by sampling the amplitude 
of a 5-min section of record at a sampling frequency 
of 1 ke. 

From the analyses in this and the above section, 
one can conclude that there is little depolarization of 
the signal on reflection at the moon’s surface or in 
its passage through the ionosphere. The plane 
polarized signal, which was transmitted to the moon, 
is received on the earth with the plane polarization 
urgely preserved. 
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R is the signal amplitude on a single channel in arbitrary units, p(2) its proba- 
bility density. 


3.3. Total Signal Power 


A number of calculations have been made of the 
total signal power received by adding vectorially 
the signals in each channel. Assuming antenna 
gains of 30 db, the corresponding effective cross 
section of the moon is calculated to be of the order 
of 510"m? or 0.057ra?, where a is the lunar radius. 
The uncertainty in this result is believed to be less 
than 3 db. 

When these experiments began in February 1957, 
there were times when the total signal was unac- 
countably low for periods of the order of an hour 
or so. The apparent loss of signal was about 6 db 
or more. The times when this phenomenon oc- 
curred did not appear to correlate with the position 
of the moon above the horizon [3]. Investigations 
at the time were thought to rule out the possi- 
bility of any equipment malfunction. 

Subsequently fairly exhaustive studies have been 
made in an attempt to repeat these observations 
under carefully controlled conditions using superior 
equipment [4]. The results have been negative, in 
that the total power was observed to remain sensibly 
constant within a decibel or so. It is concluded that 
either the physical conditions responsible for the 
earlier loss of signal were not duplicated during the 
subsequent tests, or that some still unknown equip- 
ment factor was responsible. 


4. Conclusions 


The Faraday rotation of the radio signal traversing 
the ionosphere in two directions has been observed 
to change by nearly 180 deg over a 6-hr period 
during quiet ionospheric conditions. 

From an analysis of the rapid fading of the signal 
due to libration of the moon and of the difference in 
signal power between cross;polarized components, 
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it is concluded that the transmitted polarization is 
largely preserved on reflection from the moon’s 
surface and that the surface is probably not deeply 
serrated and rough, at least at this wavelength (62 
em). 

The effective value of the lunar radar cross section 
at 488 Me, obtained by adding vectorially the mean 


signal on orthogonal polarizations, is of the order of | 


0.05ra? as measured with a ew radar. 

The results of more recent experiments carried 
out jointly by Lincoln Laboratory of M.I.T., the 
Stanford Research Institute, and the Defence Re- 
search Telecommunications Establishment have been 
published elsewhere [4]. 


The authors acknowledge the assistance of their 
colleagues, particularly F. D. Green, H. V. Serson, 
and E. A. Cameron, in making these measurements. 
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The Use of Polarization Fading of Satellite Signals To Study 


the Electron Content and Irregularities in the Ionosphere’’” 
C. Gordon Little and Robert S. Lawrence 
(January 12, 1960) 


A procedure is described for using the Faraday-rotation fading of a satellite radio signal 
to measure the ionospheric electron content per unit column up to the height of the satellite. 
At frequencies as low as 20 Me the rotation of the plane of polarization cannot be assumed 
to be proportional to {NB cos 6 dl along the line of sight. The simplifying assumptions 
implied by this expression are avoided, and full account is taken of ionospheric refraction, 
using the collision-free form of the Appleton-Hartree equation. Results based on observa- 
tions of 1958 Delta 2 are presented. The subsatellite electron contents have been derived 
throughout the satellite passes for heights both above and below the F-peak; the latter 
compare well with values derived from simultaneous ionograms. The method also permits 
the study of large-scale irregularities in electron content. Such irregularities, having lateral 
dimensions of a few hundred kilometers and fractional deviations in subsatellite electron 
conjent of about 0.01, have been detected. Our observations suggest that satellite polariza- 
tion studies offer important advantages over other methods of investigating these 


irregularities. 


1. Introduction 


The study of the ionosphere by means of the 
Faraday rotation of the plane of polarization of a 
radio wave has developed from the early moon-radar 
work of Murray and Hargreaves [1]. These and 
other authors have shown that, after making certain 
assumptions, one may write 


= | NB cos adi (1) 


where 


=the rotation of the plane of polarization, 
A=a constant, 

f= frequency of radio wave, 

N=number density of electrons, 
B=magnetic field strength, 


6=angle between magnetic field and direction of 


propagation, 
di=element of path along the line of sight J. 


It has been customary to rewrite eq (1) in the form 
A PP as 
=—% [B cos 6 see taveg | Ndh (2) 
0 


where 7 is the zenith angle of the line of sight, and a 
mean or “effective” value of B cos @ sec 7 is taken 
along the ionospheric part of the path. 
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Equation (2) shows that, within the limits of 
accuracy imposed by the approximations used in 
its derivation, an experimental measurement of ® 
permits calculation of the electron content in a 
vertical column of the ionosphere. In practice, ® is 
usually indeterminate by nz, and additional informa- 


tion is normally required before the value of | Ndh 
J 0 


can be derived unambiguously. 

The approximations implicit in eq (2) are as 
follows: 

(1) The observing frequency, f, is very much larger 
than the maximum plasma frequency, f., along the 
line of sight. 

(2) The observing frequency is very much greater 
than the gyromagnetic frequency, fy. 

(3) The quasi-longitudinal approximation of the 
Appleton-Hartree equation may be used. 

(4) The zenith distance, 7, is small and the iono- 
spheric thickness is very small compared with the 
radius of the earth. (These conditions restrict the 
variation of B, cos 6 and sec 7 along the line of sight 
and permit the use of an average value of each quan- 
tity along the ionospheric part of the path. They 
also minimize the errors which arise due to the neglect 
of ionospheric refraction. In the presence of such 
refraction, the radio energy does not traverse the 
single straight line assumed in eq (2); instead the 
ordinary and extraordinary waves traverse two 
different refracted paths.) 

(5) The ionospheric electron density contours are 
spherically stratified. 

In view of the above limitations, the moon-radar 
studies of ionospheric electron content have usually 
been made at frequencies in excess of 100 Me and at 
fairly high angles of elevation. 
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The advent of satellite-borne radio transmitters 
has offered a new opportunity for Faraday-rotation 
studies of the ionosphere [2]. It is important to note 
that satellite studies, in principle at least, have the 
advantage that the electron content of the ionosphere 
can be measured over a wide range of latitudes from 
a single observing site, within the course of the few 
minutes duration of a satellite passage. In order to 
make full use of this advantage, however, it is neces- 
sary to remove the restriction to low zenith angles; 
it is also desirable to use frequencies relatively close 
to the ionospheric critical frequency in order to im- 
prove the sensitivity of the observations. 

The failure of eq (2) at low frequencies and at large 
zenith angles is strikingly demonstrated by simul- 
taneous observations of the 20- and 40-Me signals 
from the Soviet satellites. Equation (2) predicts 
that the ratio of the Faraday rotation rates on the 
two frequencies shall be 4.0; in fact ratios of up to 
5.0 have been observed, and on occasion, for a short 
period of time the sense of rotation has even been 
opposite on the two frequencies. 

The purpose of this paper is to present a method 
of analysis whereby the assumptions implicit in eq 
(2) are eliminated. The method permits the deduc- 


s 


tion of accurate values of | N dh throughout a satel- 


J 0 
lite pass, at frequencies as low as 20 Me. 

The main part of the paper opens with a descrip- 
tion of the techniques used in recording the Faraday- 
rotation data. This is followed by an outline of the 
method of analysis; results of the application of the 
method to a low and a high pass of 1958 Delta 2 
(Sputnik III) are given. The accuracy and limita- 
tions of the method are then examined. The paper 
concludes with a discussion of the large-scale iono- 
spheric irregularities revealed by the analysis, and of 
the sensitivity and value of the Faraday-rotation 
technique for such studies. 


2.. Observational Methods 


The satellite-observing facility at the Table Mesa 
field site (lat. 40°7.7’ N, long. 105°14.3’ W) of the 
Central Radio Propagation Laboratory was con- 
structed in the spring of 1958. Interferometer, 
Doppler, and polarization measurements have been 
made each day since May 15, 1958, on the close 
passes of 1958 Delta 2, using a variety of antennas, 
baseline lengths, and baseline orientations. 

The Faraday rotation records which form the 
observational data for this paper were taken using 
horizontal, linearly polarized 20-Me dipoles mounted 
\/3 above the ground. The antennas were connected 
via coaxial transmission lines to standard commercial 
communication receivers which were operated with 
the receiver AVC on. The AVC voltages were 
recorded on multichannel Sanborn pen recorders at 
chart speeds of 1 cm/sec. In the absence of AVC 
the receiver output would have varied quasi-sinus- 
oidally as the plane of polarization rotated relative 
to the antenna. AVC was used in order to obtain 
an essentially logarithmic input-output receiver 


| 














characteristic; the normal quasi-sinusoidal output 
waveform was thereby replaced by a waveform 
having broad maximums and very narrow, well- 


defined nulls. These nulls were often sufficiently 
well defined to permit their timing to an accuracy of 
0.1 sec. 

An alternative receiver output presentation has 
also been used. Two receivers having equal gain 
were connected to two similar antennas, one oriented 
N-S, the other E-W. The AVC outputs of the two 
receivers were subtracted and the resultant voltage 
recorded on the pen recorder. Since the receiver 
outputs for the two orthogonal antennas may be 
(approximately) expressed as log sin wf and log cos 
wt respectively (where w=angular rate of rotation 
of the plane of polarization), their difference is equal 
to log (sin wt/cos wt)=log (tan wt). The resultant 
waveform is nearly triangular, with equal positive 
and negative slopes and cusps at the null-times on 
each antenna. This form of presentation was found 
advantageous when the satellite signal was fading 
irregularly, or when the fading rate was so fast as to 
merge with the beeping of the satellite signal. 

A third method, used occasionally, was to record 
the relative phase of the radio signals received on 
circularly polarized antennas of opposite sense of 
rotation. This method has the advantage of pro- 
viding continuous information on the orientation of 
the plane of polarization, rather than information on 
null-times only. The technique was not found useful 
on 1958 Delta 2, primarily owing to the intermittent, 
beeping character of the signal. 


3. Method of Analysis 


Our method for the quantitative interpretation 
of the observed Faraday-rotation data is described 
below. The essential feature is the computation of 
the expected time variation of the specific rotatory 
power, C(t), of the electrons along the line of sight, 
as the satellite moves along a known path through 
a model ionosphere. (C(t) is defined by 


yOu (t) . 
ome ® 


and is a measure of the efficiency of the electrons 
below the satellite in producing Faraday rotation. 
®,,(t) is the variation, with time, of the total Faraday 
rotation of the satellite signal as it traverses the 
model ionosphere en route to the observer, and 


T(t) is the variation with time of the subsatellite 
*3 


Ndh, in the model. ,,(¢) is 


0 
computed by a ray-tracing program, and /,,(¢) is 
readily obtained by an integration of the model 
ionosphere, hence C(t) can be computed. 

In order to derive C(t) correctly, a moderately 
accurate ionospheric model is desirable, although as 
shown in section 5, high accuracy is not required. 
This fortunate feature arises from the fact that 
reasonable changes in the model affect ®,,(t) and 


electron content, 
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/,,(t) in almost the same proportion, and their ratio 
is therefore essentially unchanged. 

Having determined (C(t) for the model in this 
manner, we make use of the observed values of 
Faraday rotation, ®(t) to determine the true iono- 
spheric electron content by writing 


_ &( t) 


LO=GH) 


(4) 


The observed values of @(f) are, in general, uncertain 
by an additive constant, na; the manner by which 
this uncertainty may be reduced is discussed in 
section 4. 

The method is now examined in greater detail; the 
reader will find it helpful to refer to figure 1 as each 
new step is discussed. 

Orbital elements of the satellite were used to 
compute its position, relative to the observing 
station, at each of several selected times during the 
passage. The elements used were based on those 
of the Smithsonian Astrophysical Observatory or 
upon predictions made by the Vanguard Computing 
Center. The latter, being predictions, were much 
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Figure 1. Method of analysis of satellite Faraday rotation 
records. 
The circles or ovals represent processes carried out with a digital computer; the 
rectangular boxes represent input or output data for these processes. 


337 


less accurate than the former but, if the time of 
closest approach is adjusted to agree with local 
observations, the remaining errors have been found 
to have slight effect on the derived values of /. 

For heights up to F-peak, spherically stratified iono- 
spheric models were used, based upon true-height 
analysis of local ionosonde data. The profiles above 
F-peak were obtained by assuming them to be those 
of a Chapman layer. This approach is a convenient 
one, as the Chapman function has the proper slope 
at the F-peak and asymptotically approaches a 
decaying exponential function at great heights. 
After fitting the function at F-peak, only one adjust- 
able parameter remains, the asymptotic exponential 
decay constant. We shall refer to this constant as 
the “electron scale height.”’ It should be noted that 
the Chapman function is here used only as a con- 
venient mathematical model, without any regard to 
its physical basis. If the values of J obtained from 
a satellite which is above the F-peak differ signifi- 
cantly from the corresponding values of J,,, the 
electron scale height may be adjusted until agreement 
is reached. 

The assumption of spherical stratification can be 
removed by the inclusion of a horizontal gradient in 
the ionosphere model. One method for the deter- 
mination of such a gradient from spaced ionograms 
is illustrated in figure 2. Here values of fo¥'2 have 
been plotted from simultaneous observations over a 
wide area, and contours of fyf2 drawn. The values 
of critical frequency thus deduced along the satellite 
track (and assumed to be at the same true height) 
provide factors by which the electron-density profile 
at Boulder must be multiplied to approximate the 
actual ionosphere along the track. The necessity for 
including horizontal gradients adds no_ particular 
difficulty to the ray-tracing procedure, but it pro- 
vides another adjustable parameter which must be 
determined, and thus it weakens the determination of 
electron scale beight above the F-peak. 





Geographical variation of foF2, used to estimate the 


FIGURE 2. 
horizontal ionospheric gradient, September 17, 1958, 1330 
m.s.t. 








The geomagnetic field is commonly represented by 
the field of a dipole of appropriate strength and 
orientation at the center of the earth. When, as in 
the present application, the field is needed over only 
a limited portion of the earth, a significant improve- 
ment can be made by adjusting the strength and 
orientation of the dipole to best fit the observed field 
in that region. 


been used for some of the results presented here. 


A more accurate, but much more laborious method is | 


to add higher-order terms to the spherical-harmonic 
representation of the field. This method has been 
used with terms up to order six, but only for com- 
parison with the modified dipole results because it 
involves an impractically long calculation. When 
used in ray tracing, the 48-term polynomial for the 
magnetic potential must be solved four times to 
calculate the vector magnetic field. For each posi- 
tion of the satellite, this entire operation is repeated 
at dozens of points along each ray, and must be done 
not only for the final rays but for all the trial rays 
which fail to connect the satellite and the observer. 
The relative accuracy of results based on the modified 


dipole field and the complete spherical-harmonic | 


representation is discussed in a later section. 

Once the satellite motion is known and models have 
been chosen for the ionospheric electron-density 
profile and for the geomagnetic field, the specific 
rotatory power, Cb), of ‘the a can be 
obtained by ray tracing. Since C depends upon the 
direction of the geomagnetic field aes to the ray 
and on the zenith ¢ angle of the ray, it obviously varies 
with time during the passage of the satellite. In 
obtaining #,,, and hence 
of ray-tracing programs. 

The simplest program we have used evaluates 

*s 
NB cos 6sec i dh along the straight line from the 


ae 0 
observer to the satellite. This is an improvement 


C(t), we have used a variety | 


over the use of eq (2) in that it eliminates the as- | 


sumption of a thin ionosphere and, to some extent, 
permits the use of larger zenith angles and horizontal 
ionospheric gradients. The high- frequency and 
quasi- -longitudinal approximations remain, however, 
and the effects of refraction are ignored. 

A second program, designed to overcome the 
difficulties of the high-frequency approximation, 

*s 


evaluates the integral 2r/r | (uo—p,-) dl along the 
0 


straight line from observer to satellite. Here yu, and 
uw, are the local refractive indices of the ionosphere 
for ordinary and extraordinary waves traveling 
along the line of sight. Half of this integrated 
difference between the ordinary and extraordinary 
phase path lengths gives @y. Jy is determined by 
simple integration of N dh along the straight line. 
Since this second program uses the complete collision- 
free form of the Appleton-Hartree equation (see for 
example, ref [3]) to evaluate wo and p,, the high- 
frequency approximation is removed. For nearly 
transverse propagation the Faraday rotation is 


critically dependent upon @, so it is meaningless to 
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Such a “modified dipole’’ field has | 


ae 


speak of removing the quasi-longitudinal approxima- 
tion as long as refraction is neglec ted. 


A third program, involving considerably more 
computer time, includes most of the effects of refrac- 


a.) dl 


. 
along the refracted path which the radio ray would 
follow in the absence of the geomagnetic field. 
This program assumes that the ordinar Vv ‘and extraor- 
dinary rays traverse the same refracted path. It 
works well in the quasi-longitudinal part of the sky 
but is quite unsatisfactory near the quasi-transverse 
region, where the Faraday rotation is critically 
6-dependent. 

A final program has been developed for use in this 
critical portion of the sky. It is a complete ray- 
tracing program which evaluates separately the 
phase “paths, P, and P,, of the ordinary and ex- 
traordinary rays, along their independent refracted 
paths. This full ray-tracing is accomplished by 
using Snell’s law at the interfaces of a series of 


tion. This program evaluates 27/A 1 (uo— 


elementary spherical shells, each considered to 
possess constant refractive index. Referring to 


figure 3, let 0; be the intersection of the ray with the 
interface between spherical shells 7 and i+1. Ni is 
the unit vector normal to the interface and W; 
is the unit vector in the direction of the wave nor- 
mal in shell 7. Bj is the geomagnetic field. The 
electron densities, N; and Niji, are known in 
each shell. The refractive index, y»;, is known, 
but wis: is not known since it depends upon 
6:11. <A first approximation to yi;: may be ob- 
tained by setting 0;,:=6; Snell’s law then 
gives a second approximation to 6:1, and hence 
to wir. Two or three iterations are required to 
determine wis; and 6;,; with sufficient accuracy, and 
thus to determine the direction Wj4,; of the new wave 
normal. As discussed by Bremmer [4], the new ray, 
Ris1, does not coincide with Wi+1 but is separated 
from it by an angle a. Rj+1 lies in the plane of N 
and B and so is not necessarily in the plane of 
incidence. An extension of Rist through the shell 
defines O;,, at the second interface and completes 
the ray tracing through shell 7+1. 


Nj 





Ni+t Mi+t 





Figure 3. Detail of vay tracing through one spherical shell. 
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When a ray has been traced from the satellite to 
the ground it will not, in general, arrive at the ob- 
server. It is then necessary to make a correction to 
the direction of departure from the satellite, and trace 
another ray. Four to eight such attempts, depending 
upon the zenith angle, are usually sufficient to dis- 
cover the ray which, with sufficient accuracy, con- 
nects the satellite to the observer. The accuracy 
required is such that the small difference in phase 
paths, P,—-P., is known to an accuracy of one per- 
cent. (This typically requires the determination of 
each phase path length to about one part in 10°.) 
Shell thicknesses as small as 10 km are generally re- 
quired. In extreme cases, the IBM 650 computer 
may require from 30 to 60 min to complete the 
process for a single position of the satellite. Accord- 
ingly, this full ray-tracing program is used only near 
the quasi-transverse regions of the sky, or to evaluate 


the accuracy of the faster, more approximate 
programs. 

a , . ; 
he ray-tracing procedure just described is 


strictly accurate only when the surfaces of constant 
refractive index coincide with the spherical shells. 
In fact, it has proved to be sufficiently accurate in 
the case of all reasonable horizontal gradients in the 
ionosphere. In these cases, the electron density of 
each shell must be given in terms of the geographical 
location of the ray, but comparison with a more 
rigorous method has shown that the interfaces be- 
tween shells may still be considered to be normal to 
the radius vector from the center of the earth. A 
detailed description of the ray-tracing program is in 
preparation. 

Byproducts of the ray-tracing procedure are the 
Doppler frequency shift and the angle of arrival. The 
observed Doppler shift depends not only upon the 
radial velocity of the satellite, but also upon the local 
electron density and upon the rate of change of 
integrated electron density along the ray path. These 
ionospheric effects are automatically included in the 
results of the ray tracing. Similarly, the ray-tracing 
program evaluates the difference in angle of arrival 
between the ordinary and extraordinary rays, the 
total bending of each, and the spatial separation 
between each ray path and the line of sight. 

It is clearly impractical to evaluate C(t) at the time 
of each observed Faraday-rotation null. Since its 
variation depends only on the geometrical position of 
the satellite and upon the geomagnetic field along the 
ray, C(t) is a smoothly varying function of time and 
can be represented very well by a simple polynomial. 
Typically, C(t) has been evaluated by ray tracing at 
nine equally spaced times throughout the satellite 
passage, and the method described by Anderson [5] 
has been used to fit, by least squares, a fifth-degree 
polynomial to these nine points. In every case the 
polynomial has agreed with the nine given values to 
within a small fraction of one percent. 

Once a polynomial expression has been obtained 
for C(t), any given value of ®(t) is readily converted 
to a corresponding value of J by means of eq (4). 
Successive Faraday-rotation nulls which appear on 
the recordings of the satellite signal correspond to 
values of which differ by w radians. It is necessary 





only to observe the times at which such nulls occur, 
and then to assign to some one null an assumed value 
of #, in order to obtain a list of values of @(¢). The 
initial value of @ is usually selected to be equal to the 
corresponding ®y from the ray-tracing program. A 
method of improving this initial estimate is demon- 
strated in the next section. 

In some records the direction of rotation of the 
plane of polarization is found to reverse, i.e., d/dt 
changes sign. It is important to recognize such 
events on the record, and this can be done most 
easily by noting the abrupt change in relative phase 
of the fading on two orthogonal linearly-polarized 
antennas. 

Details of the relatively small fluctuations which 
occur in J(t) become evident only by separating 
them from the gross value of J. J(t) was therefore 
smoothed by a running average of suitable duration, 
to give J,(t). The duration of this smoothing 
interval was chosen to equal the time required for 
the portion of the ray which is 300 km above the 
ground to move through a distance of 400 km. The 
exact duration of this interval is therefore a function 
of the height of the satellite and of its velocity. 
The fractional irregularities in J(t) are given by 


Al_I-h, 
L tk 


This process of taking the difference from a 
smoothed value is in fact a spatial filter. It has 
the property of rejecting all Fourier components 
with wavelengths much above 400 km and has 
relatively little effect upon the amplitude of com- 
ponents smaller than the smoothing interval. 


4. Some Preliminary Results of the Method 


Figure 4 is a plot of the derived subsatellite 
electron content of the ionosphere during the north- 
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Comparison of Im with Faraday rotation data for 


five values of D. 


FIGURE 4. 
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pass took place on the afternoon of August 1, 1958; 
perigee occurred with the satellite near the southern 
horizon, so the satellite was rising slowly as it 
passed almost overhead at a height of about 232 km. 

The model of the ionosphere used in the analysis 
of figure 4 was obtained by a linear interpolation 
between the true-height electron profiles deduced 
from ionograms taken at Boulder at 1600 and 1700 
m.s.t. The available orbital elements have been 
adjusted to give the correct time of closest approach 
to better than 1 sec. In the ray tracing for this 


particular pass, the 48-term expansion of the mag- | 


netic field was used, in order to ebtain maximum 
accuracy. The derivation of C(t) was made as 


described in section 3 above, using the full ray | 


tracing program. The ray tracing program. permits 
an estimate of the total number, D, of half rotations 
existing at the time of the first Faraday rotation 
null; in order to further refine this value, a family 
of curves differing only in value of D was plotted. 


The derivation of the most probable value of D | 


was made as follows. 
In a fixed, spherically stratified ionosphere, the 
rate of change of the subsatellite electron content is 


dl _ dh 
dt Nea? 


where N, is the electron number density at the 
satellite, and dh/dt is the rate of increase of height 
of the satellite. For given orbital elements, dh/dt is 
known and it is therefore possible to compute observa- 
tional values of .V, for each value of D as a function 
of time throughout the satellite passage. When 
this is done, very large differences in N, are obtained 
for different values of ), particularly near the quasi- 
transverse region of the sky. Thus, the values of 
N, deduced for the last nine points of each D curve 
of figure 4 vary from negative values (D=82), to 
approximately zero (D=83), a value approximately 
equal to the expected N, (0=84) and values roughly 
1's and 2 times greater than expected (D=85 and 
86 respectively). For this reason, one can state 
the value of D almost certainly lies in the range 
83 to 85. 

Taking a value of D=84, one obtains a value of 
[=3.62 10" electrons per square centimeter column 
at the time of closest approach. The corresponding 
value of J deduced from the model (itself based on 
the ionosonde data) is 3.4610", a discrepancy of 
4.5 percent. The difference between J and J, is 
roughly constant throughout the satellite pass, and 
can very readily be explained by the effect of errors 
in D), in the magnetic field, in the ionospheric model 


used, in the assumed height of the satellite, and/or | 


in the neglect of satellite spin and ionospheric 
gradients. 

One striking feature of the J(t) values derived in 
this way is that the values do not lie on a smooth 


curve. Figures 5, 6, and 7 are plots of AJ/J, for | 


three passes at heights of the order 230, 300, and 
1250km. As indicated in section 3, the irregularities 
are relative to running smoothed values of J, the 
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Figure 5. TJrregularities in subsatellite ionospheric electron 
content, 1620 m.s.t., August 1, 1958, as observed on three inde- 
pendent equipments. 
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Figure 6. Jrregularities in subsatellite ionospheric electron 
content, 0830 m.s.t., September 4, 1958. 
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Irregularities in subsatellite ionospheric electron 
content, 1330 m.s.t., Seplember 17, 1958. 


FIGURE 7. 


smoothing interval being adjusted for each pass to 
correspond to a 400-km running average at a height 
of 300 km. 

Figure 5 is a mass plot of the values of AJ/J, re- 
sulting from the Faraday-rotation data taken simul- 
taneously on three separate receivers coupled re- 
spectively to dipoles oriented N-S, E-W, and from 
NW to SE. The excellent agreement of the points 
strongly indicates that the irregularities in polariza- 
tion rotation which gave rise to the irregularities in 
I are real and are not due to such effects as scaling 
errors, or satellite signals scattered by objects near 
the antennas. 
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Figures 6 and 7 are of interest in that the irregu- 
larities observed on two very different passes are 
similar in fractional deviation and in size. Figure 6 
refers to a south-north pass at a height of 290 km on 
September 4, 1958, and figure 7 to a 1,250-km height, 
north-south pass on September 17, 1958. Also of 
interest is that a pass observed by Dr. Owen Garriott 
of Stanford University, and analyzed by our method, 
shows similar irregularities. This fact would ap- 
pear to confirm that the phenomenon is real, and is 
not introduced by our equipment. 


5. Discussion of Accuracy 


The accuracy with which J, the total electron con- 
tent per unit column to the height of the satellite, 
can be derived by the Faraday-rotation method de- 
pends upon many factors, although the accuracy of 
measurement of the irregularities in J is primarily 
limited by sealing errors. The magnitude of typical 
scaling errors is illustrated by the scatter of the 
points in figure 5. It is quite small compared to the 
magnitude of the ionospheric irregularities them- 
selves. 

In contrast to angle-of-arrival studies, the Faraday 
method does not require extremely accurate know- 
ledge of the position of the satellite. For example, 
the low pass illustrated in figure 4 was analyzed in- 
dependently with two different sets of orbital ele- 
ments. These were Vanguard predictions issued 
respectively 1 day before and 6 days after the pas- 
sage of the satellite. They gave apparent minimum 
zenith angles at Boulder of 1° and 10°, and heights 
at closest approach of 236 and 232 km, respectively. 
In each case an arbitrary time correction of nearly 
a minute was needed to obtain agreement with the 
observed time of closest approach at Boulder. De- 
spite the definite disagreement between the two sets 
of elements, the resulting values of J differed by less 
than 3 percent in all parts of the sky except the far 
north, where transverse propagation and the result- 
ing critical dependence upon @ increased the difference 
to 15 percent. 

It has already been mentioned that C(t), and there- 
fore J(t), are nearly independent of the ionosphere 
model used in the analysis. The extent to which 
this is true is illustrated in figure 8, where the analysis 
has been carried through for two ionospheric models 
differing by a factor of two in electron density at 
each height. The resulting values of J differ by 
only 3 percent near the zenith, and by less than 10 
percent at the ends of the recorded passage. As 
pointed out earlier, this fortunate behavior results 
from the fact that a change in J), causes a nearly 
proportional change in ®,,. 

In figure 9 we demonstrate, using the passage of 
August 1, 1958, the importance of utilizing an accu- 
rate model for the geomagnetic field. The lowest 
curve shows the /(f) which results from the use of the 
complete spherical-harmonic expansion of the field. 
The Gaussian coefficients used here are those pub- 
lished by Finch and Leaton [6]. In the absence of 
better knowledge of local geomagnetic anomalies, 
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Fiaure 9. Effect of different magnetic field models upon the 


derived subsatellite electron contents. 


including ionospheric currents, these coefficients 
represent the most accurate means we have available 
for estimating the geomagnetic field in the iono- 
sphere. Figure 9 shows, for comparison, the result 
of using the standard centered dipole field, and the 
field of our “‘modified dipole.’”? The modified dipole, 
adjusted to agree with the field at Boulder, removes 
about two-thirds of the total error caused by the 
standard centered dipole. Although an accurate 
magnetic model is necessary for estimating /, there 
is no such requirement for A//J;. The modified 
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dipole or, if we except the transverse-propagation 
region near the northern horizon, even the standard 
dipole, would suffice for the study of the irregularities, 
since these are measured relative to the corresponding 
smoothed values. 

Figure 10 illustrates the importance of including 
ionospheric refraction. Here the correct value of 
I(t), including all refractive effects, is compared 
with another which neglects only refraction. This lat- 


8 
ter curve results from evaluation of (27/)) | (uo—pe)dl 
0 


along the straight line joining the observer and 
the satellite. The complete Appleton-Hartree equa- 
tion (excluding absorption) is used to evaluate po 
and yu, so the high-frequency approximation is 
avoided. As might be expected, neglect of refrac- 
tion has no effect near the zenith but becomes serious 
near the horizon. At the northern horizon the effect 
is more pronounced than in the south, and it is of 
opposite sign. These differences result from the 
dependence of Faraday rotation upon cos 6, a factor 
which varies rapidly near the northern horizon. 
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Ficure 10. Effect of including and omitting ionospheric 
refraction upon the derived subsatellite electron contents. 


The preceding discussion of accuracy assumes the 
existence of a spherically stratified ionosphere upon 
which irregular fluctuations may be superposed. 
Most of the remarks, particularly those concerning 
Al/I; continue to be valid in the presence of sys- 
tematic horizontal gradients, but there is one notable 
exception. The determination of D, and therefore 
of the absolute value of 7, may be seriously influenced 
by such gradients. The implications of this effect 
are discussed in some detail in the next section. 


6. Discussion and Interpretation of the 
Results 
The discussion and interpretation of the results 
of analyses presented in earlier sections may be 
divided into (a) those dealing with the J(t) values 
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directly and (b) those dealing with the observed 
irregularities in J(f). 


6.1. Total Content 


In view of the excellent agreement (for passes 
below naz) between the derived /(t) curves and those 
based on the corresponding ionosonde data, it may 
be claimed that the method is an accurate one and 
is capable of deriving the subsatellite electron con- 
tent with relatively little uncertainty. It should 
be emphasized that the agreement shown in figure 4 
is in no way exceptional and in fact is not as good 
as that obtained on at least one other pass. This 
excellent agreement may be taken as confirmation 
of the absence of any deep valley in the electron 
profiles between the Hand the F regions, since the 
ionosonde profiles were derived assuming the absence 
of such valleys. 

The main limitation to the accuracy is in the 
determination of D by the comparison of the slope of 
the model J,,(t) and the derived J(t) curves. This 
method is unfortunately sensitive to horizontal 
gradients in the electron content, and without prior 
knowledge of these gradients, it is apparent that 
significant errors could be made in selecting D. It 


should be realized that this difficulty applies also to 


the Faraday “fading-rate’”? method used by several 


| authors [7, 8, 9]. 


Investigation of the change in d//dt with D shows 


that a gradient of | N dh of 2 percent per 100 km 


| 0 
along the pass would change the fading rate in the 


3 
zenith, and hence the deduced value of | N dh, 
0 


"N dh 


0 
must be expected, since even if they existed from 
pole to equator they would produce only a four-fold 
variation of total ionization. Over such distances 
the f)¥2 values typically vary by a factor of 3, 
implving, for low passes at least, a nine-fold variation 
in subsatellite electron content. 

It should also be realized that, once D has been 
determined unambiguously, (for example, by simul- 
taneous polarization measurements on two closely 
spaced frequencies) then the present method will 
become a sensitive one for investigating ionospheric 
gradients. 

When the satellite is at a height well above the 
F-peak it is not possible to base the model ionosphere 
upon ionograms alone. Some assumption must be 
made concerning the shape of the upper portion of 
the electron density profile. As mentioned previ- 


by about 12 percent. Such gradients of 


| ously, the Chapman function is a convenient one to 


use. Its adjustable parameter, the electron scale 
height, must be given some arbitrary trial value. If 
there is reason to suspect that horizontal gradients 
may exist, it is, in addition, necessary to make some 
assumptions concerning them. Figure 11 illustrates 
the result of such an analysis of the record from a 
high satellite. The passage is the one shown in figure 
2, from which it is obvious that some horizontal 
gradient should be included in the ionospheric model. 
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FictreE 11. Diagram illustrating the failure of the experimental 
data to fit the nonspherical ionosphere deduced from the 
fok2 data of figure 2. 


The simplest assumption is that the electron density 
varies with geographical position in the same way 
at all heights, and that f,/2 can be used as an indi- 
‘ator of this variation. Acting upon this assumption 
we obtain for J,,(t) the three curves shown in figure 
11, for assumed values of electron scale height at 
Boulder of 200 km, 94 km, and zero. Zero scale 
height means, of course, that no electrons exist above 
the F-peak. The other three curves in the figure 
illustrate the resulting values of J(t) for various values 
of D. The J(t) curves shown were calculated with 
the ionospheric model which has an electron scale 
height of 200 km; the corresponding J(t) curves for 
the other models are essentially the same. 

A self-consistent picture demands that J(t) agree 
with J,(¢), and in this case it is obvious from figure 
11 that no combination of scale height and D can 
produce such agreement. A change must be made 
in the ionospheric model, in such a sense as to reduce 
the rate of increase of subsatellite electron content 
with time. The f,¥2 values increased markedly 
along the track, and we have assumed an equivalent 
increase in electron density at all heights. Figure 
11 shows that this assumption cannot be valid, and 
that the gradients must become relatively smaller 
above F-peak. In other words, the electron density 
at levels well above the ¥-peak must be less depend- 
ent upon geographical location than at F-peak. 

The quantitative introduction of a new parameter, 
the rate of change of the horizontal gradient with 
height, is clearly unwarranted without additional 
data, though it may become possible to estimate this 
parameter after a large number of satellite records 
have been analyzed. 


6.2. Irregularities 


The irregularities in electron content shown in 
figures 5, 6, and 7 are of considerable interest, pri- 
marily because of their large size. These irregulari- 
ties are, of course, derived from polarization-rotation 








| data, and before discussing their significance one 


should first consider the validity of their derivation. 
As discussed in section 4, the excellent agreement 
between the values of AJ/J derived from three com- 
pletely independent observing systems precludes the 
possibility that the irregularities are introduced by 
scaling errors, or by scattered signals. One is there- 
fore forced to conclude that the incident polarization 
vector did indeed rotate irregularly. Such irregular 
rotation could be introduced by an irregular motion 
of the satellite, by spatial or temporal irregularities 
in the magnetic field, and by spatial or temporal 
irregularities in the electron content of the 
ionosphere. 

The effect of the rotation of the satellite upon 
the observed polarization is dependent upon the 
nature of the spin. A rapid, irregular tumble of 
the satellite can be ruled out, owing to the almost 
complete absence of external forces. The non- 
existence of such an irregular motion was demon- 
strated by certain of the radio observations, which 
showed a regular sequence of nulls, superimposed 
upon the normal Faraday rotation, and occurring 
simultaneously on all polarizations. These nulls 
are interpreted as due to satellite rotation, the 
signal fading each time the rotating dipole was 
directed toward the observer. The time interval 
between these nulls was approximately 45. sec, 
implying a full rotation period of about 90 sec. 

The effect of a regular rotation of the satellite 
upon the observed polarization is dependent upon 
the relationship between the orientations of the 
spin axis and the satellite antenna. In the case 
where the spin axis is parallel to the dipole, no effect 
will be observed. For orthogonal spin and dipole 
axes, the satellite spin will add to or subtract from 
the Faraday rotation, the correction reversing in 
sign as the observer passes through the plane of the 
rotating dipole. In the case where the angle between 
the spin and the dipole axes is neither zero nor 90°, 
it is convenient to differentiate between two condi- 
tions (a) where the observer lies inside the cone 
formed by the rotating antenna and (b) where the 
observer lies outside this cone. In general, there 
will be a transition between case (a) and case (b) 
as the satellite moves across the sky. In the region 
of sky defined by case (a), the satellite spin will add 
to or subtract from the Faraday rotation; for case 
(b) the observer will see the normal Faraday rota- 
tion plus a sinusoidal rocking of the polarization 
vector, of amplitude equal to the angle between the 
spin and the dipole axes, and period equal to the 
full rotation period of the satellite. In the former 
case the satellite rotation will introduce a cumulative 
error to the derived values of Z(t); for the latter 
‘ase, Quasi-sinusoidal oscillations of Z(t) of amplitude 
not greater than that introduced by a +90° shift in 
polarization rotation will be observed. 

The derived irregularities of figures 5, 6, and 7 
are not consistent with the suggestion that they 
are due to a regular satellite rotation. The irreg- 
ularities are not sinusoidal, as would have been 
expected if they were due to satellite rotation. In- 
stead of a period of about 90 sec, the irregularities 
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of figures 5 and 6 had periods of the order 40 to 50 
sec, while those of figure 7 had periods considerably 
greater than 100 sec. Although the amplitude of 
the polarization flutter responsible for the irregu- 
larities of figures 5 and 6 was less than 90°, and was 
therefore consistent with the satellite-rotation hy- 
pothesis, the polarization irregularities observed 
during the pass of figure 7 were several times too 
large to be due to a regular satellite rotation. In 
addition, the amplitude of the irregularities in 
AI/T,, if due to satellite rotation, would be inversely 
proportional to the total amount of Faraday rotation 
existing at any time. A four- or five-fold increase 
in the amplitude of the irregularities should therefore 
have been observed in figures 5 and 6 as the satellite 
moved from the southern horizon toward the quasi- 
transverse region; no such increase was observed. 
For these reasons, therefore, we conclude that the 
observed irregularities in polarization angle were 
not due to satellite rotation. 

Owing to the magnitude of the phenomenon 
(roughly +1 percent variation in total amount of 
polarization rotation), it does not seem possible that 
the observed irregularities could be due to temporal 
variations in the magnetic field or in the subsatellite 
electron content. For the same reason, it does not 
seem likely that they were due to spatial irregulari- 
ties in the magnetic field. For this to be the case, 
the longitudinal component of the geomagnetic field 
would have had to vary irregularly, relative to our 
magnetic model, by roughly +1 percent in distances 
of the order of 300 km. Since maps of the surface 
magnetic field do not show such irregularities in the 
central United States, it would seem unlikely that 
they could exist at heights of the order of several 
hundred kilometers. It should be possible to test 
for such an effect by correlating the irregularities 
deduced from similar satellite passes, but as yet 
this test has not been carried out due to lack of 
fully analyzed data. 

There remains one final alternative explanation 
of the deduced irregularities. The values of C(t) 
are derived by a curve-fitting process, and any irreg- 
ular variations in the computed C(t) relative to the 
true C(t) for a spherically stratified ionosphere 
would show up as irregularities in the electron con- 


tent. The curve fitting process has therefore been 
tested. An analytical expression having a variation 


similar to that of C(t) was obtained, and nine points 
along it were determined. The curve fitting pro- 
gram was then used to derive the best fitting 5th 
degree polynomial for these nine points. The 
agreement between values derived from the poly- 
nomial expression and from the original analytical 
expression was always within 0.1 percent, indicating 
that irregularities in the derived C(t) curves were 
not responsible for the deduced variations in electron 
content. 

On the basis of the above discussion, we conclude 
that the observed irregularities are correctly ascribed 
to variations in subsatellite electron content. We 
proceed now to discuss the properties of the irregu- 
larities; to relate our observations to other observa- 


| own observations. 





tions of large scale ionospheric irregularities, and to 
evaluate the Faraday-rotation method relative to 
other methods for observing such irregularities. 

The following points may be made concerning 


these observed variations in subsatellite electron 
content: 

(a) They have spatial extent of the order 300 km. 

(b) Their intensity is such as to modulate the 
subsatellite electron content by roughly +1 percent. 

(c) They are not limited to a narrow height range 
(otherwise the fractional deviation would be con- 
siderably less for high passes than for low passes). 

(d) On occasion, at least, they were present for 
heights as low as 230 km. 

(e) They are of common daytime occurrence at 
latitude 40 deg. The four passes analyzed in detail 
to date all show their presence; a cursory examina- 
tion of the observational data suggests that they 


| are present on many, perhaps even the majority, of 





the records. 

(f) Their intensity apparently is limited to maxi- 
mum values of fractional deviation of the order of a 
few percent. 

(g) There is no evidence as yet concerning their 
diurnal, seasonal, or magnetic storm dependence, 
though information concerning these is presumably 
available in the numerous, as yet unanalyzed, 
records. 

Several authors have given experimental evidence 
of the existence of large-scale ionospheric irregular- 
ities. The observations of large-scale traveling dis- 
turbances in the ionosphere by Munro [10] suggest 
that the irregularities he observed are related to our 
From Australian studies of the 
virtual height of reflection of HF radio waves, he 
was able to deduce the frequent occurrence, during 
daytime hours, of traveling disturbances in the F’ 
region having dimensions up to several hundred kilo- 
meters. Bramley and Ross [11] using angle of arrival 
measurements, and Whitehead [12], and Jones et al. 
[13] from studies of the “bursts”? in amplitude of 
ground-based transmissions have been able to confirm 
the existence of similar irregularities in the northern 
hemisphere. In general, however, quantitative data 
on the intensity of the irregularities is lacking, and it 
is therefore not possible to be certain that the irreg- 
ularities we observe are of the Munro type; in par- 
ticular, our observations to date do not permit the 
study of their motion. 

Evidence of large-scale ionospheric irregularities 
has also been obtained by Vitkevitch and Kokurin 
(14, 15] using radio astronomical sources. These 
authors made measurements of the angle of arrival of 
radio waves from the celestial radio sources and found 
evidence of slow oscillations in the apparent source 
position relative to the true source position. They 
estimate that the irregularities in total electron con- 
tent of the ionosphere have lateral dimensions of the 
order 300 to 400 km and intensity of up to several 
percent, in good agreement with our observations of 
the variations in subsatellite electron content. 

Unlike the satellite data, the nonsatellite methods 
described above have not given more than rough 


344 





estimates of the irregularities in ionospheric electron 
content; and in particular the nonsatellite methods 
do not readily permit the rapid study of the irreg- 
ularities over wide geographical areas from a single 
site. It is of interest to consider whether the other 
parameters of a satellite radio wave (amplitude, fre- 
quency, and direction of arrival) may also be useful 
in the study of these large-scale irregularities. Ex- 
amination shows that these alternative methods are 
unlikely to prove effective. The recordings of ampli- 
tude “bursts” of satellite signals, analogous to the 
amplitude studies of Whitehead, and Jones et al., 
would not appear to be a suitable method, owing to 
difficulties arising from the very great variations of 
signal strength due to the changing satellite range, 
and the changing efficiencies of the polarized trans- 
mitting and receiving antennas along the (moving) 
line of sight. A second effect of the ionospheric 
irregularities is that they will modify the ionospheric 
distortion of the free-space Doppler curve of a moving 
satellite. Any Doppler method for studying these 
large-scale irregularities, however, suffers from the 
fact that the Doppler technique, which is based on 
the rate of change of phase, is inherently insensitive 
to weak, large-scale irregularities. Thus, it can be 
shown that the irregularities of figures 5 and 6 would 
produce an irregular distortion of the Doppler curve 
of magnitude about 0.1 eps and period roughly 40 see. 
Since the rate of change of the 20-Me signal is typ- 
ically several cycles per second per second, it would 
be difficult to measure such distortions accurately. 
The angle-of-arrival measurements, which are based 
on the rate of change of phase across the ground, are 
also insensitive to weak, large-scale irregularities. — In 
this case, it can be shown for the passes of figures 5 
and 6 that the apparent position of the radio satellite 
would have varied irregularly, relative to its true 
position, by about 1 min of are and with period 
about 40 see. Such irregular refractions would be 
difficult to measure accurately in an object which is 
moving through as much as 100 min of are per second. 
We conclude, therefore, that the Faraday rotation 
method is likely to prove the most advantageous 
satellite method for the study of large-scale jono- 
spheric irregularities, and that it offers important 
advantages over previous nonsatellite methods. 


7. Conclusions 


The interpretation of the Faraday rotation of the 
plane of polarization of a satellite radio signal is at a 
relatively early stage of development. At the mo- 
ment, the accuracy of measurements of subsatellite 
electron content is chiefly limited by uncertainty as 
to the total number of rotations. In the special case 
of aspherically stratified ionosphere, or an ionosphere 
whose gradients are known, this ambiguity can be 
largely removed. The technique is of considerable 
value for the study of large-scale irregularities, the 
interpretation of which is largely independent of am- 
biguities in the total number of rotations. 

It may be expected that the Faraday-rotation meth- 
ods will be developed still further. In particular, it 
would be extremely valuable if a satellite specifically 





designed for the purpose could be launched. Such a 
satellite should include two transmitters on rather 
closely spaced frequencies in order to permit resolu- 
tion of the rotation ambiguity. The satellite should 
be designed so that the plane of polarization is unaf- 
fected by the rotation of the satellite, and some sensing 
mechanism should be available to define the orienta- 
tion of the transmitting antenna. With such a sat- 
ellite, it should be possible to measure the subsatellite 
electron content to an accuracy of about 1 percent, 
the accuracy being limited primarily by uncertainties 
in the magnetic field within the ionosphere. Further: 
more, the sensitivity of the method to irregular 
variations in electron content could be considerably 
enhanced, particularly in the case of a satellite in a 
geostationary orbit. For such a satellite, it should 
be possible to observe variations in the polarization 
rotation of (say) 0.01 rotation; if this were done at 
frequency of 20 Me, it should be possible to measure 
changes of AJ/J; as small as 1.0 107+. 
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Note on a Test of the Equivalence Theorem for Sporadic 
E Propagation ° 
J. W. Wright and T. N. Gautier 


(February 4, 1960; revised February 23, 1960) 


Analysis of two days (123 cases) of sporadic F observed simultaneously at oblique and 
vertical incidence verifies that the classical sec & relationship between top frequencies is 


roughly appropriate for sporadic £. 


1. Introduction 


Medium distance radio propagation (up to 2,000 
km) is frequently enhanced through reflection from 
the sporadic FE layer (/s). At vertical incidence, 
reflections from Es appear to be essentially specular, 
in the sense that little or no gradual refraction takes 
place within the layer; this is in contrast to “reflec- 
tion” from the regular F and F layers, in which a 
more gradual refraction process is involved. On the 
other hand, reflections from Es are often observed 
to be only partial, and the nature of the reflecting 
surface and, therefore, the reflecting mechanism, are 
still in some doubt. (See Thomas and Smith [1] ? 
for a review of current knowledge of Es.) Thus the 
relationship of vertical-incidence Hs measurements 
to oblique-incidence /s propagation is also uncertain 
from a theoretical point of view. 

For the simple case of a plane, parallel, earth, and 
ionosphere, and no magnetic field, the classical 
“secant law” states that 


Jaa=fo sec ®, 


where f.p1 and f, are the oblique and vertical incidence 
frequencies of reflection, respectively, from a plasma 
frequency f,=jf>, and ® is the angle of incidence of 
foo: on the layer. 

This relation is applicable not only to radio reflec- 
tions from a horizontally stratified layer but also to 
scattering by a stratum of ionospheric irregularities 
[2]. Thus, there is good reason to expect oblique- 
incidence /’s propagation to obey the secant law. 


2. Experimental Results 


In 1951 and 1952 the National Bureau of Standards 
operated a pulsed, sweep-frequency, oblique-inci- 
dence, ionosphere sounding experiment between 
Sterling, Virginia, and St. Louis, Missouri [3, 4, 5]. 

! Contribution from Central Radio Propagation Laburatory, National Bureau 


of Standards, Boulder, Colo. 
? Figures in brackets indicate the literature references at the end of this paper. 





Vertical soundings were obtained simultaneously at 
the midpoint of this 1,150-km path. One-hop 
sporadic FE transmission was frequently observed 
over this circuit, thereby providing an opportunity 
to examine the relation between the highest frequen- 
cies of reflection observable at oblique and vertical 
incidence. <A preliminary account of the results was 
included by Smith [6]. 

Two 24-hr periods were studied for this purpose, 
providing 123 cases of essentially simultaneous 
observations of Es reflection at vertical and oblique 
incidence. The ratio of the top frequency observed 
over the oblique path to that at vertical incidence at 
the midpoint is shown in figure 1 as a function of Es 
virtual height. The cases in which multiple echoes 
at vertical incidence had the same highest frequency 
are indicated on the graphs in order to identify in- 
stances of power independence and high reflectivity 
of the Ks. The full curve is the secant © relationship, 
plotted versus the height of the midpoint of the 
triangular path. 
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Figure 1. Distribution of ratio of oblique to vertical-incidence 
sporadic E top frequency with virtual height. 


@ denotes points for which vertical-incidence multiples extend to same fre- 
quency. 
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The experimental ratios, fopi/ fo are seen to be in 
the same range as sec ® Whether there is a signi- 
ficant variation of the ratios with height correspond- 
ing to sec @ is a subject for a more detailed analysis. 
These results, however, lend support to the signifi- 
cance of fEs, the vertical-incidence /s top frequency, 
as a parameter useful in propagation studies. 
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Daytime Attentuation Rates in the Very Low Frequency 
Band Using Atmospherics* 
W. L. Taylor 


(January 25, 


L960) 


Daytime attenuation characteristics have been computed by comparing the amplitude 


spectra of atmospheric waveforms recorded at four widely separated stations. 


The results 


of these attenuation measurements are presented for the band of frequencies from 3 to 30 


kilocyeles per second and involving distances of 1,000 to 10,000 kilometers. 


It was found 


from these data that attenutation was about 7 to 9 decibels per 1,000 kilometers at 6 kilo- 


cycles per second and decreases to about 1 to 


greater than 10 kilocycles per second. 
propag 


3 decibels per 
The difference in attenuation rate 
ation relative to east-to-west propagation was about 3 decibels per 1,000 kilometers 


1,000 kilometers at frequencies 
of west-to-east 


less for frequencies lower than 8 kilocycles per second and about 1 decibel per 1,000 kilometers 
less from frequencies higher than 10 kiloeyveles per second. 


1. Introduction 


Considerable electromagnetic energy is radiated 
into the atmosphere from lightning discharges. 
These signals are referred to as atmospherics. The 
spectra of signals from return stroke lightning dis- 
charges attain a peak in the VLF region, usually be- 
tween 5 and 20 ke. The radiation field spectra near 
the source are relatively broad i.e., 10 to 15 ke be- 
tween the frequencies at which the spectral amplitude 
is 3 db below the peak amplitude. As the propaga- 
tion distance increases, the spectra begin to narrow 
such that at distances greater than a few thousand 
kilometers the spectral width is only 3 to 5 ke. The 
spectra of atmospherics simultaneously recorded at 
several locations can be analyzed to determine the 
attenuation rates as a function of frequency and 
direction. 

Many recent experimental and theoretical in- 
vestigations have been conducted for purposes of 


better understanding VLF propagation character- 
istics.! The objective of this paper is to present the 


results of a study of daytime attenuation rates at 
VLF using atmospheric waveforms recorded at four 
widely separated locations. 


2. Theoretical Considerations 


The Fourier spectrum of an electromagnetic pulse 
can be represented by the integral 


Eod)= | * @(tyd)-e- "dt (1) 


where w is the angular frequency (2zf); d is the 
distance in kilometers; ¢ is the time in seconds, and 
G(t,d) is the instantaneous value of the vertical com- 
ponent of the electric field. Also 
G(t,d)=0 for t<0 and t>r (2) 


* Contribution from Central Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo. 


1 A selection of representative references is appended. 
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where 7 is the length of the pulse waveform. 
Now (1) can be written 


—ig(w,d). (3 


we 


E(w,d) =| E(@,d) | 


The function |/'(w,d)| is the amplitude spectrum and 
the function ¢(w,d) is the phase spectrum as a func- 
tion of frequency at some distance d. The phase of 
the spectrum can be used to determine phase velocity 
of propagation [1].2. Only the amplitude value, 
E(w,d)|, need be considered for purposes of com- 
puting attenuation presented in this paper. 
Assuming the source is an equivalent dipole, the 
spectrum of the vertical electric field at a great- 
circle distance, d, is given by the mode sum 
| E(w,d)|=A(@) W, (4) 
is the amplitude coefficient dependent 
and W’ is the re- 


where A(w) 
upon the spectrum of the source, 
sultant of the complex sum of all active waveguide 
tvpe modes [2 to 4]. It is extremely difficult to 
evaluate (4) in a practical situation involving present 
experimental techniques. However, the main con- 
tribution to the spectrum is given by 


—alw)d, 


|E(w,d)|~A(@)[a sin d/a|~'/*¢ (5) 
where a is the radius of the earth in kilometers and 
a(w) is the attenuation coefficient in nepers. This 
relation expresses the dominant term in a mode 
series representation of the resultant spectrum, and 
is an equality only when there is one active mode in 
the waveguide. This condition was approximately 
met in the present work as it was in previous work [5]. 

The principal task was to determine the attenua- 
tion as a function of frequency. To accomplish this 
the vertical electric field waveform of the same light- 
ning stroke was recorded at several locations. 
The Fourier spectrum of each waveform was then 


2 Figures in brackets indicate the literature references at the end of this paper. 
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calculated. Using the subscript 7 to denote the far 
station and the subscript 7 to denote the near station, 
such that d,;>d,, it follows from eq (5) that 


mM | See eh -1/2 
E(w,d;)| . [= (d;/a) (6) 


exp [a(w) - (d;—d;)|= E(w,d,) sin (d,/a) ; 


The attenuation coefficient a’ (w) expressed in decibels 


per 1,000 km is given by 
m sind/a] 10° — (7) 
8 sin d,ja.| d,—d, \” 


'()—1 20 low da |_ 
j («) =| 20 log yy —10 


where a’ (w)=a(w) X 8.68 X 10°. 


3. Experimental Procedure 
3.1. Equipment 


The vertical component of the electric field of 
atmospherics was received using a vertical antenna 
and wideband receiving equipment. These atmos- 
pheric waveforms were displayed on a _ multigun 
cathode-ray tube at two sensitivities and recorded 
on continuously moving photographic film. The 
amplitude response of the waveform channel was 
approximately flat throughout the band-pass and 
sloped to 6-db points at frequencies of 1 and 100 ke. 
The phase response was essentially linear with 
frequency within the band-pass. The cathode-ray 
tube display is proportional to the free-space field 
incident at the antenna. Included in the vertical 
electric field channel was a 23-ft vertical antenna, 
antenna cathode follower, band-pass filters com- 
posed of RC networks, a 24-ysec delay line, wide- 
band amplifier, and oscilloscope. The overall char- 
acteristics of this channel were adequate to faithfully 
record the VLF components of atmospheric wave- 
forms. 

Calibration was performed by inserting a voltage 
into a dummy antenna driving the cathode follower, 
and adjusting amplifier gain to give the desired 
deflection on the cathode-ray tube. This calibration 
voltage was equal to the expected field strength times 
the antenna effective height, assumed to be one-half 
its physical length. 

Amplitude threshold triggering was used to dis- 
criminate against the numerous low-amplitude at- 
mospherics. Signals that exceeded a selected ampli- 
tude, prior to passing through the delay line, acti- 
vated the sweep circuit of the oscilloscope. All 
signals received with the vertical antenna were 
displayed on the oscilloscope from 24 usec before to 
1 msec after the time when the amplitude of the 
atmospheric reached the triggering level. Use of 
the delay line minimized possible loss of the early 
part of the waveforms. 

The direction of arrival of atmospherics was dis- 
played on the same multigun oscilloscope. A pair 
of vertical electrostatically-shielded loop antennas, 
arranged at right angles to each other, loop receivers, 
filters, delay lines, and amplifiers composed the 
direction-finding system. The overall transfer char- 











acteristics of each loop-antenna channel closely 
approximated that of the vertical-antenna channel. 
The differences between the amplitude and phase 
responses of the two loop-antenna waveform channels 
were less than 0.5 db and 6 deg, respectively, over 
the entire band-pass. 

The direction-finding display on the oscilloscope 
was activated for approximately 200 usec at the 
beginning of each atmospheric. Thus, the direction 
of arrival was determined from the initial portion of 
the signal, which is essentially vertically polarized. 
Accuracy of determining direction of arrival was 
about +2° for each station. 

The time of arrival of atmospherics was deter- 
mined to and accuracy of about +1 msec. This was 
accomplished by recording on the waveform records 
the standard time signals from stations WWV (or 
WWVH) and timing marks from a secondary fre- 
quency standard which was synchronized with the 
seconds ‘tick’? from WWYV. The measured arrival 
times of atmospherics were corrected for propagation 
time of the signals from the standard time station to 
the recording site. 

Four sets of this equipment were operated simul- 
taneously at Boulder, Colo.; Salt Lake City, Utah; 
Palo Alto, Calif.; and Maui, Hawaii, on a number of 
occasions during the summer of 1958. The record- 
ing sensitivities and the triggering amplitudes were 
selected for each station to accommodate atmos- 
pherics originating in the western half of the United 
States. The transfer characteristics of the vertical 
antenna waveform channel were frequently checked 
at each station to insure uniformity of responses 
between stations. It was found that the differences 
between the response characteristics of the equip- 
ment at different stations were less than +0.5 db 
and +20°, respectively, in amplitude and phase. 
These differences are small for the purposes of this 
paper. 

Atmospheric waveforms resulting from a particular 
lightning discharge were located on the photographic 
records made of each station by virtue of their times 
of reception and directions of arrival. The locations 
of these discharges were determined by triangulation, 
using the direction of arrival indicated at each 
station. 


3.2. Analysis—East-to-West Propagation 


Waveforms from fifty lightning discharges were ob- 
tained from the data collected on July 2, 1958, 1900 
to 2100 G.m.t.; July 7, 1958, 2300 to 0100 (July 8) 
G.m.t.; and July 9, 1958, 1900 to 2100 G.m.t. At- 
mospherics recorded at each of the four stations from 
twenty of these lightning discharges were analyzed. 
This analysis consisted of (1) sealing the individual 
waveforms recorded at each station to determine the 
functions G(t, d), (see eqs (1) and (2)), (2) computing 
the complex spectra (eq (1)) every kilocycles per 
second from 1 to 100 ke, and (3) computing the 
attenuation (see eq (7)) for each pair of stations, i.e., 
Boulder—Maui, Salt Lake City—Maui, and Palo 
Alto—Maui. The distances from the sources of 
each atmospheric to the near station were between 
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1,000 to 2,400 km, while the distances from the 
sources to Maui (the far station) were between 
4,160 to 5,200 km. Accuracy of determining the 
location of the individual atmospherics was about 
+10 percent of the distance to the near station. 

One set of waveforms, their corresponding ampli- 
tude spectrum, and the computed attenuations 
(a’(w)), representative of those used in this analysis, 
are given in the first four figures. The waveforms, 
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Figure 1. Representative atmospheric waveforms, east to west. 


shown in figure 1, are reproduced on the same time 
base but different amplitude scales, while the record- 
ing stations and the distances to the source are 
indicated. Note in particular the progression to 
shorter time intervals of the points where each wave- 
form successively crosses the zero amplitude axis 
as propagation distance increases. The times in 
microseconds of these quasi half-periods, presented in 
figure 2, show clearly the progression to shorter time 
intervals as propagation distance increases. These 
values, from the representatives set of waveforms, 
agree quite reasonably with those found by other 
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Figure 2. Quasi half-periods of representative atmospherics, 
east to west. 


workers [6, 7], and the behavior is in accord with 
theoretical investigation of the phenomenon [8]. 
Further elaboration concerning the atmospheric wave 
shapes are beyond the scope of this paper. 

The spectra of these atmospherics are presented in 
figure 3. It should be observed that the frequency of 
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the peak amplitude of each spectrum is increasing as 
the propagation distance increases. 

The attenuation in decibel per 1,000 km computed 
from these spectral values are presented in figure 4. 
Values of attenuation for each frequency from each 
set of computations, using Boulder to Maui, Salt 
Lake City to Maui, and Palo Alto to Maui, are in 
reasonably good agreement. Accuracy of determin- 
ing differences in distance between each station of a 


pair and the source was about 7 percent. 
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FicurE 4. Representative attenuation, east to west. 

Values of the spectral components of frequencies 
lower than about 4 ke and higher than about 30 ke 
are relatively small, less than 20 db below the peak 
spectral value. Errors in the computed attenuation 
resulting from limitations in the described technique 
may become large as the amplitude of the spectra 
approaches very small values. Therefore, computa- 
tions of attenuation were limited to the VLF region 
of the spectrum (3 to 30 ke). 

The analysis of the waveforms from the other 
lightning discharges give results similar to the 
example presented in figures 1, 3, and 4. 

Considerable variability was found between the 
shapes of the attenuation versus frequency curves, 
obtained from the data recorded at each pair of sta- 
tions. Six individual curves of attenuation as a 
function of frequency are presented in figure 5. The 
curves are identified by capital letters (A) and their 
corresponding “zero decibel level’ by lower case 
letters (a). The names of the stations and distances 
from the source in kilometers are given with the 
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Figure 5. Jndividual attenuation, east to west. 
A. Palo Alto, 1,040 km to Maui, 4,160 km. 
B. Salt Lake City, 1,250 km to Maui, 4,480 km. 
C. Salt Lake City, 1,470 km to Maui, 4,700 km. 
D. Boulder, 1,650 km to Maui, 4,300 km. 
E. Palo Alto, 1,840 km to Maui, 4,330 km, 
F. Palo Alto, 2,000 km to Maui, 4,320 km, 


figure. Variations of the computed attenuation 
about some mean value can be seen between 10 to 30 
ke for each of these curves. The small, smooth varia- 
tions of less than +1 db at frequencies above 10 ke, 
observed in curve B may well be produced by inter- 
ference from higher order modes. Abrupt changes in 
attenuation, below 5 ke in all curves, and observed 
near 12 ke in curve C, 17 ke in curve D and E, and 
29 ke in curve F, are most likely produced by various 
limitations in the recording and analysis techniques. 
These abrupt changes were observed only at those 
frequencies where the spectral amplitude component 
was extremely small for one or both of the wave- 
forms recorded at a pair of stations. Small unwanted 
signals and noise, superimposed on the waveforms, 
and errors in tracing and sealing the waveforms may 
vary the resultant amplitude spectra by a few micro- 
volt-seconds per meter (uvsec/m) at any frequency. 
Therefore, large errors would be expected at 
those frequencies where the computed amplitude of 
the spectra were small and therefore approaching 
the value introduced through limitations in the 
techniques. 

Errors in the computed attenuation will tend to- 
ward a random distribution. Averaging the attenu- 
ation computed from a relatively large sample of 
independent data should give attenuation values 
that are reasonably accurate. 
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The average attenuation-versus-frequency values 
computed from the data recorded at each pair of 
stations are presented in figure 6. The average loca- 
tion of all lightning discharges used in this study was 
at SION to 118°W, ie., the center of gravity for the 
discharges. The average distance from the lightning 
discharges was 1,220 km to Salt Lake City, 1,470 km 
to Palo Alto, 1,530 km to Boulder. All of these 
propagation paths occurred over land. The average 
distance to Maui was 4,580 km, which was all sea 
water except for 480 km at the source end of the 
average path. It can be seen from these distances 
that the average propagation path, over which these 
attenuation values were computed, was about 82 
percent sea water for the Salt Lake City to Maui 
path, 76 percent sea water for the Palo Alto to Maui 
path, and 74 percent sea water for the Boulder to 
Maui path. The midpoint between this center or 
average location and Maui was approximately 34° N 
to 139° W where the direction of Propagation was 
vt 230° from geographic north. * 



























ee 
i i SALT LAKE CITY -MAUI | 
paseckeaee PALO ALTO-MAU! | 
Q — — BOULDER-MAUI ] 
| 
E 
x | 
° 
° 
oO 6 
~s 
~ 
OD | 
= | 
ro) 
e 5 
- 4% 
a 
2 
WwW 
- 
a 
0 
3 5 7 10 15 20 30 
FREQUENCY, kc 
FiGguRE 6. Average attenuation by station, east to west. 


The average of the three curves is shown in figure 
7. This curve represents experimentally-derived 
attenuation coefficients versus frequency for an ap- | 
proximately east-to-west path over predominantly 
sea-water conditions for summer, daytime condi- 
tions. The attenuation values represented be this 
curve may be low compared to an all sea-water path. 
An approximate correction to these values can be 
calculated by assuming the attenuation for a land 
path is 1 db greater for all frequencies than for a sea- 
water path. Using this approach, it can be shown 
that the attenuation values should be possibly in- 
creased by about 0.3 db/1,000 kim. 


3.3. Analysis—West-to-East Propagation 
Attenuation coefficients for this study were com- | 
puted from the data recorded at Maui and Palo Alto. | 





> Geomagnetic direction of propagation was about 215° and the dip angle of | 
the earth’s magnetic field was about 56° 
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Only one set of attenuation values were obtained 
from each lightning discharge, in which Maui was 
the close station and Palo Alto was the far station. 
The stations at Salt Lake City and Boulder did not 
record the atmospherics used in this part of the 
analysis because of the high level of atmospheric ac- 
tivity relatively near these stations during each 
observation period. Waveforms from 16 lightning 
discharges occuring in the western Pacific Ocean were 
obtained from the data collected on July 2, 1958, 
1900 to 2100 G.m.t., and on July 9, 1958, 1900 to 
2100 G.m.t. Eight of these were selected for the 
attenuation study. 

Analysis of these data was conducted in the same 
manner as for the east-to-west attenuation computa- 
tions. One pair of representative waveforms is 
shown in figure 8, reproduced on the same time base. 
Again the times of the zero-axis crossings of the Palo 
Alto waveform, recorded at the more distant station, 
are slightly less than for the Maui waveform. 
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Figure 8. Representative atmospheric waveforms, west to east. 
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The spectra of these two atmospherics are pre- 
sented in figure 9. The frequency of the peak ampli- 
tude of the Palo Alto spectrum occurs about 500 
cycles higher than the corresponding peak of the Maui 
spectrum. Oscillations of the spectra, occurring be- 
tween about 15 to 40 ke, are probably produced, at 
least in part, by an apparant “phase” shift in the 
waveform between the fifth and sixth half cycles as 
seen in figure 8. Phenomena of this type have been 
reported in the literature [9]. 
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FiGurE 9. Representative spectra, west to east. 

Attenuation in decibels per 1,000 km computed 
from this pair of atmospherics is shown in figure 10. 
Oscillations in the Palo Alto and Maui spectra, 
mentioned above, show their effect here as oscilla- 
tions in the attenuation curve. 

The average attenuation values, computed from 
the selected pairs of waveforms, are presented in 
figure 11. The accuracy of determining the location 
of individual atmospherics was about +20 percent 
of the distance to the near station (Maui), but the 
accuracy of determining the differences in distance 
between each station and the source was about +10 
percent. Approximate average distance from the 
source to Maui was 6,460 km, and from the source to 
Palo Alto was 9,160 km. The midpoint between 
the center or average location of the discharges and 





















































ee TTT] 
3 |-— | 
| 
€ 
x 
je) 
°o 
° 
. a: 
2 S 
no) 
°. 
° 
~- 
a 
| 
29 
wW 
= 
— 
a 
| 

7 L + 

3 staal ul 

3 5 7 10 15 20 30 


FREQUENCY , kc 


Figure 10. Representative attenuation, west to east. 
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Palo Alto was approximately 33° N to 176° W where 
the direction of propagation was about 68° from 
geographic north.? This curve represents experi- 
mentally derived attenuation coefficients versus fre- 
quency for an approximately west-to-east path, over 
sea water, for summer, daytime propagation. 


4. Concluding Remarks 


The general shape and the absolute values of the 
east-to-west attenuation-versus-frequency curve in 
figure 7 agrees reasonably well with the experimental 
and theoretical works of others.’ The attenuation 
values for west-to-east propagation in figure 11 are 
somewhat lower than might be expected for a sharply 


bounded ionospheric model having reasonable values 
4 Geomagnetic direction of propagation was about 58° and the dip angle of 
the earth’s magnetic field was about 49°. 
5 A selection of representative references is appended. 
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of reflection height, electron density, and collisional 
frequency. The differences between these two at- 
tenuation curves are shown in figure 12. This repre- 
sents the attenuation for east-to-west propagation 
minus the attenuation for west-to-east propagation. 
A signal propagating from west to east is attenuated 
3 db 1,000 km less between frequencies of about 3 to 
8 ke, and 1 db/1 ,000 km less between frequencies of 
about 10 to 30 ke, than a signal propagating from 
‘ast to west. The effect of a decreased attenuation 
at frequencies below about 8 ke would be to enhance 
the smooth oscillatory characteristics of atmospherics 
at great ranges. This characteristic has been ob- 
served by Hepburn [6] and by Chapman and Pierce 
[10] who reported the occurrence of long oscillatory, 
quasi-sinusoidal waveforms from a southwesterly 
direction. 
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Fictre 12. Increased attenuation for east to west compared 
with west to east for daytime propagation. 


The 1 db/1,000 km difference in attenuation rates 
between 10 and 30 ke is also in agreement with 

various propagation studies using transmissions from 
VLF stations. Attenuation rates [11] computed 
from the data of Round et al. [12], indicate that 
propagation from east to west is characterized by an 
increase in attenuation of 1 or 2 db/1,000 km 
compared with propagation from west to east. Meas- 
urements of Heritage et al. [13], indicates that 
attenuation over the Pacific is slightly higher for 
east-to-west than for west-to-east propagation. Sim- 
ilar results were reported by Crombie [14]. 

It seems reasonable to conclude that propagation 
from west to east is better than from east to west. 
Much work remains to be done if this effect is to be 
understood fully. In particular, attenuation versus 
frequency should be determined as a function of the 
direction of propagation with respect to the earth’s 
magnetic field lines. Theoretical investigations also 
should be extended to include those effects. 


Alley, University of Utah 
W. Cornell, Stanford U niversity 
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The electrical properties of snow and glacial ice near 0° C have been observed over the 


frequency range from 20 eycles per second to 200 kiloeveles per second. 
conductivity of snow and glacial ice is found to be much higher than that for pure ice. 


In general, the 
This 


is particularly so at frequencies below 2 kilocycles per second. 
The magnitude of the complex conductivity for glacial ice appears to increase with 
temperature at frequencies below 200 cycles per second and to decrease with temperature 


above this frequency. 


1. Introduction 


The electrical properties (i.e., conductivity and 
permittivity) of snow and ice can have an appreciable 
effect upon the propagation of electromagnetic 
waves over such media. Similarly, the character- 
istics of ground-based antennas may be severely 
modified [1, 2].° Although the properties of pure ice 
as measured in the laboratory are relatively well 
known, the physical characteristics and formation of 
snow and glacial ice are different, and thus it is 
important that their properties be measured under 
actual field conditions. Considerable dispersion 
exists in the electrical properties of ice throughout 
the audiofrequency range, and in order to permit 
measurements of the electrical properties of snow 
and glacial ice in their natural state, two independent 
methods have been employed over the frequeney 
range from 20 eps to 200 ke. These are described in 
the following section and the resulting electrical 
properties presented. 


2. Measurement Methods and Nomenclature 


The bridge and substitution method shown in 
figure 1 permits observations to be made on the 
conductivity and permittivity (dielectric constant) 
of a lossy dielectric. Numerous forms of electrodes 
have been employed including parallel plates and the 
parallel rods shown. The parallel rods have the 
great advantage of permitting their insertion into 
the medium by the simple expedient of drilling two 
holes with an ice auger. This method produces a 
minimum amount of disturbance in the medium, and 
when the experiment is carefully conducted the 
effects of fringe capacity ete., are greatly minimized. 
This method suffers from one primary deficiency in 
that the electrodes must fit very closely in the ice, 
and there is always the question of possible errors in 


! Contribution from Centra! Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo. 

? The studies contained in this paper were sponsored by the Office of Naval 
Research under Contract No. NR 371-291. 

’ Figures in brackets indicate the literature references at the end of this paper, 
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Bridge and substitution method for measuring 


conductivity and dielectric constant. 


FIGURE 1. 


the determination of conductivity and permittivity 
due to interface or surface-laver effects on the 
electrodes themselves. 

The other method employs two pairs of electrodes. 
It is described generally by Wait [3] and has been 
used in measuring ground conductivity in the audio- 
frequency region. The use of four electrodes permits 
a determination of the magnitude of the complex 
conductivity jo! to be made in such a manner that 
surface-laver effects [4] at the electrodes are elimi- 
nated. At least three basic arrangements of elec- 
trodes were employed during these measurements 
including the Wenner, Eltran, and right-angle arrays. 
The Eltran arrangement shown in figure 2 proved to 
be the convenient form to use since it permits a ready 
changing of electrode spacings, and accurate results 
can be obtained over a relatively wide range of 
electrode spacings provided that the precaution of 
elevating the wire several feet above the surface of 
the snow or ice is taken. If the wires connecting 
the electrodes were not elevated, the large dielectric 
constant of the snow and the rather high terminal 
resistance resulted in a nonuniform distribution of 
current along the wire. This, of course, invalidates 
the relations employed in calculating |¢| based upon 
a model where the current and potential electrodes 
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are discrete points. At very short spacings, the 
results with all three methods were similar. 

It is important that the vacuum-tube voltmeter 
across the potential electrodes have a very high 
input impedance and that the voltmeter stake im- 
pedances be made as low as possible by pouring 
salt or salt water around electrodes placed in the ice 


so that the voltage indicated is equal to the true | 


potential difference between the potential electrodes. 
These precautions are necessary since the stake im- 
pedances are effectively in series with the potential 
source whose voltage is desired. In some cases, it 
may be difficult to reduce the stake impedances 
below 0.5 meg and corrections of the voltmeter 
readings may be necessary [4]. 








Signal 
Generator VTVM VTVM 
ae : { 
i} U 
eg tee ee ee See 
lo | = = oe mhos /meter 
6n aE 
FicgurRE 2. Four electrode [ELTRAN] array for measuring | 


the magnitude of the complex conductivity. 


The signal generator should be capable of pro- 
ducing relatively high voltages so that sufficient 
current can be induced into the current electrodes. 
This makes the voltage produced at the potential 
electrodes appreciably greater than the background 
noise caused by atmospheric noise and earth-current 
fields. Signal generators with outputs of 1 v have 
been employed for spacings up to 20 ft while beyond 
this it has been found necessary to employ an addi- 
tional power amplifier with a capability of supplying 
300 v into 6,000 ohms. This arrangement has per- 
mitted electrode spacings of up to 1,000 ft provided 
that some filtering is employed at the vacuum-tube 
voltmeter to eliminate the fields produced by VLF 
transmitting stations. 

The four-electrode method using the instrumenta- 
tion shown eliminates the effects of surface phenom- 
ena at the electrodes but does not give the magnitude 
of the conductivity and permittivity independently.‘ 
The magnitude of the complex conductivity em- 
ployed by this means can, however, be compared 
with that obtained by the bridge substitution method 
as a check to see whether or not surface phenomena 
at the electrodes in the bridge measurements was 
great enough to cause an error in the observations. 

The physical characteristics of the electrodes, used 
in the bridge method, and the relation between the 
equivalent circuit and the basic properties of the 
dielectric material are shown in figure 3. The two 
basic physical properties to be measured are the 
conductivity o expressed in (mhos/meter), and the 
permittivity (dielectric constant), ¢«, expressed in 


4 This can be accomplished if the relative phase between current J and voltage 
VV is measured [4]. 
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LIST OF SYMBOLS 


c = Conductivity (mhos/meter) 


= Permittivity, i.e., dielectric constant (farads/meter) 


A* = wh, plate area (meters?) 

R = d/A*o = : , resistance (ohms) 

G = 1/R = ¢ A/d , conductance (mhos) 

Cc = « A/d, capacitance (farads) 

A = Effective area ~ A* when d <<w andh 

x = ae » reactance (ohms) 

c we 
S : - = =wcec, susceptance (mhos) 
Y = G+jB, admittance (mhos) 
= o A/D +jwe A/D 

¢ = o +jwe complex conductivity "' admittivity" (mhos/meter) 

jo] = NN 27,2 magnitude of complex conductivity " admittivity" 
a a (mhos/meter) 

€ = e' - je" complex dielectric constant 

e' = ee, = c/C, real part of relative dielectric constant 

id = a/w ‘= ot imaginary part of relative dielectric constant 

= = 5.56, 107 en ) £(c/s) (mhos/meter) 

Figure 3. Lossy dielectric capacitor and equivalent circuit. 


(farads/meter). When the plates or rods are im- 
mersed in an effectively infinite medium, it is neces- 
sary to use the effective area to separation ratio A/d 
rather than the ratio of physical values A*/d shown 
in the illustration. 

It is evident that 


l 
oR Ald (1) 
and that 
6 
mee om 9 
«Ald (2) 


where o is the conductivity in mhos/meter, 7? is the 
equivalent parallel resistance in ohms, A is the 
effective area in square meters, d is the effective 
separation in meters, € is the permittivity of the sub- 
stance in farads/meter, and C is the capacity in 
farads. Since the ratio A/d may influence the inter- 
face effect, the value of this ratio is given for each 
electrode arrangement employed. Although A/d can 
be calculated with fairly good accuracy, the value 
determined experimentally from the air capacity of 
the electrodes is used in all the calculations of this 
paper. Most of the nomenclature employed is now 
well standardized [4]. The complex conductivity, 
cg, may not be well known and the possibility of 
employing ‘‘admittivity”’ in future work is suggested. 
It should be emphasized that the quantity obtained 
by the four-electrode method is |¢| the magnitude of 
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») 


the “admittivity” rather than the conductivity ¢ 
which is the dominant term in most ground 
measurements. 


3. Properties of Pure Ice 


The electrical and physical properties of ice have 
been discussed in considerable detail by Dorsey [5]. 
He presents tabulations of permittivity and con- 
ductivity as reported by numerous observers. A 
more recent paper by Auty and Cole [6] has analyzed 
the lack of close agreement between measured di- 
electric constants of ice and has found that in gen- 
eral they appear to be attributable to the formation 
of voids or cracks in the samples being measured. 

For a material with a single relaxation frequency 
the simple theory of dielectric relaxation predicts 
a complex dielectric constant € 


e=e’—te’’ =e, + (€ace—e€x)/(1+0f/fo) (3) 


where the time factor is e'*’, eg, and e, are the so- 
called equilibrium and limiting high-frequency values 
of relative dielectric constant, f is the frequency at 
which the electrical properties are being measured, 
and f, is defined as the relaxation frequency which 
is equal to 1/7, where 7 is the relaxation time. The 
complex plane presentation of € forms semicircles 
as shown in figure 4. This type of presentation is 
known as the Argand diagram. Auty and Cole [6] 








Figure 4. Electrical properties of pure ice. 
From Auty and Cole. 


with carefully designed equipment in experimental 
procedures found that pure ice does in fact adhere 
very closely to the form predicted by this simple 
theory, and they were able to obtain results with 
a high degree of repeatability. From their data 
we have obtained the relaxation frequency f, as a 
function of temperature as shown in figure 5. The 
high-frequency dielectric constant ¢,, was found to 
be very close to 3 for all temperatures ranging from 
—0.1° to —65.8° C; and e€4,, also shown in figure 5, 
has values ranging from approximately 90 to 114 
over the temperature range indicated. The value 
of « corresponding to the relaxation frequency, «, 
permits a rapid construction of Argand diagrams 
since this point represents the center of the circular 
diagram. It is obvious that the frequency at the 








7000 





5000 


3000 


2000 




















1000 
yn 

bs. 

o 100 

5 500 

z2 

WwW 

So 30 

WW 

a 

uw 200 

S (t-) RELAXATION FREQUENCY 
< ie.f WHEN tan B=! 

, i 








50 a — 
q V4 | (<c) ie €' WHEN ton B=/| 
30 7| + icin aaa a 





























-10 ~60 -0 4 -00 -20 -10 0 
TEMPERATURE, °C 
FraureE 5. Pure ice—frequency and relative permittivity when 


tan ¢=1 versus temperature. 
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top of the semicircular diagram will be the relaxation 
frequency. Frequencies at other points on this 
diagram can readily be obtained by the relationship 


tan ¢=f/f. (4) 


where ¢ is the angle indicated in figure 4. The rela- 
tive dielectric constant ¢’=e/e) can be readily ob- 
tained from diagrams such as figure 4 and the results 
presented as a function of frequency for various 
temperatures as shown in figure 6. 
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Ficure 6. Relative dielectric constant of pure ice. 
Calculation based on Auty and Cole. 
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It is interesting to note that the equilibrium 
relative dielectric constant €,, increases with decrease 
in temperature. This same general increase in €q- 
has been predicted theoretically by Powles [7]. 
The actual magnitude, however, is either below or 
somewhat above the values obtained experimentally 
depending upon the type of theoretical model em- 
ploved in the calculations. 

The conductivity of pure ice can be obtained 
from the Argand diagram of figure 4 by means of 
the relationship 


47 - 
o=—€E WEp (9) 

which can also be written as 
o=5.56 X 107" f (6) 


where f is the frequency in cycles per second and 
o is the conductivity in mhos/meter. The results 
of these calculations, shown in figure 7, indicate 
that for a given temperature and at frequencies 
below the relaxation frequency that the conductivity 
is directly proportional to the square of the frequency. 
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FIGURE 7. 
Calculations based on Auty and Cole. 


Conductivity of pure ice. 


4. Experimental Results 
4.1. Snow Drifts in Colorado 


The properties of drifted snow were measured at 
two locations in the mountains of Colorado. The 
Argand diagrams resulting are shown in figure 8 
where it is obvious that the characteristics are dif- 
ferent from those of pure ice. Four electrode 
methods of measuring the absolute magnitude of the 
complex conductivity are also employed and a com- 
parison of results is shown in figure 9, where it is 
seen that relatively good agreement exists between 
the two types of measurements. The type of 
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Ficure 9. Electrical properties of wet snow. 


Trail Ridge Road, Colorado, June 12, 1959. 


departures from pure ice are in general agreement 
with observations made by Kuroiwa [8] and De- 
vaney [9]. It should be pointed out that the rather 
large values of e’’ which result from an increase in 
conductivity are probably due to the presence of 
impurities in the snow and possible interface (over- 
voltage) effects at the particles [4]. The effect of 
impurities was verified by Kuroiwa by means of 
chemical analysis of the snow and by an experiment 
in which he produced hoarfrost crystals from chem- 
ically pure water and found that the Argand diagram 
was a semicircle as observed with pure ice although 
the dielectric constant was, of course, much lower 
because of the decreased density. 


4.2. Athabasca Glacier, Columbia Icefields, 
Canada 


Observations made on the Athabasca glacier near 
Jasper in Alberta, Canada, produced the Argand 
diagram shown in figure 10. It is seen from this 
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Figure 10. Electrical properties of glacial ice. 
Athabasea glacier, Alberta, Canada, 


figure that the general circular form expected for 
pure ice having a simple dielectric relaxation is ob- 
tained for frequencies down to approximately 2 ke. 
Below this the ¢’’ values increase quite rapidly 
indicating an appreciable amount of conductivity. 

It should be noted that the radius of these Argand 
diagrams is greater than that predicted for 0° C pure 
ice from figure 4. This general type of departure 
was also observed by Auty and Cole [6] who ex- 
plained the discrepancy on the basis of electrode 
interface effects. They indicate that this effect 
disappears at larger electrode spacings which, for the 
equipment they employed, would be a d/A ratio of 29. 
The smallest ratio of d/A which they employed was in 
the order of 3.3. In our experiments d/A varied 
from 0.36 to 0.69. A comparison of the magnitude 
of the complex conductivity as obtained by bridge 
and four-electrode Eltran measurements, figure 11, 
shows close agreement. This may be due to the fact 
that the rods were surrounded by a very thin inter- 
face of water. These sets of observations were 
obtained in the same general area on the glacier and 
would indicate that the large observed values of ¢’ 
and e’’ are probably real. It should be pointed out 
that some dispersion was found between various 
observations in different areas on the glacier due pos- 
sibly to cracks and crevasses. 

The parallel plate observations of figure 10 were 
made near the surface of the ice which was rather 
porous and wet at the time of measurement. The 
rods on the ridge were placed in the same general area 
as the parallel plate measurements, but being 4 ft 
long are expected to give results typical for ice several 
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Figure 11. Electrical properties of glacial ice. 
Athabasca glacier, Alberta, Canada, Aug. 5, 1959. 


feet below the surface which was observed to be much 
more solid than the surface ice. The third curve for 
rods in a crevasse represents measurements made 
some 30 ft below the surface of the glacier where the 
ice was less disturbed by wind action, and in addition, 
it was expected to be slightly colder than the surface 
ice. This reduction in temperature with depth is 
indicated by the fact that rods in or near the surface 
caused melting around them while rods a hundred 
feet or so below the surface would freeze in place. 
Figure 12 shows |c| as a function of frequency for 
three different electrode spacings on the Athabasca 
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FIGURE 12. 
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glacier. It is interesting to note the reversal in 
magnitude at the 100-cps region. Similar data is 
shown in figure 13 where |¢| is plotted as a function 
of electrode spacing at different frequencies. It is 
obvious from these results that the properties of the 
glacier change with depth and that this change has 
an inverse effect at frequencies above and below the 
100-cps region. 
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FIGURE 13. 


The magnitude of the complex conductivity, ||, 
obtained by means of the bridge measurements is 
shown in figure 14, and it is interesting to observe 
that on the surface |c| is greater below 200 eps and 
less above this frequency than is found for the 
subsurface measurements. This general behavior is in 
agreement with the observations of figures 12 and 13 
when the variation of effective penetration with stake 
spacing is considered. This effective physical depth 
for the various electrode spacings is discussed in 
considerable detail by Wait [3]. 

It is instructive to observe the manner in which 
the conductivity, admittivity, and loss tangent vary 
as a function of frequency. A typical example 
taken from the Athabasca glacier for 0° C glacial 
ice is shown in figure 15 where it can be seen that 
the loss tangent increases below 1 ke rather than 
continuing to decrease as it does for pure ice. 
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Ficure 15. Electrical properties of glacial ice. 
Athabasca glacier, Alberta, Canada, Aug. 5, 1959. 


5. Conclusions 


It is apparent from our limited observations that 
the electrical properties of snow and glacial ice are 
appreciably different than those of pure ice. The 
greatest difference appears in the region below 2 ke. 
The conductivity, o, of glacial ice appears to be 


| approaching a constant in the vicinity of 0.5 to 3 4 


mhos/m for frequencies of 200 eps and lower. For 
pure ice, ¢ appears to be continuing to decrease with 
decreasing frequency and at 100 cps, o20.01 yu 
mhos/m at —0.1° C. Typical values of ¢ at 20 ke 
are 30 » mhos/m for pure ice, and 36 » mhos/m for 
the ice of the Athabasca glacier. 

The close agreement between the values of com- 
plex conductivity magnitude obtained with the 
bridge measurements and four electrode methods 
would appear to indicate that electrode surface 
effects have not greatly influenced the results re- 
ported here. For future bridge measurements it 


362 








LOSS TANGENT O/W€ 


does, however, appear desirable to employ several 
rod spacings including d/A ratios up to 10 or more. 
For general propagation studies and wave-tilt calcu- 
lations, the values of o and e¢ given for ice should in 
most cases be used in the stratified earth formulas 
of Wait [10] rather than in the simple relation for an 
infinitely deep laver. Typical values of ¢ for the 
material below the ice may vary from 0.1 to 10 milli- 
mhos/m. Surface measurements near the Athabasces 
glacier vielded values essentially independent of 
frequency of ¢~2 millimhos/m for soil in the creek 
beds, and ~0.3 millimhos/m for a rocky ridge. 
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Half-Wave Cylindrical Antenna in a Dissipative 


Medium: Current and Impedance’ 
Ronold King * and Charles W. Harrison * 


(January 7, 1960) 


An integral equation for the distribution of current along a cylindrical antenna in a 
conducting dielectric is derived. It is shown that the boundary conditions for an antenna 
in such a medium are formally the same as for an antenna in free space. The equation is 
solved for the current J and the driving-point impedance Z by means of a technique that 
achieves sufficiently high accuracy in the leading terms of an iteration procedure so that the 
higher-order terms do not need to be evaluated. Moreover, these leading terms consist 
only of trigonometric functions with complex coefficients. The electromagnetic field in the 
infinite dissipative medium may be computed relatively easily since the current in the antenna 
is expressed in such simple terms. 

A numerical analysis is made to determine the properties of an antenna with an electrical 
length of one-half wavelength in the medium with conductivity o and relative dielectric 
constant e,. Universal curves are given of J/Ve, with o/wee, as the parameter and of Zye, 
with o/wee, as the variable in the range 0 < o/wee- < 0.4. A table of numerical values of 
the impedance is given for media such as an isotropic ionosphere, dry salt, dry earth, wet 
earth, and lake water. 


1. Introduction 


A study of the properties of antennas in dissipative media is an interesting theoretical prob- 
lem that may have practical significance. For example, it appears to be possible to make 
certain diagnostic measurements in the area of fusion reactors that depend on a knowledge of 
the impedance of an antenna in an ionized medium. Specifically, it may be possible to deter- 
mine ionization densities in high-temperature plasmas in this manner. In one phase of a con- 
templated field operation known as “Plowshare,” it is expected that certain information 
concerning the operation of a nuclear device buried in a salt mine can be obtained with a 
low-frequency radar and a dipole antenna embedded in salt. Such measurements require : 
knowledge of the characteristics of antennas immersed in such a medium as well as of signal 
attenuation and dispersion. 

A knowledge of the shift of impedance of a stub-type missile antenna as it enters an ionized 
cloud (such as the ionosphere, the aurora australis or borealis, or one of the Van Allen belts) 
niakes it possible to determine transmission loss due to antenna mismatch. 

Generally speaking, if the distribution of current along an antenna in a dissipative medium 
is known the input admittance is also available, and it is a straightforward process, at least in 
principle, to calculate the electromagnetic field at any point in the medium. From the field 
the signal attenuation in the medium may be determined. This is of importance in telemetry 
work, and also in the theory of communications between submerged submarines. 

A theory is developed in this paper for a perfectly conducting, symmetrical, center-driven 
antenna of finite radius immersed in an infinite medium of moderate attenuation. Attention 
is directed specifically to half-wave antennas. For example, the present method of analysis 
permits the calculation of the impedance of this antenna when buried in “poor earth” for 
which the relative dielectric constant is e,-=7, and the conductivity is c=107* mho/m. The 
theory also applies to a base-driven quarter-wave radiator oriented at right angles to an infinite 
perfectly conducting plane. It is of practical importance that the impedance of a stub-type 

! Contribution from Sandia Corp., Albuquerque, N. Mex. 
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antenna protruding from a missile differs negligibly from the impedance of the same antenna 
when mounted on an infinite ground plane, provided that the dimensions of the carrying vehi- 
cle are not too small in terms of the wavelength. Note also that the impedance of an antenna 
in a homogeneous dissipative medium of finite extent is essentially the same as in an infinite 
medium provided the boundary is sufficiently far removed from the antenna that the electro- 
magnetic field at the interface is reduced to a small value owing to absorption. 


2. Basic Electromagnetic Theory 

Maxwell’s equations in a homogeneous dissipative medium are 
curl E=—jwB (1) 
curl B=jopiE (2) 


where E and B are the electric and magnetic vectors, respectively, and w=2zf is the radian 
frequency. The constants .=1/v; ¢; and ¢ are the absolute permeability, conductivity, and 
dielectric constant of the medium; and ¢ is the complex dielectric factor given by 


t=e(1-j— ’ (3) 
WE 


The suppressed time dependence is exp (jet). 
The vector potential A and scalar potential ¢ are defined by 


curl A=B (4) 
div A=—jwpio (5) 
—grad ¢=E-+ jwA (6) 


where (5) is the Lorentz condition. The elimination of ¢ from (5) and (6) leads to the following 
relation for the electric field in terms of the vector potential: 


E=—-_ (grad div A+ A) (7) 
we 
where 
2 =u*ut=(8—ja)?, 8) 
The numerical evaluation of k may be expedited by noting that if p=o/we, 


k=B—ja=wy we (y 1—jp) = wel f(p)—jg(p) } (9) 


where f(p)=cosh (? sink~'p) and g(p)=sinhk(? sinh~'p). Tables of the functions /(p) and 
g(p) are available in the literature [1].* 
" _ : , —_- .¢ — : : ; ee 
When p? <<<4, k=B—ja=wymue—j 5 u/e. Note that in this case p=2a/B=— a°/P?< <1. 
“ WE 
The boundary conditions between the homogeneous dissipative medium, region 1, and the 
perfectly conducting cylindrical antenna, region 2, are 
eh; » Eyx=—17— Ney 
(10) 
Ny x E, =) 
viny <B,=K,, 
(11) 
i, <B,=0 


4 Figures in brackets indicate the literature references at the end of this paper. 
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since E,=B,=0 in the perfect conductor. n,; is a unit vector directed normally out of region 
1, my+ my, is the total surface density of charge on the boundary, and K,, is the current density 
on the surface of the antenna. 

A surface equation of continuity [2] that applies to the thin layer containing the surface 


charges and currents may be expressed as follows: 
div K,+-jo(niyt+ m2) —n, - cE, =0. (12) 
It may be satisfied in two parts. On the perfectly conducting surface, 
div K,,+jwn.,;=0 (13) 
and on the adjacent surface of the dissipative medium, 
qwnyy—h, - cE, =0. (14) 


Thus n», is the surface density of charge associated with the surface density of current K,, along 
Nos : 5 : 2s t 
the perfect conductor, and m, is the surface density of charge related to the component of the 
volume density of current 


J y=oF, (15) 


that leaves the conductor normally to enter the medium in which it is immersed. 
The substitution of the value of 7, from (14) into (10) and (11) brings the boundary con- 
ditions into the following symmetrical form: 


En, - E,= — ney 
nm <XE,=0 J 
yn be B,= —K;,, 


(16) 


(17) 
nt, -B,—0. 


3. Vector Potential on the Surface of the Antenna 


Let the axis of the antenna (fig. 1) coincide with the z-axis of a cylindrical system of coor- 
dinates r, 6, z. Let its ends be at z= +A; its cylindrical surface at r=a. It is assumed that. 
Ba<1 
(18) 
a<h 
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Figure 1. Half-wave dipole in a conducting medium. 
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(where 6 is defined by (9)).. These conditions and an appropriate method of excitation that 
generates only a 2-component of current in the antenna make it possible to set 


Ky=2K;. (19) 
The substitution of (4) in (17) with n,=—7?, gives 
ym, XB, =vn, Xcurl A=—vrXcurl A=—2K,,. (20) 
oA 
If A,=A,= , =(), (20) becomes 
af OA). A. 
\/ ore 2 eee 9 
wr) a( or ) 2K», ( 1) 
or 
oA, ‘OA, Kk. 
ee vee 22) 
(| or ‘) = =a on a v ( F 


It is well known that the equation satisfied by the 2-component of the vector potential in 
an infinite homogeneous dissipative medium is 


v?A,+k2A,=0. (23) 


Its solution may be obtained by applying Green’s theorem in the symmetric form, 


Ou ; ‘ 
[tue v—ev*uldr’ =f) | use ot oe] do (24) 


with w=A, and v=G, where G is the free space Green’s function that satisfies the auxiliary 
equation 


VG+hG=—6( Ri). (25) 


In (25), Ra=|R—R’| is the distance between the point located by the end of the vector R’ 
where G is calculated and a point source at the end of the vector R. The Dirac delta function 
satisfies the relations 


6(R,)=0, R,~0 (26) 
1 if z includes R,=0 

{ 6(Radr (27) 
r 0 if r excludes R,=0. 


The solution of (25) that vanishes at infinity is 





e~ tkRa ro 
si 4r PR, 5 (28) 
Equation 24 now becomes 
| [ Give.) —A(ed+6) |r’ f, a a =) do’ (29) 
. 242. on nN, 


where =, is the surface of a great sphere, and 2, is any parallel pair of surfaces within >, that 
enclose surfaces across which the functions G and A, or their normal derivatives are discontin- 
uous. In the case at hand the only such surface is the envelope of the perfectly conducting 
antenna of radius a, and the only one of the four functions that is discontinuous across it is 
0A,|On as given in (22). It follows that with (23), (25), and (27) together with (22), (29) 


becomes 
[sscr— R)dr’—1{ K,.( 





eo A, on Se) do’. (30) 
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The volume integral reduces to A,=A,(R). Since k is complex with negative imaginary part, 
both A, and @ vanish at infinity. Accordingly, the integral over =, approaches zero as >, 


recedes to infinity. With J,(2’) =22akK;,,(2’), (30) becomes 


1 *h P = . ™ oe jkR, de’ " 
A(R)=;-, |, 1.(2’)dz i) —- (31) 
where 
B=] (2— 2" )P+( 2a sin ° ) (32) 
If h>a, as is assumed, an adequate approximation of (31) is 
1 *h e7 FRR, 
A,(B) = 2(2’)—5— dz’ 33 
(B) in. _ Et ) R, ( (33) 
where 
Ry=y(2—2’ +a’. (34) 


The vector potential A, is defined in terms of the surface current /,=2zak3, on the perfect 
conductor. This current vanishes at the ends of the antenna if the end surfaces are neglected 
or if it is a tube and J, is the sum of the currents on inner and outer surfaces. That is 


I,(+h)=0. (35) 


From (13), the surface current satisfies the equation of continuity 


ee 
eile ce (36) 
dz 
or when multiplied by 27a, 
_ ee — 
“7, tdoge=0 (37) 


where q2=27dam,; is the surface charge per unit length associated with the current along the 
conductor. The axial current is associated with q2, and the radial diffusion current in the 
medium with 7, in the equation of continuity 


joms— (cE) ,-a=9. (38) 


Thus, the physical picture is a sheet of current /,=27aK,, on the surface of the perfect con- 
ductor that is directed only axially and decreases by charging the surface. A portion of this 
charge remains for a part of the period in the axial standing wave, and a portion leaves radially 
into the adjacent imperfectly conducting or ionized medium. ‘This is contained in the equation 
| ; ‘ 
] = +-jwgo+ Jog, —2rack,,=0 (39) 
az ~* y 
where q,;=27an1;. 
4. Integral Equation for the Current 
The integral equation for the current in a perfectly conducting antenna of length 2h and 


radius a, center-driven at z=0 by an idealized delta-function generator with electromotive 
force V may be derived easily from (23) and (33) with V?=07/0z. It is [3] 


*h — jkRy 4 
| Iz’) © 5— dz’=—j = {o cos ket sin kel} (40) 
a R, ¢ 2 
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In this relation R,=(z—2’)?+a’, C, is a constant evaluated from the boundary condition (35), 


and 
to joy. 
: . (41) 


bs _ | jou 
Ji \ o+jJwe 


Equation (40) is valid in an infinite homogeneous dissipative medium. 
present analysis may parallel a recent development in the theory of linear antenna arrays 


In order that the 


[4], an alternative form of (40) is desired. It is 


*h 9—IkR — jkR;, ‘4 
| T(2’) {' pacha =} ee kd {« cos key sin k + } (42) 
J —h R, R, ok 2 


where 
U=-j x 0g ae eee ee 43) 
amet / Ark . = 2(2 R, he J k* 2(h ( 0 
and 
R= v(h—2’ +a? 
When z=h, (42) becomes 
C; cos kh+ 4 sin kh+U'=0 (44) 


oe >V sin kkA+U . 
os -{ cos kh } ~ 


This value of C, may be substituted into (42) to obtain 


so that 





Se ee Or ea ee as : ‘ 
ae p(Z, Z Jaz =7 3V Ss “(A—iZziy+ Skz Sikh 40 
| D2 Kol, 2d! =j ag (BV sin b(h—|2/) +U (cos kz—c0s kh) (46) 
where 
—jkR, —jkR, —jBR, —jBR, 
2 Pe ee. : =: elt é cag é F ” 
Kp( Kye j= R, R, é R, € R, (47) 


Equation (46) is the integral equation for the current along a symmetrical center-driven an- 
tenna immersed in an infinite dissipative medium of arbitrary attenuation. The only restric- 
tions that have been imposed are given by (18). 

Since a delta-function generator is employed to drive the antenna, the driving point current, 
which defines the input admittance, is rigorously infinite because there is included an infinite 


admittance across the input terminals given by [5] 

= ; 4a 

Y=G+ joC=— In a ie (48) 
te F te a 


co 


cr 
XR 


as 2’->—h’/2 where 2’=2z—h, h’=2h. The conductance and the capacitance are infinite since 
the knife edges between the idealized halves of the antenna are separated zero distance and 
are in contact with the dissipative medium. However, if (40) or (46) is solved in terms of 
continuous functions by the usual method of iteration, the driving point current actually 
obtained is essentially that maintained by the delta-function generator minus this infinite gap 
current. This is the desired approximate solution for the current in a practical antenna driven 
by an actual transmission line if suitable end corrections are provided. 
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5. Approximate Solution of the Integral Equation for the Current 


Let a solution of (46) besought specifically for the half-wave dipole defined by Bh=7/2. The 
procedure followed is described in the literature [4]. In brief, it involves the separation of the 
total current along the antenna and the vector potential on its surface into several parts and 
the proper association of these to permit the introduction of several expansion functions that 
are sensibly constant along the antenna. Each of these functions is defined as the ratio of a 
particular component of the vector potential to its associated current. Several integral equa- 
tions are obtained in this way which may be iterated independently of one another. It has 
been found that the sum of only the leading trigonometric terms of these component currents 
with suitably defined complex coefficients vields the total current and the driving point imped- 
ance with satisfactory accuracy. 


The solution of (46) is begun by studying the variation with respect to z of the functions [6] 


*h 
&,(2)= | sin k(h—|2’|)Kp(z, 2’)dz’, (49) 
and 
*h 
®,(2)= | (cos kz’—cos kh) Kp(z, 2’)dz’. (50) 
Now 
sin k(h—|2|)=cos Bz cosh { ai oe h )} —j sin B|2| sinh {a ( 1— . )}, (51) 
and 


cos kz—cos kh=cos Bz cosh { ats; —1 [sinh ah—sin Bz Bz sinh { aie; } | (52) 


when Bh/=7/2. These quantities do not differ significantly in general form from those with 
a=0, and the additional terms (which vanish when a=0) are not sufficiently great to dominate 
provided the condition ah <1 is imposed. Actually, when a=8, ah=1.57. The slightly more 
severe condition, 


(ah)?< <2 or ah <0.3 (53) 
permits the following approximations: 
cosh ah~1, sinh ah, e **~1—eabh. (54) 
It follows that 
sin k(h—|2|) =Bz—gah ( 1— ; ) sin B\z| (55) 
and 
cos kz—cos kh~cos Bz—jah ( I; sin Bz ): (56) 
; 2 
If the approximations 
(1—*) sin B\z|~cos Bz+sin B\z|—1 (57) 
: h, 
and 
1—F sin Bz ~cos Bz (58) 
l 
are made, it follows that 
sin k(h—|2|) ~(1—jah) cos Bz+jah(1—sin B/2)) (59) 
and 
cos kz—cos kh=(1—jah) cos 82. (60) 
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The approximations (57) and (58) are used throughout the analysis of the half-wave dipole 
/ =) . 

antenna in a dissipative medium. They may be shown to be very good when Bh=7/2 by 

direct graphical comparison. Since e~**1~1—ak,, Kp(z,2’), as defined by (47), may be written 


K7(z, 2’)=Ki(z, 2’)—aK,(2, 2’) (61) 
where 
™ . e- BR: 9-iBRy - 
se (62) 
and 
K.(2, 2’)=e7 BF — ¢ BF h, (63) 


With (59) to (61), inclusive, (49) becomes 
. h ¢ 
®,(z)~(1—jah) |] cos 82{Ki(z, 2’)—aK,.(2, 2’)}dz’ 


h 


wh 
“" (1—sin Blz|){Kj(z, 2’)—aK.(z, 2)}d2’ 
h 


“(0-59){e48 el sfgon- Jone} 
+Je; sn “Cs. EA? i) SA 2 2)+8, q ray (64) 


Terms of order a’h/8 and a®h? have been neglected. The particular values of the general 
functions (,, E, and S,° required in this application are given later. In a similar manner 


(50) becomes 


2h h 
®,(2)=(1 — jah){ | cos 62’ K,(2, 2\de'—af cos 82’ K,(2, oe 
—h —h 
ee tN ; sl 
~(1-Je*){ 0,(¥2)-0.(3 (7 ; )-$15 (1+3) eos a: }. (65) 


It is known [4] that C,(A/4, 2) —C,/4, 4/4) varies approximately as cos 82 in both its real and 
imaginary parts. It follows that ®,(2) does also. Accordingly 


®,(2z) ~®,(0) cos Bz (66) 


#,=0,(0)=(1-ja){ 0, (3, 0)-C ( 7a) )-3|5 (1+9)—j |}. (67) 


A comparison of (64) and (65) shows that 


6,(2) ~@,(2)+6,,(2) (68) 


where 


where 


®,,( 2 2)= =jaz 7{2.(7 4 :) -E,(> x —Sa (} =)+ 6s +5. ( 1) }- (69) 


h h 
5 These functions C,(h, 2) and S,(h, z) and E,(h, z) are defined as follows (see ref. [3], Sec. 19): Ca(h, o-{ L cos Bz’dz’, Sath, o-{ L 
0 0 


h 


sin B2’dz’, Ea(h, z)= Laz’, where L={ (e778 ¥1/R,) + (€F ®2/R;) |, R= V@—2)?+,02, Ro= ¥(z+2/)?+a2, They may be expressed in terms of 


0 
tabulated functions. 


372 


Since it is readily verified that ®,(z) varies like (1—sin 6}2|) in both its real and imaginary 
parts, it follows that 


®,(z) ~®,(0) cos Bz+4,,(0)(1—sin B)z}). (70) 
In (70), 
es eee eae Ey ee, Pe SR! ae be 
6,=6,(0)=ja Af Ba (2 0)—E, (7 7 )—Se (2 0 )+S, (p )} (71) 
From (68) or (70), 
},=O,+ Py. (72) 


This completes the investigation of the functions ®,(z) and ®,(2). 
With (59) to (61), and the approximation cos kh ~jah, (46) may be expressed as follows: 


2h *h *h 
| T(2’){ Ka(z,2’)—akK, (2,2’) ae’ +{ Taz!) {Kal 2,2") —aK 2,2") d2"+ | T(2’){ Ki(2,2") 
—h —h —h 


wuch 


—ak, a ae a {[5V+ | [1—jah] cos B:+j,Van(1 —sin aici) b (73) 


where J,(z’) has been replaced by 
L,(2) =I (2’) +12 (2’) +1, (2’). (74) 


The integrals in (73) may be written as follows: 


*h an 
| I, (2’) { Ka(z,2’)—oak, (2,2’) } dz’ =P (2) —Dn (2) 
—h 





iZ Ti2(2") { Ka(2,2’)—ak, (2,2’) } dz’ =Yrol y2(2)—Dyo (2) ‘ (73) 
hi 1,(2’) { Ka(2,2')—aK. (2,2’)} dz’ =Wy1y (2) —Dy (2) 
where wii J 
w= gi(2,2’) {Ka(z,2’)—ak, (2,2’)} dz’ cael 
and 2 
D.= [- ;(2’)—Li(2) gi (2,2’)| [Ka (2,2’) ak, (2,2’)| dz’ (77) 


where the subscript 7 stands for 7, 7, or u. 

An inspection of (73) and the (2) functions previously studied, shows that a proper association 

of the components of the vector potential and the current is achieved if the following choice ot 
distribution functions is made: 

cos Bz’ 

Gul 2,2") =9,(2,2’)=—— 


—¢0S Bz 
and (78) 
1—sin Bz’ 
9Jra(2,2') =. 
1—sin B)z 
Then, with (76), 
®, 
Voi =f,= 1—jah 
and (79) 
® , 
Ve Toh 
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This pairing of vector potentials and currents insures that to a high degree of approximation. 
Wo ~An(2)/In(2), We ~Aw(2)/Te(z), and ¥,~A.(2)/Ti(2). An(z), A(z), and A,(z) are compo- 
nents of the vector potential calculated from the currents J,,(z), J2(z), and J,(2), respectively. 
It follows that all difference integrals, defined by (77), are small. 

The substitution of (75) into (73) gives 
ahh Eide AT Gl ee { (5V+U)—iat) —_s 


wach 
+ jsVah(1—sin plz }4 D(z) +Dr(2)+D,(2). (80) 


Since ¥,,=y, and the components of the vector potential contributed by /,,(2) and J,(2) 
vary as cos Bz, (80) may be separated into two parts and these iterated separately. Thus 


: 4r(B—ja) Jf 1,,, 77\, d 1 ; 
I,(2)+L,(2)= aah {31 +l )(1—jah) cos ae b+p{ Dul2)+D.) }. (81) 


D,»(2) 


T,2(2)=) ma a Vah(1—sin Biz!) + y — 


7 wpahy,> 


(82) 


The leading terms may be substituted into the difference integrals to obtain first order correc- 
tions to the currents, if desired. 
The total current is 


2r(B—ja)V Ob ' q a . 
[,(2)= me i “{ (14 “ait —jah) cos Bz- jah(1—sin Biz yo + at ds r (83) 


The ratio 2U’/V may be determined from (43) with the substitution of J,(z) as given by (83), 


1.€., 


n *h —JBRin 
a oi. | (2° © ge ~ BR r 
J 4x(B—ja)) -» A i 


sn. 2U ; - 1 Ws(hr : 
=—j Sah, ( 14 . \ 1—jah)P.(h) + jah sa ‘} (84) 


where 


*h —jBR,p, : 
vn)= | cos ae" { $ RP = at ain bee! ~C.(4 ) + Jat (85 
1h 


J —h 


"nr : 7 BRin me sé oe % AXA a 
2a af, ie Mh thoes BR), wee as WS) ; ‘ 86 
¥.(h) | (1—sin Bz { R., ae~ BR ba: E, ( 4 4 Se G 4 )+i 3 (86) 


—h 


and 


The solution of (84) for 2U/V yields 

Vs, re 

2U “a a Sa ail (87) 
vutve(h)( 1+ ) 


a 


The substitution of (87) into (83) gives the following final expression for the leading terms of 


the current: 





I({z)=—)j 2nlB— Jad r(*) cos 6z-+sin B 2-1}. (88) 





The corresponding driving point impedance is 
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ye : (89) 


In (88) and (89), 


(>) (1-352) (¥.+¥.(7)) 


| (90) 
(1-495) GQ)-i5 5 | 


The use of approximte forms of the C,, S,, and £, functions [6], leads to the following formulas. 
The final numerical results in (91) apply to a half-wave dipole with h/a=75 or a/A=1/300. 


, h bis pee ae 
¥y,=2 sinh"! “235 — 0.6333 (1.571+ 7 0.571) (91a) 
7.663—7 0.633 = (1.541 » 0.571 for hos (91b) 
= 4/.0050— Be eee a a | + ‘*—-=—=() ; 
B B 4 oe ( ‘ ‘ 
P } 2) ees 
Y,2=4 sinh7! a sinh7! —— 1.089 —7 0.384 (92a) 
( 
saad ei a — = 
=6.885— 0.384 for ; =iD (92b) 
tf 
a , . TH " 
; 2 , } rs , 
¥,=2 sinh 29 sinh! “—1.219-j 0.709-+j 3 (94a) 
0.167—j0.7094+ 7% for “=75 (94b) 
=—=VU.104— < Jv -T = F = (10. ‘ 
d J ‘ 1B a d ; 


6. Distribution of Current 


The current as given in (88) involves the parameter B/wu= (1/fo) y e,/u, f(p) and the dimen- 
sionless ratio p=2a/B=a¢/we that characterize the properties of the medium in which the 
antenna is immersed. If attention is restricted to nonmagnetic materials and values of p<0.5, 
it follows that f(p) ~1°so that B/wu=¥e,/fo. In this case the two relevant quantities are ye, 
and o/wee,. It follows that a normalized current may be defined that is a function of 2a/8 or 
of ¢/wee, alone insofar as the properties of the medium are concerned. That is, 


\ 
eee nee (4) cos Bz-+sin Biz|—1 (95) 
y) 


where (j= \ Ho] €o* 1207 ohms and it is assumed that ¢/wee,<0.5. With the current expressed 
in the form J,=J!’ +jI’,=TI,e the family of curves shown in figure 2 has been evaluated from 
(95) for the distribution of the real and imaginary parts of the normalized current along a 
half-wave dipole. The parameter is ¢/wee,. ‘he corresponding curves of the amplitude and 
phase are shown in figure 3. Note that these curves apply to an antenna for which h/a=75 and 
Bh=r/2 with B=w ye the phase constant appropriate to the dielectric medium. The actual 


6 When p=0.5, f(p) =1.029 which differs from unity by less than 3 percent. 
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Ficure 2. Current I,=I1;+jl; in normalized form for 
a half-wave dipole in a medium with conductivity « and 
dielectric constant e=ee-; I; is in phase with the 
driving voltage V. 


currents per input volt are obtained from these figures by multiplying the normalized values 
with ye,. The curves indicate that when an antenna is immersed in a medium of given di- 
electric constant, the amplitude of the current diminishes with increasing conductivity of the 
medium if the same driving voltage is applied. The inductive lag of the input current also 
decreases as o is made greater, but there is a rise in the relative phase change outward along 
the antenna. That is, the current near the end of the antenna lags behind the current at the 
driving point by an angle that increases with c. 


7. Admittance and Impedance 


The admittance, }=G@+-jB, and the impedance, Z7=R-+- 7X, are most conveniently expressed 
in the normalized forms, Y/ ye, and Zye,.. The former is obtained directly from (95) with 
2=0; evidently, Zye,=1/(Yye,).. The normalized quantities, G/ ye, —B/ ye, and Rye,, 
X ye, are shown graphically in figure 4. In the range (o/wee,) <0.5 a single curve is obtained 
for each of these quantities for all values of o and e,. It is seen that when an antenna is im- 
mersed in a medium with a given dielectric constant for which 2h=)/2 in the medium, its input 
resistance increases almost linearly with increasing conductivity of the medium while its re- 
actance first decreases to a shallow minimum, then increases slightly. The actual admittance 
of a half-wave antenna when immersed in a medium with a given dielectric constant is obtained 
from figure 4 by multiplying the normalized conductance and susceptance by y.e,. Similarly, 
the impedance is obtained from the normalized resistance and reactance when divided by 
ve, Numerical values of actual resistances and reactances for a range of dielectric constants 
and conductivities are listed in the table 1. 

It is important to bear in mind that the data contained in figure 4 and table 1 always apply 
to an antenna that is exactly a half wavelength long in the medium with the specified dielectric 
constant and conductivity. That is, the electrical half-length is Bh=2/2. Note, however, 
that if an antenna has the half-length A= X/4 referred to the wavelength in the medium, its 
half-length referred to free space is h=o/4y.e,. In other words, the electrical length @oh in 
free space corresponding to an electrical length Bh=7/2 in the medium is Boah=Bh/ye, when 
w=. If an antenna that is adjusted in length so that Bh=7/2 in a medium with constants 
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Impedance and admittance cf a half-wave 


dipole when immersed in a medium with conductivity 


o and dielectric constant € 


€€, B= 


wy we =27/X. 


raAeee 2. 


immersed in a dissipative medium; h/a==75, f 


Z(k) in ohms 


e-=0.1 
263. 3+/)126. 6 
263. 3+)126. 3 
266. 7+j125. 6 
294. 6+/118. 3 
310. 5+j114. 2 


€-=0. 665 


102. 05+ 49. OL 


102 08+j48 99 
103 4 +/48.7 
120.4 +/44.3 


235.6 +35. 1 


€-=1.0 
S83. 2+j40. 0 
93. 1+/37. 4 
132. 6+)29. 8 
178. 5+)28.0 


er=6.6 
32.4+j15.6 
32. 8+J15. 4 
40. 3+j13. 4 


65. 8+j10.7 


€r=7.0 


78. 5+4+j11.7 


_ &=10.0 
26. 3-+j12. 6 
29.4+j11.8 
41.9+)9. 44 


55. 9+-j8. 72 


€-=80. 0 
9. 30+j4. 47 
9. 40+-)4. 44 
10.7 +4. 11 


21.9 +j3. 24 


Medium 


Ionosphere 


Free space 


Dry salt 


Dry earth 


Wet earth 


Distilled water 
Lake water 
Lake water 


Impedances of antennas for which Bh==r 


o In mho/m 


0 

4.9X 10-5 
1.5X10 
10-° 
1.51076 


0 

3. 2610-7 
10- 

10-5 

8x 1075 


10- 
1.341074 
6X10-+ 


2 whe n 
6 Me 

O/ WEo€ ah 
0 
0. 60146 

00448 

0298 

0448 
0 
0. 00146 

00448 

0448 

358 0. 274 
0 
0. 0298 

149 

298 230 
0 
0. 00452 

tbo 

272 205 

426) - 322 
0 
0. 0298 

149 

298 . 230 
0 
0. 00373 

0373 
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e, and o is removed to free space, its impedance changes both because the parameters that 
characterize the medium are different and because its electrical length is changed. 
illustrated in figure 5 which gives R and X for an antenna that has been removed to free space 


from a medium with relative dielectric constant ¢, in which its electrical length was 7/2. 
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FicureE 5. 


This is 


R {and X of dipole in free space with half- 


length h (for which Bh=whyuoecer when the antenna 7s 
immersed in a dielectric with relative dielectric constant 


er so thath 
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8. Special Cases 


A number of special cases are of interest. The following data apply to an antenna for 
which Bh=7/2 in the specified medium and h/a=75. 
Case I. Antenna in free space. ¢€,=1, c=0, so that a=0 and B=S)—27/%. 


Z(B))=83.2+ 7 40.0 ohms. (96a) 
The King-Middleton second order theory gives [7] 
Z(8))=86.5+- 7 41.7 ohms. (96b) 


It is noteworthy that the new approach to the analysis of cylindrical antennas [4] vields results 
that agree so closely with those of a complicated, twice-iterated solution (that is known to be 
in good agreement with experiment when proper account is taken of transmission-line end and 
coupling effects [8]), since only the leading trigonometric terms in the current distribution are 
used in obtaining (96a). This is a consequence of properly choosing the trigonometric functions 
and carefully adjusting their relative complex values. 

Case II. Split missile sounding rocket. According to Nicolet [9] at an altitude of 100 m 
(where the temperature is 210° K) the maximum collision frequency v‘=1.1><10°see ~’. At this 
same altitude, DiTaranto and Lamb [10] anticipate an electron density N=1.5 10" electrons 
m*®. The standard relations for the dielectric constant and conductivity of the ionosphere, 
neglecting the earth’s magnetic field are 


N »2 
e= o{ 1 — } (97a) 
€y9M (v*- w*) 


and 
Ne?*y 
PE in 97b 
M(y*+- w*) ici 
where ¢=8.85 X10-" f/m, e is the charge of the electron (e=—1.60107'* coulomb), and m is 


the mass of the electron (m=9.11 107"! kg). With the above values for N and », a frequency 
of 6 Me, «=0.6649e and ¢o=3.261077 mho/m, the attenuation constant of the medium is 
a=7.534107-> nepers/m and the phase constant is B=0.1025 radians/m. The impedance of 
the center-driven half-wave dipole in this medium is 


Z(k) =102.1+ 49.0 ohms. (98) 


In air the electrical half-length of this antenna is Bjph=1.926, its actual half length h=15.3m, 
and its impedance is Z(8))=200+7203 ohms. On comparing Z(k) with Z(G»), it is clear that 
the electron density of the normal ionosphere can easily be determined with a half-wave dipole 
antenna used as a probe at 6 Me. 

Case III. Antenna in a Plasma. If the electron density is 4.0510" electrons/m® and 
the collision frequency is v=6.1510* sec~' it follows that e=0.le, o=4.910-* mho/m, 
B=0.040 radians/m, a=2.92107* nepers/m, and the impedance of the half-wave dipole is 


Z(k) =263.3+ 7126.3 ohms. (99) 


The half-length of the antenna at f=6 Me is h=x/28=39.3 m. 

Case ITV. Antenna Buried in Salt. The measured properties of the salt at 6 Me are 
e,=6.6 and c=1.34107* mho/m. It follows that 6=0.323 radians/m, a=9.85 107? nepers/ 
m, and the impedance of the half-wave dipole is 


Z(k) =40.34+j13.5 ohms, (100) 


7 »y should not be confused with v=1/u. vis retained as the symbol for collision frequency in order to agree with standard notation, 
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Bh =", h 


Case V. Antenna in “poor earth” for which ¢,=7 and c=10-* mho/m. At 6 Mc, B=0.34 
radians/m, and a=0.0697 nepers/m, and 


Z(k) =78.47+ 711.66 ohms. (101) 


It should be mentioned that in this case ah =a7m/28B=0.322. This value of ah is near the limit of 
validity of the approximations introduced in the analysis and contained in the condition 
ah <0.3. 

Case VI. Antenna in a highly conducting medium. If the antenna is immersed in a 
highly conducting medium, the formula (88) for the distribution of current does not apply 
owing to the restriction ah <0.3. However, irrespective of the precise form of the distribution 
of current along the antenna, the formula (89) for the impedance should approach the correct 
limit, Z(k)—>0, as oe. When a/we is large compared with unity 


/wop 


B—ja= (1-9) . (102) 


as a>, B=a—>~, but a/B=1. An examination of the Y,, Yo, ¥., and ¥, functions shows that 
they remain finite. Since 8—ja appears in the denominator of (89), and all other functions 
are well behaved, Z(k)—-0 as c>~. 


9. Conclusion 


Although the present analysis has been applied specifically to an antenna that is a half 
wavelength long when immersed in a conducting dielectric, and the conductivity of the dielec- 
tric has been limited to moderate values by the condition ak <0.3, the method is applicable to 
other lengths and higher conductivities. A study of antennas for which ah <0.3 but Bh=z is in 
progress. The electrically short antenna defined by Bh<1 is also under investigation. 

Since the properties of a two-wire line immersed in a conducting dielectric are understood, 
the extension of the present study to the folded dipole is readily accomplished with the method 
of symmetrical components. Details are reserved for a subsequent paper. 
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Vol. 64D, No. 4, July-August 1960 


Preface to ELF Papers 


The remaining papers in this issue (and the first three papers in the next) 
were presented at the Conference on the Propagation of Electromagnetic 
Waves at Extremely Low Frequencies (ELF). This conference was held at 
the Boulder Laboratories of the National Bureau of Standards on January 26, 
1960, under the guidance of A. D. Watt, Assistant Chief of the Radio Com- 
munication and Systems Division. 

Extremely low frequencies are defined here as the range from 3 ke down 
to about 1.0 cps, and they are well below those currently used in communica- 
tions. Lightning discharges, however, produce considerable energy in this 
range, and the radiated fields have been used for studying the nature of light- 
ning phenomena for many years at frequencies as low as 10 eps. Other natural 
sources of both a terrestrial and an extraterrestrial nature also radiate electro- 
magnetic energy in this frequency range but usually to a lesser extent than 
lightning. 

Since ELF signals have been observed to propagate with very low atten- 
uation, it has been suggested from time to time that they would be useful for 
communications on a worldwide scale. Furthermore, because of certain 
magneto-ionic phenomena, these waves may penetrate the ionosphere and 
enable communication with space vehicles. This is particularly so in the 
vicinity of 3 ke where a “window” in the ionosphere appears to exist. Another 
aspect of ELF waves is that the wavelength is extremely large (being 3,000 
km at 100 cps) and consequently, the signals may easily be diffracted around 
planetary objects. Such signals also penetrate with relatively small loss into 
conducting media such as rocks and soil. In fact, frequencies in this range 
have been used for many years in geophysical exploration. 


JamMEs R. Warr, Fditor. 


381 











dime? 


soap, 


Decarcarec ie 








JOURNAL OF RESEARCH of the National Bureau of Standards—D. Radio Propagation 
Vol. 64D, No. 4, July-August 1960 


Some ELF Phenomena ' 
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Properties of the electric and magnetic fields in natural extremely low frequency 
The ELF fluctuations in the electric field are then treated 


phenomena are briefly discussed. 


1960) 


(ELF) 


from two aspects; these are the electromagnetic changes associated with atmospherics and 


the electrostatic 


variations in atmospheric electricity. 


A final section attempts to integrate 


the general subject of ELF effects of natural origin. 


1. Introduction 


Any antenna arrangement for receiving signals of 
natural origin may be envisaged as responding either 
to the electric (£) field or to the magnetic (/7) field. 
An example of the first instance would be a vertical 
whip, and of the second an electrostatically shielded 
loop antenna. Thc £ field has three components 
E=E,;+E,+E, and the H field two terms H=H,+ 
Ay. 

The individual components with suffix 2 are normal- 
lv described as “radiation” or “electromagnetic”; those 
with the J suffix are termed “induction,” ‘“‘magnetic,’ 
or “current”; while the ‘‘electrostatic’’? component 
has the suffix S. H;, and £; are, of course, inter- 
related, as are Ep and Hp; also, in free space the 
S, I, and R terms are proportional respectively to 
1/d°, 1/d?, and 1/d, where d is the distance from the 
source to the receiver. Furthermore, if the source 
is considered to radiate at a discrete frequency, as 
in the ease of an oscillating dipole, then 


- wil wd? 
BE E,iEe=1: a 
wl 


H,:Hp=1: 
J 


where w is the angular frequency concerned and ¢ is 
the velocity of light. It is evident from these rela- 
tions that for extremely low frequencies. less than 
say 1 ke, the electrostatic component is dominant 
in the electric field even at considerable distances 
from the source. However, it should be remem- 
bered that in actual practice propagation is not 
unrestricted as in free space but confined, typically 
between the earth and the lower ionosphere, and 
when boundary conditions have to be applied the 
relations among the different field components are 
inevitably modified.” 


Contribution from AVCO Research and Advanced Development Div.. 
Wilmington, Mass.; paper presented at Conference on the Propagation of ELF 
Radio Waves, Boulder, Colo., Jan, 25, 1960. 

2 See paper by J. R. Wait in this issue for such an analysis, 








Many aspects of ELF phenomena have been 
studied in the past. Two of these are considered in 
the succeeding sections, and some final discussion 
then attempts to integrate the whole field of ELF 
effects. 


2. The ‘Slow Tail”’ 


The radiation fields due to distant lightning or 
“atmospherics” as they are more commonly termed, 
often contain both ELF (<1 ke) and VLF (ca 10 ke) 
components. This effect is ii due to the pro- 
nounced propagational attenuation at around 1 to 3 
ke; this has been established both experimentally 
[1] and theoretically [2]. A typical waveform of 
distant origin is depicted in figure 1. It is of an 
atmospheric due to a discharge to earth. The 10- 
msec sweep is initiated by a precursor; then follows 
the disturbance, some 300 mvy/m_ peak-to-peak, 
known variously as the “‘VLF section,” the ‘‘oscilla- 
tory head,” or the ‘‘main stroke’; and this is suc- 
ceeded by the “ELF portion” or “‘slow tail.”” Wat- 
son-Watt, Herd, and Lutkin [3] were the first to 
make a detailed study of the ELF section; they 
noticed the important feature that the farther aw ay 
the origin of the atmospheric the greater the time 
separation ¢ between the oscillatory head and the 
slow tail. Hales [4] applied the waveguide theory of 
propagation between the earth and a sharply bounded 
lower ionosphere to the ELF results of Watson-Watt 
and his associates. Hales was primarily concerned 
with the quasi zero-order mode. Hepburn and 
Pierce [5] established experimentally the following 
empirical laws relating ¢, d, and 7/4, the time occupied 
by the first quarter cycle of the slow tail: 


T 500-+0.23d 


day 
t=0.33d—350 
4=500-+0.08d 

night 


t=0.13d—140. 
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FIGURE 1. 


The units are kilometers for d and microseconds for 
t and r. 

Using the theory developed by Hales, Hepburn, 
and Pierce were able to deduce from their experi- 
mental results a range of pairs of solutions for A 
the height of the ionospheric stratum and o its 
conductivity. Neither can be determined separately 
but the most likely solution can be assessed since 
there is other information available on the varia- 
tion of electron density N and collisional frequency 
v with height h, and therefore of ¢, since this is mainly 
dependent on the ratio N/vy. The final result of 
Hepburn and Pierce was that the experimental 
observations by day indicated an ionospheric layer 
of height 65 km and conductivity 510° esu; at 
night the corresponding figures were 90 km and 
10* esu. Hepburn [6] in a revised analysis later gave 
70 km and 2X10* esu for day, and 90 km and 
4 10° esu at night. 

Liebermann [7] has also worked on slow tails. 
He derived his own theory which produced the 
relation 

d=4h (mor)'”. 


Here the units are kilometers for d, h and seconds 
for 7. Liebermann found that his experimental 
results fitted his theoretical relationship with values 
of h and o of 60 and 10* esu by day; at night the 
figures were 90 and 5X10‘. There is obviously 
some discordance between the work of Liebermann 
and that of Hepburn and Pierce; it has not yet been 
resolved. 

The question of the generation of slow tails is of 
some interest. It seems certain that many tails 
arise from a continuing current following the return 
stroke in a flash to earth. Pierce [8] in his observa- 
tions of the electrostatic field-changes associated 
with close discharges has pointed out that some 


{ 


flashes seem to have a pronounced slow change of | 


field after the return stroke; in other discharges this 








1 eet 


A typical waveform. 


slow change appears to be absent. Thus there 
should be a tendency for some flashes to give large 
slow tails while others produce little or no ELF 
component. Hepburn, however, believes that the 
distribution is relatively continuous. In an effort 
to resolve this point a histogram (fig. 2) has been 
plotted of the ELF/VLF ratios for several hundred 
atmospherics recently recorded at Aveo, Wilming- 
ton, Mass. The great majority of these, being 
winter atmospherics, tended to originate at compara- 
ble distances. The histogram indicates that the 
distribution is much more extended than would be 
expected from the smaller values of the ELF/VLF 
ratios, or, in other words, the contention that certain 
families of lightning flashes are extremely potent 
generators at ELF’s seems to be supported. In 
this connection it is perhaps noteworthy that cloud 
discharges may produce strong ELF signals; if so, 
they would be expected to give an ELF to VLF ratio 
appreciably different from that in flashes to earth. 
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RATIO OF ELF TO vLF COMPONENT IN ATMOSPHERICS 


Histogram illustrating the statistical behavior of 
ELF/VLF ratio for atmospherics. 


FIGURE 2. 
the 


384 








SO a a 


ae 


3. ELF Signals in Atmospheric Electricity 


In atmospheric electricity as compared with 
atmospherics, the ELF signals are predominantly 
electrostatic rather than electromagnetic. The work 
of Holzer and his school [9] represents a natural 
bridge in relating the two separate fields. It is well 
known that the electrostatic field changes accom- 
panying a lightning flash often have durations 
approaching a second, and that violent fluctuations 
of the atmospheric potential gradient due to rain, 
point-discharge, space charge movements, and so on, 
occur in disturbed weather. These effects produce 
a spectrum of ELF phenomena extending both well 
above and well below 1 eps. 
tions at ELF’s can, however, also occur in fair 
weather. Examples have been noted by Pierce [8] 
and one is reproduced in figure 3. The record is 
from a capillary electrometer; the total duration is 
35 sec and the peak-to-peak amplitudes of the 
electrostatic fluctuations in potential gradient are 
of the order of 1 v/m. 














ee. 


, sas uaab eg ono ae 


416% 
oes & | 


Shi aie 





ELF fluctuations in the fair weather electrostatic 


jield. 


FIGURE 3. 


Large [10, 11] has made a detailed investigation 
of the behavior along the spectrum of variations in 
the electric field. He used experimental methods of 
recording simultaneously on two spaced aerials in 
order to separate the effects of local and of distant 
origin; the frequency range from 10 ke downwards 
was covered with broadband and with sharply tuned 
receivers. Large believes that because the natural 
relaxation or readjustment time of the lower atmos- 
phere is of the order of 10° sec, such effects as changes 
in resistivity due to altering pollution will produce 
variations with frequencies less than 107° eps. From 
10-* to 1 eps Large finds that fair weather variations 
are due to the movement of space charges. These 
often travel with the wind at a height of 10 or 20 m. 
There is also a turbulent component which is well 
correlated with the diurnal variation of turbulence. 
Above 1 eps the situation is somewhat confused but 
the general picture seems to be the following. From 
1 ke to 100 eps disturbances tend to be electromag- 
netic being the discrete slow tails well correlated 
with VLF atmospherics at 10 ke. Below 100 cps 
the correlation with 10 ke becomes less and _ less 


Appreciable fluctua- | 


| 


marked and the fluctuations not discrete but more 
and more continuous. This is for two reasons. 
Propagation at 100 eps is already better even than at 
10 ke and is becoming increasingly good from 100 


| eps downwards; thus ever more distant sources of 


| atmospherics are being detected, and the individual 








disturbances are therefore becoming increasingly 
frequent, that is, approaching a continuous noise. 
Also, with a decrease in frequency, the electrostatic 
fluctuations due to the movement of space charges’ 
are becoming more and more marked, and Large 
believes that they are the dominant factor for 
frequencies less than some 20 eps. 


4. Discussion 


Some kind of summary can now be made of the 
behavior of both the electric and magnetic fields for 
frequencies below 1 ke. As Large has shown the # 
field changes over from being dominantly electro- 
magnetic and originating in distant lightning flashes, 
to being mainly electrostatic with a source in local 
movements of space charge. The changeover is at a 
frequency of about 20 cps. Below 20 cps the 
phenomena are almost entirely electrostatic, but at 
“extremely low frequencies indeed” the origin is no 
longer necessarily local. For instance with frequen- 
cies of the order of 10-* to 10-° eps the diurnal 
variations of local atmospheric pollution and of 
worldwide thunderstorm activity are both effective 
as regards changes in the atmospheric potential 
gradient. At 107’ eps seasonal influences are enter- 
ing and there are further possibilities of annual and 
longer duration variations. 

The behavior of the H field is in some respects 
similar to that of the EF field. Aarons [12] has 
pointed out that there is probably a changeover in 
dominance from the electromagnetic to the magnetic 
component at about 20 cps. Below this frequency 
the main features are caused by magnetic effects due 
to ionospheric and earth currents. Thus at the 
higher frequencies the / and H fields are both mostly 
electromagnetic and have a common origin in distant 
lightning flashes. Below about 20 cps the £ field is 
predominantly electrostatic and the H field mostly 
magnetic; their sources, moreover, are entirely 
distinct. Therefore E and H measurements should 
correlate at the higher frequencies and be increas- 
ingly unrelated as frequency decreases. This is 
entirely the kind of behavior found when the work of 
Willis [13], who used loop antenna responding to the 
H field, is compared with the E measurements of 
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The mode theory of propagation of electromagnetic waves at extremely low frequen- 
cies (ELF) (1.0 to 3,000 cycles per second) is treated in this paper. Starting with the 
representation of the field as a sum of modes, approximate formulas are presented for the 
attenuation and phase constants. Certain alternate representations of the individual modes 
are mentioned. These are used as a basis for describing the physical behavior of the field 
at large distances from the source, particularly near the antipode of the source. At the 
shorter distances, where the range is comparable to the wavelength, the spherical-earth 
mode series is best transformed to a series involving cylindrical wave functions. This latter 
form is used to evaluate the near field behavior of the various field components. 

The effect of the earth’s magnetic field is also evaluated using a quasi-longitudinal 
approximation. In general it is indicated that if the gvrofrequency is less than the effec- 
tive value of the collision frequency, the presence of the earth’s magnetic field may be 
neglected for ELF. When this condition is not met the attenuation may be increased 
somewhat. The influence of an inhomogeneous ionosphere is also briefly considered and, 
finally, the propagation of ELF pulses is treated. It is suggested that certain observed 
characteristics of ELF waveforms may be attributed to the inclination of the current 
channel in the lightning discharge. 


1. Introduction 


The propagation of electromagnetic waves at extremely low frequencies (ELF) has 
received considerable attention recently [1 to 5].2 Unfortunately, the experimental data in 
this frequency range (1.0 eps to 3,000 cps) is still rather limited [8 to 15]. There is little 
doubt, however, that the bulk of the energy is transferred via a waveguide mode. The 
bounding surfaces of this waveguide are the ground and the lower edge of the ionospheric 
F’ region. In theoretical approaches to this problem, it is usually assumed that the iono- 
sphere is homogeneous in its electrical properties. On comparing theoretical attenuation 
rates based on this assumption, it is apparent that the model must be refined to take account 
of the variation of the electron density with height. Such an extension to the mode theory 
has been made recently [16]. The influence of the earth’s magnetic field is also expected to 
be important at ELF since the waves are reflected at a level where the collision frequency 
is of the same order as the gyrofrequency for electrons. The ionosphere is thus expected 
to be anisotropic. Unfortunately, the experimental data is not sufficient to confirm whether 
the anisotropy is significant. 

Another feature of ELF propagation is that the distance between source and observer 
may be comparable to the wavelength. For example, at 300 eps the wavelength is 1,000 
km. Many of the experiments are carried out at distances of this order and the computed 
attenuation rates must be considered with caution. 

It is the purpose of this paper to survey the mode theory as it applies to ELF propaga- 
tion and to develop several extensions. Many of the results are presented in graphical form 
as an aid to application. 


! Contribution from Central Radio Propagation Laboratory, National Bureau of Standards, Boulder, Colo. Paper presented at 
Conference on the Propagation of ELF Radio Waves, Jan. 25, 1960. 
2 Figures in brackets indicate the literature references at the end of this paper. 
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2. Basic Theoretical Model 


The assumed theoretical model is taken to be a homogeneous conducting spherical earth of 
radius a surrounded by a concentric conducting ionospheric shell of inner radius a+h. It is 
convenient to introduce the usual spherical coordinate system (7, 6,¢). Using this model and 
assuming a vertical electric dipole source located at 6=0, r=a, the expression for the vertical 
electric field, ,, is given by an expression of the following form [4, 16] 


7 Ldsn 
a 2kha® 2 4, 


n=0 ‘sin vr 


(v4 


L) P.(—eos 6) (1) 
where 


—average current in the source dipole, 
ds—length of source dipole, 
n—intrinsic impedance of air space ~1207 ohms, 
P,(—cos @)—Legendre function of argument 


1 ’ : : : ee 
v+ 5=ka S, where S,, for n=0, 1, 2, . . ., is determined from the boundary condition 


and is described below, and 


6 and (complex) order », 





1 - 
on a sin 2kh y ~=1/2 “a for n —— (\e ~1 for r= A. 5; eerve 


2khe = 


The individual terms in the above series correspond to the waveguide modes. In the general 
case, the factor S, is obtained from the solution of a complicated transcendental equation 
which involves spherical Bessel functions of large argument and complex order. Certain as- 
pects of this problem have been discussed by Schumann [1] and also the author [4]. For a 
homogeneous earth and a homogeneous ionosphere, both assumed isotropic, it has been shown 
that S, may be approximated by [17] 


—_ m\? . Akh 2 ’ 
s,={1- ti) 4 Lyi i a, | a 2) 


where 


in terms of the refractive indices, N, and N;, of the earth and the ionosphere respectively. 
This equation is valid subject to the condition A/kh< <1. The sign of the radical is chosen 
in the above equation which makes the real part positive. The values of S, then are located 
in the fourth quadrant of the complex plane. When n=0, the above simplifies to 


S, -[1- rat (3) 


Now, since A/kh< <1, the radical in eq (1) can be expanded for n>0 to yield 


s.—|1 ~(F)- : ior i] @ 2. 3, “Ts, (4) 


Furthermore, if in’ addition, 
A mm 
ied 
a << (Fi) 
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it is permissible to write, for all n, 


s.<[1-(ii) J-‘an sb) @ 


where @=1, ¢,=2 (for n=1, 2, 3,...). This latter equation is valid when the “waveguide 
modes”’ are not near cutoff and is in the form given by Schumann [2]. It is quite analogous 
to the standard results for the propagation constant in a rectangular waveguide with finitely 
conducting walls [18, 19]. 


3. Behavior of the Modes for the Spherical Earth 


For purposes of computation of the mode series, several simplifications can be made. The 
asymptotic expansion for the Legendre function, given by 


P(—eos a) ~(— _ are 3) os | ( +5) Jor 7] (6) 


is valid if |v! >>1 and 6 not near 0 or x [20]. Thus, the modes are simply proportional to 


—§—, cos] kaS,,(x—0 —*| 
(sin me [ will 4 


which apart from a constant factor can be identified as the linear combination of two peripheral 
waves. These have the form 


2 
(sin 6)? 


oe ikaS 6 


and 
1 


a i ¢ 


(sin @) 


a ae ee 
ikaS, (24 0) pin /2 


where 6<z. 

These waves are traveling in opposing directions along the two respective great circle paths 
aé and a(2z-6), from the source to the observer. It is noticed that there is a 7/2 phase advance 
which the wave traveling on the long great circle path picks up as it goes through the pole @= 7. 
The linear combination of these two traveling waves is to form a standing wave pattern whose 
distance 6, between minimums is approximately given by 


kd» Re S,=7 or 6n=/(2 Re S,) 
subject to 
Im S,< Re Sh: 


The preceding asymptotic expansion for P, (—cos @) is not usable at and in the vicinity of 
the pole @=7. In this region a suitable representation is given by [20] 


P,(—cos 0) =J,(n) +sin’ 5 nn Jue +2 Juin) [+0 (sin' (7")) (7) 
where 7=(2v+1) sin ((r—6)/2). In(n), for m=0, 1, 2, and 3, is the Bessel function of first type 
of argument 7 and order m. When x—@ is small, the first term is usually sufficient and further- 
more 





n=(o+5 )(r—0) = aSa~0. 
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Thus for mode n, the field in the neighborhood of the pole is proportional to the Bessel function 
J [kaS,(xr—8) }. 


It is then not surprising to see that the first term of the asymptotic expansion of Jp is the same 
as that of P, (—cos @). 

At the lower end of the ELF band, where the wavelength is large compared to the height 
of the ionospheric reflecting layer, the electric field is essentially radial and only one wave- 
guide-type mode is significant. The field is thus expressed by the first term of the mode series 
which reads 

, Ldsnv(v+1) 
E,=- z -—— P,(—cos 6) (8) 
4kha® sin vr 
where v+3~kaSp and 


i 


, ] ] 
Sum 1355, (Ar +5;) 


in terms of the relative refractive indices N; and N, of the homogeneous ionosphere and the 
homogeneous ground, respectively. Now as mentioned above, the factor P,(—cos 6) may be 
replaced by an asymptotic expansion if ka@ or ka(7—@) is somewhat greater than unity. The 
field in this case may be regarded as two azimuthal-type traveling waves. Furthermore, at the 
pole (@ near x) where the second of these restrictions is violated, it is possible to use an equivalent 
representation which correctly accounts for the axial focusing. An alternate viewpoint which 
is suitable at ELF is to consider the field as a superposition of cavity-resonator type modes. It 
is expected that such a representation would be very good when the circumference of the earth 
is becoming comparable to the wavelength. A suggestion of this kind was apparently first put 
forth by Schumann. 
The starting point is the expansion formula 


P,(—2) t 2n+1 
Sa) SS AT By (9) 
sin yr T n=0 n(n+1)—v(v+1) 
where the summation is over integral values of n. This result follows directly from a formula 
given by Magnus and Oberhettinger [20] (p. 57) which is valid for »#0, +1, +2, .. ., and 


0S0<r. The electric field, for h/a<c<1, is thus written 


, Ldsvv+1) 2 2n+ 1 
-_ S P(x . 10) 
f 41a*eqwh n=0 ix) nn 1)—v(v+1) ( 


where r=cos 6. The early terms of the series are then proportional to 


Pet. 
P,(x2)=cos 6, 
P(x) =}3(3 cos?0—1), 
and so on. 
Retaining just the first term it is seen that 
Ids 1 
(11) 


4ra*eh iw 


70 ’ 
K, = E 
L2H, 





n=0 


which is independent of 6. Clearly this corresponds to a concentric spherical capacitor ener- 
gized by a current Jds/h resulting in a constant voltage hE’, between the plates. On rewriting 
eq (11) in the form 


h r= ( Ids h ) 
iwl 
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it is seen that 
41a’ e 


: 


which can be identified as the capacity between the spherical surfaces whose areas are both 
4ra* within the approximation h/a<<1. 


4. Earth-Flattening Approximation 


The possibility that the curvature of the earth may be neglected is now investigated. To 
simplify field calculations at short distances, it would seem desirable to transform the mode 
series to a form where the first term corresponds to the model of a flat earth and the succeeding 
terms are corrections for curvature. This approach has been used by Pekeris [21] and more 
recently by Koo and Katzin [22] in their investigations of microwave duct propagation. From 
their work, it may be shown that 

— Pa Hi} (kS.p)—75 (2 y HS (kS,,p)+terms in (p/a)', (p/a)®, ete. (12) 
where v+-1/2=kS,p and p=aé. Hj” and H3? are Hankel functions of the second kind of order 
zero and two, respectively. When the great circle distance p is reasonably small compared to 
the earth’s radius a, only the first term in the expansion need be retained. 

For convenience in what follows, it is convenient to express the field components as a 
ratio to the quantity 

Go=1(n/d) Ids(e- ***) |p (n~1207); 


FE, is the radiation field of the source at a distance p on a perfectly conducting ground. Thus, 
for both the source and the observer near the ground, it is not difficult to show that 


1,=WE, 
where 
We—in : e*® > 5, 52H? (kS,p), (13) 
( n=0 
1,—=— SE, 
where 
Sm . ei? > 6, S,H? (kS,p) (14) 
U 2n=0 
and 
H,=—TE,/n 
where 
T~—r - Pett 31 3,5, H? (kS,p)=—N,S ( 15) 


n=0 


where terms containing (p/a), (p/a)*, ete., have been neglected. 
When kp >>1, corresponding to the “‘far-zone,” the above expressions may be simplified 
since the Hankel functions may be replaced by the first term of their asymptotic expansion. 


This leads to the compact result 


W rs! 
2 

Sg pei l'O = Rio J —Si/N, > i2e Syp/d (16) 

S {& an 21 5, 7 

T S} 


which is valid for p>>)d. As expected, the ratio of W to T for a given mode is S, which for 
low order or grazing modes is of the order of unity. The ratio of S to T, quite generally, is 
—1/N, which is very small compared to unity; in fact, it vanishes for a perfectly conducting 
ground as it must. 
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The excitation by a horizontal electric dipole may be treated in a similar manner. A com- 
plete discussion of the theory is given elsewhere [17]. The expression for the vertical field FE, 
of the horizontal dipole /ds which is located at the origin and oriented in direction ¢=0 may be 


written in the form 


E,.—SE, cos @ (17) 


where S and E&) are defined above. By using the reciprocity theorem, this result can also be 
deduced directly from eq (15). Comparing the above formula for E, (for a horizontal dipole) 
with corresponding formula for E., for a vertical dipole, it may be easily shown that 


E, (for verticle dipole) 





E, (for horizontal dipole) _ cos @ 1 \}. cos @ 
is) NN (1-y) (18) 


being valid in the asymptotic or far zone. In terms of the ground conductivity o, and dielectric 


I ( a ; ( ie =y 
;7 — ; & ° 
N, \ogt+tew Ty 
This is a small quantity. 


The above formulas for W’, S,and Tare valid only if p<c<a. Ifthe first curvature correction 
term is included, it is a simple matter to show, in the “far zone’’, that this amounts to multi- 


constante,, 


plying the right-hand side by the factor 


HG) He 


Now, returning to the mode series for a spherical earth and using the far field approximation 

for the Legendre function, it turns out that W, S, T have precisely the same form as in eq (16) 
° 1 ° . ° y . 

except the factor (6/sin 6)? occurs in the right-hand side. Noting that 


1 
6 Ve 6? ee al . 
oor =1+75+terms in 6°, 6°, ete. 


it is apparent to a second order that the derived curvature correction is the same as from 
the Hankel function series. 


5. Distance and Frequency Dependence 


Certain features of the mode series are best illustrated by a graphical plot of field strength 
versus distance under various values of the parameters. Since N,>>N, it may be safely 
assumed for ELF that A=1/N;. Then on the assumption that the ionosphere is behaving 


like a conductor, it is possible to write 


N.=( pny (19) 


w 
where 


_@ (plasma frequency)? 
Ory collision frequency - 
The above relation for N; is an approximation which is valid when the collision frequency 
v between electrons and neutral ions is much less than the angular frequency w. Since + is of 
the order of 10’ in the lower E region, this is certainly valid at ELF. The (angular) plasma 
frequency w is given by 
= re 


By 
€ygm 


where N is the electron density, ¢and mare charge and mass of the electron, and & is the dielectric 
constant of free space. w,, which is proportional to the ratio N/v, is believed to be of the order 
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of 10° in the lower region of the E layer. At least this appears to be the effective value deduced 
from vif observations for highly oblique incidence [23]. At ELF it appears that the waves 
are reflected at higher levels in the ionosphere and the effective value of w, is somewhat larger, 
being possibly of the order of 10°. 

It should be noted in passing that w, may be replaced by o;/e where a; is the effective con- 
ductivity of the ionosphere and « is the dielectric constant of free space. 

To indicate the variation of the field as a function of distance, the magnitude and phase of 
Wand 7 are shown in figures 1 to 4 for the typical values: w,=5 10° and h=90 km. Actually 
W’ and |7\, both divided by the square root of the distance p (in kilometers), are plotted 
since the curves become linear at larger distances. The slope of these linear parts of the curves 
are proportional to the attenuation rate (in decibels per 1,000 km) as usually defined. It is 
seen immediately that at the shorter distances, the curves are no longer straight. This im- 
mediately indicates that considerable caution should be exercised in computing attenuation 
‘ates from spectral analyses of ‘‘sferics.’”” For example, it is only when the distance p exceeds 
about one-sixth of a wavelength, is it permissible to assume that log ({W|/“%p) or log (|E.| XV) 
vary in a linear manner with distance p. Similarly, the phase of W (or £,) varies in a linear 
manner only when the distance exceeds about one-half wavelength. Similar remarks apply to 
the magnetic field variations with distance. 








field as a function of distance from the source for h=90 km. 


3 w, =5 X10 
, 
ot | 
=| ar | 
3's | 0c, 
ui | -. ‘ 
ra _ 3 _ — = 00 
5 : i —!00 : 
= | 2 Pa a 
q = a ee 
= 2 ————400 
| s eg — —800 4 
| = 1600 
ee | 
0.03 ens Sco, | 03 
0.02 | ) 
00 | J = 
0 ne) 600 a an en) 600180000 | x 4 6X 300 000 20 «(1400 60 aot 2000 
| 
DISTANCE, p (km) | DISTANCE, p (km) 
Figure 1. The normalized magnitude of the electric | Figure 3. The normalized magnitude of the magnetic 


field as a function of distance from the source for 
h=90 km. 








(p is expressed in kilometers in both ordinate and abscissa). 
wW, = 5x 10° 
os 14 
= b 
& 2 
ioe) > ul 
7) y 20 ~ nm 1.0 
<a 4 _ a 
2 r 80 . | Ps 
a - = 
- : | 08 
» \Ses 06 
é o4 : is 
ee en en. a ee ee 0 m 0 6 600 1000 i200 1400 160 1800 200 
DISTANCE, p (km) DISTANCE, p (km) 
| 
Figure 2. The normalized phase (lag), in radians, of the Ficure 4. The normalized phase (lag), in radians, of the 
electric field as a function of distance for h=90 km. magnetic field as a function of distance for h=90 km. 








At the extremely short distances where p is somewhat less than the ionospheric reflecting 
height (i.e., 90 km), the magnitude of W varies essentially as the inverse square of the distance 
and the phase approaches 180°. In this same region the quantity 7’ varies as the inverse of 
the distance and the phase approaches 90°. The general characteristics of the field at these 
extremely short distances are in accord with the near field behavior of a dipole on a flat ground 
plane when the presence of the ionosphere is neglected. In this rather trivial case 


Ww=(1 aa ) (20) 
and v 
T= ing: ) (21) 


To shed further light on the nature of the ELF fields in the waveguide, the radial impedance 


of the wave is now considered. Noting that 


_— t: = Ww (9 
nH,| T o 


z=0 





which is by definition the (normalized) impedance of the wave looking in the radial or p 
direction. First it should be noted that for kp >>1, 


Ww 

——~] 
and for kp << 1 and p << A, 2 

W a 

T ik 


For the intermediate and interesting range, kp is comparable to unity and p is somewhat greater 
than A. Using the numerical values of W and 7 mentioned above, the ratio |W/7)| and the 
phase (lag) defined by arg 7- arg W are plotted in figures 5 and 6 and as a function of distance 
for various frequencies. As before, w,=5 10° and h=90 km. 
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The impedance ratio W’/T is independent of the frequency spectrum of the source provided, 
of course, it may be represented by an equivalent vertical electric dipole. In fact, this complex 
ratio could be easily calculated from the frequency spectra of the waveforms of the vertical 
electric field and the horizontal magnetic field of an atmospheric. The observed variation of 
magnitude or phase of W’/T7 as a function of frequency should then provide a basis for distance 
measuring. Such a scheme, while admittedly crude, requires only one receiving station 
equipped with a vertical whip and a loop antenna. 


6. Effect of the Earth’s Magnetic Field 


In the preceding it has been tacitly assumed that the ionosphere is behaving as an isotropic 
homogeneous conductor. In this case, the refractive index N; of the ionosphere may be written 
[24] 


Z ‘ 1 
Naf —1 “| ‘=(“) : (23) 
w WwW 


9 r P \2 
w, (plasma frequency)? 


~- vy (collision frequency) 


where 


W, 


When the earth’s magnetic field is steeply dipping, it is appropriate to invoke the quasi-longi- 

= . 5 | > 
tudinal approximation of Booker [24]. In this case the refractive index is double valued, one 
corresponds to the ordinary and the other the extraordinary, thus 


. - 2 eat 2 
N,2| 1-2 “exp (ir) | (24) 

w 
where 
tiie en longitudinal component of gvrofrequency 
an 7=—=— —— pee A 

y collision frequency 
and 
2 
a 2\1- 
(v?+-wi.)2 


Using this model for the ionosphere, the reflection coefficient for a sharp boundary has been 


derived by Budden [25]. Adapting this result to ELF it has been shown [17] that the formula 
for S, has the same form as the isotropic medium if A is defined by 


1 iw 3 7 
A= +( ~) cos 7/2. (25) 
Me 
Since 2,=w, cos 7 it is possible to write the results in the same form as the isotropic ionosphere 


if we set 
A~ a + I 
pe Nz U f ) 


eff 


where 


( Ni; ) eft— I oer ‘ ‘ 


(Nidere ANd (w,) or, are the effective values of N; and w,, respectively. 
Specifically, 
(26) 


COS T 
ety est 0, =—————— 
( r/ett r (cos 7/2)? 
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In other words, the effective conductivity of the ionosphere is modified by the factor 
2)? which varies from unity to zero as 7 varies from 0 to 7/2. Thus, the attenuation 


cos 7/(COS T 
as a result of a steeply dipping (or vertical) magnetic field. In fact 


is increased 





attenuation with magnetic field ___ cos (7/2) (27) 
a 27 


° ~ * LS 5 e = - 
attenuation without magnetic field (cos r)? 





If 7<1 (i.e., o,<v), this ratio becomes unity and the influence of the earth’s magnetic 
field vanishes. At the level in the ionosphere where ELF waves are reflected, it is expected 
that w and y are comparable, both being of the order of 10°. Assuming that they were actually 
equal, 7 becomes 45° and the ratio of the attenuation rates is 1.05. Thus, it is only when 
w, is greater than »v does the earth’s magnetic field appreciably influence the attenuation. 


The ratio is plotted in figure 7 as a function of tan 7 or @;,/v. This illustrates the situation 


clearly. 
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The preceding results are subject to the validity of Booker’s quasi-longitudinal approxima- 
tion of the Appleton-Hartree equation [24]. The validity of this approximation requires that 


22 


4 | 2 2| 
2 al (1—“—i*) (28) 
q w* @ 


where w, and wy are the longitudinal and transverse components of the (angular) gyrofrequency. 
Clearly this condition is violated when the transverse component of the earth’s magnetic 
field is large such as for propagation along the magnetic equator. This case, however, has 
been considered by Barber and Crombie [26] who derived explicit results for the reflection 
coefficient at a sharply bounded ionosphere with a purely transverse magnetic field. Adapting 
their results to ELF, it is not difficult to show that A should now be replaced by [17] 


1 
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a= +() x (29) 


where 
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Now at ELF, ww, and thus LY is very close to unity since wy and v are of the sane order 
of magnitude.’ Consequently, a transverse magnetic field appears to have a negligible effect 
on the attenuation and the phase for ELF.* 

A reasonable cone veg from the above is that only the vertical component of the earth’s 
magnetic field is effective in ELF propagation. Furthermore, the ionosphere is effectively 
an isotropic conductor even in the presence of the earth’s magnetic field. 


7. Effect of an Inhomogeneous Ionosphere 


The electron density in the actual ionosphere usually increases with height in the / region. 
Furthermore, the collision frequency decreases with height. Thus the effective value of the 
refractive index cannot be assumed constant. An approach is to let the refractive index 
increase or decrease from some initial value N at height 4 in a monotonic fashion.” Choosing 
an exponential variation the refractive index as a function of height is explicitly 


N(z)=1.0 for 0<2<h 
= N exp \(z—h)/l| for z<>h (30) 


where / is a seale factor. If />0, the refractive index is increasing with height and, if /—0, the 
refractive index is decreasing with height. It has been shown elsewhere [16] that the factor Q 
has the forms 


_Ko(iNkl) £1>0 


Kyi Nkl) 

and 
f= i Nk) lO: (32) 
1,(—iNkl) 


where Jo,/;, Ao, and A, are modified Bessel functions with their conventional meaning. 
The preceding results are valid for |N)>>1 which is well satisfied at ELF. To the same 


approximation 
=} 
® 2 ; 
1m ‘a (& isd (33) 
-@ 


a oni an * . aa > . s, » 
where @,=@o/ 7 in terms of the plasma frequency &, and collision frequency >. It then follows 
that the imaginary and real parts of the propagation constant Sp are given by 


Im kSs=— 5 (5. - P(x) (34) 
and 


Re kS=k+5 7 (5 P(x) (35) 


W, 


where 


P(x)=|Q) sin ({—arg Q) V2 


P’(xz)=!Q| cos ( rae 


arg Q) v2 


Tote the positive values of wr correspond to propagation from east-to-west while negative values correspond to propagation from west-to-« 
4 If wr is somewha: greater than », it is seen that to a first order 
X@1—(w7/v) (iw/wr 
which will modify the Re So to a slight extent but not Im So. 
5 In this soction the influence of the earth’s maznetic field is neglected. 
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and where 


r= |kIN|=|kl|(G,/w)?. 


The functions (2) and P’(2) approach unity if z is sufficiently large. This limiting case cor- 
Thus P(z) is the modification of the attenuation and 


responds to the homogeneous ionosphere. 
It may be 


P’(x) is the modification of the phase resulting from a nonhomogeneous ionosphere. 
observed that the attenuation is generally lower if the refractive index is an increasing function 


with height. On the other hand, the attenuation is increased where the refractive index is 


decreasing with height. 

To illustrate the behavior of the attenuation rates as a function of frequency, they are 
plotted in figures 8a and 8b in terms of decibels per 1,000 km of path length for a frequency 
Values of the scale distance / are indicated in kilometers. The 


scale from 50 cps to 1.5 ke. 
The values chosen for &, 


height A of the lower edge of the ionosphere is taken to be 90 km. 
are 10° and 10° which are not inconsistent with previous work. 
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Figure 8b. Attenuation at ELF for an exponential 
profile, h=90 km, @.=10°. 
The dashed curve corresponds to nighttime experimental data of 
Chapman and Macario, 


It is seen that the curve for /= corresponding to a homogeneous ionosphere has a slope 
of 1/2 as it should. Depending on the sign of / and its magnitude, the slope may be modified 
considerably for the inhomogeneous ionosphere. The dotted curve in figure 8b corresponds to 
nighttime experimental data from Chapman and Macario [27] who obtained it from the spectra] 
analyses of large numbers of atmospherics recorded in London. Clearly this experimental 
curve appears to fit fairly well on the /=30-km curve, at least in the range 100 eps to 1.5 ke. 
There is no reason to expect any better fit than this because of the idealized profile assumed. 
Furthermore, the atmospherics analyzed by Chapman and Macario were often quite near the 


receiving location in terms of a wavelength. 


8. Propagation of ELF Pulses 
In the foregoing discussion, it has been assumed that the source is time harmonic. In most 
cases of practical interest, the current in the source dipole is of a transient nature such as a 
surge. The radiated fields are also transient in nature. While the resulting waveforms may 
be transformed to the frequency plane via spectral analyses, it is often more convenient to 


study the waveforms themselves [28 to 31]. 
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The source is assumed again to be equivalent to a vertical electric dipole on the earth’s 
surface, but now its current-moment is a function of time and is denoted p(t) which is zero 
fort<0. At a distance p along the earth’s surface, the resulting vertical electric field is ¢,(¢) 
and the horizontal magnetic field is hs(t). The Laplace Transform of the current moment is 
denoted Po(s) or more explicitly 


Po(s)=Lo)= | * 6 "'n(t)dt (36) 


where s is the transform variable and may be formally identified 
with iw. Also 

Es) = Le,(t) 
and 


H,(s) = Lhg(t) 


where L is the Laplace-Transform operator defined above. Now it is assumed that the im- 
portant frequencies in the spectra are sufficiently low that only the zero-order mode need be 
retained. Thus 


Ex: ‘a 
ane tan ‘ols a (sSop/¢) on 


Lila] 


and where Ko and K, are modified Bessel functions of argument sSop/c. These may be asymp- 
totically represented by 


where 


. 2\3 £ Bo 
Ky(x)~(=) 7 1404 S04 Oe | (38) 


and 


K(a)=(2Y eae | (39) 
large x, where 
Ap=—1/8, By=9/128, A\=3/8, By=—15/128. 
Thus 


: 1+ Be 4 Vo. 
ae )= =o (=) (§) "aD ()ersse eee a = 


where x has been replaced by sSop/e in the exponent but is replaced by sp/e elsewhere. This is 
justified since Sp is near unity. In fact, the binomial expansion 


Sy=1+5,( =) “s (5) ) 2+ +i(5) (- «+ kare (41) 


may be truncated beyond the second term in most cases of interest, although the third term is 
retained since it doesn’t complicate matters. 
The current moment is now taken to be an impulse, that is 


p(t)=p,d(t) 


544328—60-—_8 399 





where 6(¢) is the unit impulse function. Thus 
P(s) = Po- 


The transforms may now be readily inverted 


Sorat) Beal COED AGAVE) Jorn 


(42) 
where | a . 
PID) =(59-1 Ya) exp(—zp) (43) 
P,(T)= 2 *) exp (-z7) (44) 
PAD)=4(sp) exp (yp)? zor! exfe (=) (45) 
and 


\1 

, €y \2 

t =t—p ce and 8? =3 ( ') . 
2h\o; 


It is immediately seen that if (ct’/p)<<1, the field responses are both proportional to P(7). 
To illustrate the nature of this function, it is plotted in figure 9 as a function of T. To facili- 
tate the application a multiple scale is included which relates actual time t’ in microseconds 
with the parameter 7 for distances p of 1,000 to 4,000 km. The height of the ionospheric 
reflecting layer is taken as 70 and 90 km. The quantity B indicated on the curves is related to 
the ionospheric conductivity by 
__ | _29e 
~ 600;h wh 


The values of B shown, namely 0.05 and 0.1, are typical. For h=90 km, these correspond to 
w, values of 410° and 2X 10°, respectively. 
The responses e,(t) and h(t) to a general source p(t) can be expressed in terms of the im- 


0 0 . . . 
pulse responses e;(t) and h,(t), respectively, by using the convolution theorem. Thus 


al | p(t—r) (7) dr-u(t—p/e) (46) 


p/e 


and similarly for Ag(#). For example, if a special analytical form for p(¢) is chosen such as 
Po Otm 1 — Btn - 
p(t) =* {e = y 7ai2 EXP ( oe ) (47) 


the convolution integral may be evaluated to give 


etme) ses) ts exp] (2) | Perm) (48) 


y3=B}+ (6tp)3 =$(2) +(6t,)} 


where 


The function P(7) was defined above and is the same as the one plotted in figure 9. Now, 
however, 7’ is to be identified with t’/y rather than t’/8. The special form for p(t) given above 
is & euidicectional pulse which reaches its maximum value at t=t,, and decays to 7 percent of 


400 





$ 
; 
: 


1 I ROR AER esneaieece ne 








Sr an 





t, Time (Microseconds ) 





a Lo} ptt 
0.01 0.04 0.1 0.4 


| 
Figure 9. Transient response of the zero-order mode for 
an impulsive vertical dipole source. 

_ The lower chart facilitates conversion from the parameter T' to actual 

time t’. 
its maximum value at t=3t,. If the duration, 3t,,, of the source pulse is much less than 8 
the response e,(f) approaches e’(¢). This is not surprising since p(t) approaches ppd(t) if tp, 
approaches zero. 

The general effect of the finite duration of the source pulse is seen to “stretch” the waveform 
of the electric and magnetic field. This effect has been discussed at some length in a recent paper 
by the author entitled “On the theory of the slow-tail portion of atmospheric waveforms.” This 
is to appear in the July issue of the Journal of Geophysical Research. 

While most cloud-to-ground lightning strokes may be represented by a vertical electric 
dipole, it is believed that cloud-to-cloud discharges are better represented by a horizontal 
electric dipole [32]. In the ELF portion of the spectrum the height of the discharge is very 
small compared with the wavelength, thus eq (17) is valid. If the source moment is again 
p(t) then the transform for the vertical electric field, in the far zone, is given by 


where ¢ is the angle subtended by the horizontal dipole and the direction to the observer. 
Letting the source be an impulse [i.e., p(¢)=o6(t)], the transform may be readily inverted to 
give 


wt (6)! Po (%\! orp ) 
edterstn (5) Ba (ZY On (49) 


27’p \2 3/2 
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where 
— 1 i oe :) = 
OT) =F (57-3 ) exp ( —7)) (50) 
and where, as before, 


q €y \2 
T=i'/B and f= J ( ') . 
2h \o; 
An immediate generalization is a source which may be imagined as an inclined electric dipole. 
t=) * on) 
Lightning discharges from cloud-to-ground and cloud-to-cloud would be seldom purely vertical 
5 ol] io) a . 
or horizontal. In view of the small dimensions of the discharge paths in terms of a wave- 
length, it is permissible to replace the inclined channel by superimposed vertical and _ hori- 
g : I 
zontal electric dipoles. The resulting responses of the radiated field are thus obtained by super- 
position. For example, if the current moment of the vertical electric dipole is pod(t) then the 
current moment of the horizontal electric dipole is gpo5(t) where g is a positive or negative 
For lightning strokes with long horizontal sections, g could be large 


dimensionless number. 
As before, the direction ¢=0 corresponds to the direction of the 


compared to unity [32]. 
horizontal dipole component. 
Invoking the above mentioned principle of superposition, it readily follows that the 
far zone expression for the inclined dipole is given by 
tan) « 
up (© 3 
eo(t)e PEt (< ) (P(T)+GQ(1)|8-*? 
27h \2p, 
where 


G=9 (= )' : cos ¢. 
g 


To indicate the bahavior of the waveform, the quantity 
(7) =P +GQ7) 
~ 1+|G| 

is plotted in figure 10a and 10b for both positive and negative values of G. The quantity 
S(T) characterizes the waveform of the inclined dipole energized by an impulsive current. 
The special case G=0, such that S(7)=P(T), corresponds to a vertical dipole source, whereas 
the special case G=o corresponds to a purely horizontal dipole source. Such a range of @ 
values can be expected since cloud-to-ground and intra-cloud discharges are primarily vertical, 
whereas the cloud-to-cloud discharges and air flashes are mainly horizontal and may have 


either polarity. 
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Figure 10. Transient response of the zero-order mode for an inclined dipole source. 


When G=0 the dipole is vertical and when G=+ the dipole is horizontal. 
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The modification of the pulse shape of the ELF waveforms, as a result of the inclination of 
the current channel, would appear to be an important factor in interpreting observed data. 
For example, Pierce [9], Lieberman [29], Tepley [31], and Jean [33] have all observed ELF 
waveforms which are strikingly similar to those shown in figures 10a and 10b. For example, 
the observed reception of a pulse which has a second half-cycle of the same magnitude as the 
first half-cyecle can only be reconciled with an inclined source with G equal to about £0.2. For 
certain values of @ (e.g., small negative values), a third half-cycle of relatively small amplitude 
is also produced. 


9. Concluding Remarks 


In the present theoretical study it has been assumed that the ELF signal propagates entirely 
in the space between the earth and a concentric ionosphere. It is quite possible that whistler 
type propagation may also be important. Furthermore, sources of ELF energy may be present 
in the exosphere due to the possible existence of ionized hydrogen whose gyrofrequency is of the 
order of 900 eps [34]. Other types of ions such as sodium may also be significant as pointed out 
by Aarons [14]. Despite these extraneous factors, the evidence that the “slow tails” are propa- 
gated in the earth-ionosphere waveguide is overwhelming. 

It is the opinion of the author that the only really questionable assumption is the neglect of 
heavy ions on the constitutive properties of the lower edge of the region or the top of the D 
region. Normally, it would be expected that the constitutive properties of the ionosphere 
would only be influenced by the electrons because of the extremely large ratio between the 
masses (i.e., of the order of 107). However, if the ratio of the number of heavy ions to the 
number of electrons is of the order of 10° or 10*, as has been suggested by Scott [35] for the 
Arctic F layer, the influence of heavy ions may be significant at frequencies less than 100 eps. 
In particular, it should be noted that the gyrofrequency of the sodium ion is approximately 30 
eps. However, if the operating frequency is somewhat greater than the gyrofrequency of heavy 
ions, their influence is expected to be minor. 


The author is indebted to Mrs. Nancy Carter and Mrs. Alyce Conda who carried out many 
of the calculations, to Mrs. Patricia Murdock who typed the manuscript, and to Mrs. Barbara 
Bolton who prepared the illustrations. 
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Studies of Natural Electric and Magnetic Fields’ 
G. D. Garland and T. F. Webster 


(February 26, 1960) 


Simultaneous measurements of short-period natural electric field variations across 


western Canada are reported. 


depth to the Precambrian rocks is the dominant factor. 


From these it is indicated that the effect of the varying 


Analysis of the simultaneous 


magnetic and electric measurements gives a resistivity for the Precambrian basement in 


excess of 30 10° ohm meters. 


1. Introduction 


In considering the possibilities of earth-current 
communication, a knowledge of natural electric 
fields in the earth would appear to have significance 
for two reasons. First, because the natural effects 
form a background of noise above which an artificial 
signal must be detected, and secondly, because 
measurements of natural fields offer a method of 
deducing the electrical properties, in place, of por- 
tions of the earth’s crust. 

It has been recognized for some time that natural 
electric currents in the earth, as detected by measure- 
ment of the tangential electric field at the surface, 
bear a relationship to magnetic disturbances. 
Recently, Hessler and Wescott [1]? have shown the 
variation in magnitude of the electric field as a func- 
tion of the magnetic A-index at College, Alaska. 
However, the pricise relationship between the surface 
electric and magnetic disturbance fields at some 
point on the earth depends on both the distribution 
of sources and on the variation of conductivity 
within the earth. It is only if these effects can be 
separated that useful information on conductivities 
‘an be obtained. 

An important simplification is possible if the 
source of disturbance is extended laterally, so that 
the arrival at the earth’s surface may be approxi- 
mated by a plane wave. It is well known that the 
tangential electric and magnetic fields, in perpendic- 
ular azimuths, say /, and H,, bear a simple relation- 
ship at the boundary of a uniform conductor. Then- 


E,/H,=(20T)~? i 


where o is the conductivity and T is the period of 
the disturbance. Cagniard [2] has suggested that 
this approximation is valid for the earth, and that 
measurements of the fields will lead to a useful 
effective or apparent conductivity. However, Wait 
[3] has pointed out that departures from plane- 


1 Contribution from Department of Physics, University of Alberta, Edmonton, 
Alberta, Canada; paper presented at Conference on the Propagation of ELF 
Radio Waves, Boulder, Colo., Jan. 25, 1960. The experimental work was sup- 
ported by the National Research Council of Canada. 

2 Figures in brackets indicate the literature references at the end of this paper. 





wave conditions can be treated by a series expansion 
for £,/H,. Retaining the first two terms gives 


E./H,=n-+ 9/27°H,[0°H,/dy? — 0? H,/dx? 
+20°777,/0,0y] (2) 


where y=ioupw—euw” is the intrinsic propagation con- 
stant of the earth, and 7=iyw/y is its characteristic 
impedance. Additional terms in the series involve 
higher inverse powers of y, where 1/y is characteristi- 
cally some tens of kilometers. The simplified ex- 
pression of eq (1) will be valid if the second deriva- 
tives involved in eq (2) are sufficiently small. 


2. Regional Telluric Measurements 


It is obviously important to know the extent to 
which the fields may vary with position on the earth 
as a result of changing source distance. In order 
to examine this, and also the effect of variations in 
arth conductivities, we have compared earth-current 
disturbances at a number of points across western 
Canada (fig. 1). The Dominion Observatory main- 
tains an earth-current and magnetic recording sta- 
tion at Meanook, and observations on the electric 
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Figure 1. Location of telluric observation points, indicated 
by solid circles, and the Meanook magnetic observatory. 


Inset, location of well where vertical currents have been detected. 
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field variations at the other points shown could be 
compared with simultaneous values at this station. 
It is the usual practice in earth-current measure- 
ments to record the changes in potential across two 
perpendicular lines (1,000 ft is a convenient length 
as the disturbances are of the order of millivolts per 
kilometer), so that any disturbance from the normal 
potential gradient may be treated vectorially. 
Within the limit of time resolution possible in these 
measurements, which were made with a paper speed 
of 4 in./hr, it was found that events could be readily 
correlated from all field points to Meanook. The 
average magnitude of a disturbance, as compared to 
that recorded at Meanook, varied from station to 
station, as shown on figure 2. These average mag- 





= Ww 
b WwW 4+<z > » 
=< x ao 2 2e 
aa ° > 5 ” oO J+ qd 
= w o Ww = QO - x ¢ 
x 2 2 ce oO = - & 
a 3 q Oca ec a 4 
a ae W Ww Ww w O ae a 
rs) > = > > a u =i We 
SURFACE af 
{ rO = - 
} aan, * 
2.000 } RELATIVE AMPLITUDES A 5 Ww 
] A~ eS yb r+! a> 
4.000 | MA ss eames es ca =e 
| [- c ent 
6.000 | | 4 —_———— ae | 
ii | TOP OF PRECAMBRIAN E23 
8.000 | | cr hae 
| Ota 
co 
10.000 } 5 500 
12.000 ! ; 5 cena z 
MILES 
FT, DEPTH 
Figure 2. Ratio of telluric disturbance vector at Meanook 


to that at other stations, and depth of Precambrian basement. 
Vertical lines indicate standard deviations. 
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nitudes were obtained by forming the resultant of 
the two component measurements for a number of 
disturbances, of period 1 min and greater, observed 
during several hours of recording at each point. On 
the same diagram is plotted the depth to the crystal- 
line Precambrian basement, which is formed of rock 
of much higher resistivity than the overlying sedi- 


mentary rocks. There is a fairly good correlation 
between the two profiles, suggesting that the mag- 
nitude of disturbance of the electric field at any 
point is inversely proportional to basement depth. 
This would indeed be the case if source effects were 
completely uniform at all points, and if the basement 
were completely nonconducting. For then, if h is 
the basement depth, and ¢ the uniform conductivity 
of the sedimentary rocks 


ohE=I (3) 


where J is the constant total current flowing in a 
strip of unit width. At the relatively low frequencies 
considered here the skin depth is much greater than 
any basement depth encountered. It was concluded 
from these results that the major reason for the 
electric field variation with location was change 
in effective conductivity, and that source distance 
effects were minor. The approach employed here is 
an application, on a very large scale, of a method of 
geophysical exploration first described by Migaux 
[4] as the telluric method. It should be noted from 
figure 1 that the stations were located very nearly 
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FIGURE 3. 


Note the onset of higher frequency events in both records at about 2.45 G.m.t. 
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Portion of simultaneous magnetic and telluric records. 
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along a line of constant magnetic latitude, and differ- 
ent results could well be expected for points at 
different distances from the auroral zone. 


3. Magneto-Telluric Investigations 


The apparent uniformity of the natural electric 
field suggested that Cagniard’s approach to deter- 
mine conductivity at various depths could be useful. 
Simultaneous measurements, as In figure 3, of electric 
and magnetic field variations were made at points 
where the depth to the resistant Precambrian rocks 
was known. At the time these measurements were 
made, a flux-gate magnetometer with a limit of 
sensitivity of 1 gamma (107° oersted) was used, and 
all recordings were made with pen recorders. The 
principle involved in Cagniard’s analysis is the 
extraction of a value of apparent conductivity, by 
eq (1), for a series of disturbances of different periods. 
Because of the variation in depth of penetration 
with period, the apparent conductivity determined 
will be a function of period, and the form of this 
functional relationship will depend on the variation 
of conductivity with depth. Theoretical curves of | 
apparent conductivity against period have been | 
computed for cases of simple layering by Cagniard. 
It is apparent that the greatest labor involved is in 
the analysis of the records into discrete frequency 
components. 

In future observations, it is intended that this 
analysis will be made by digital recording and ma- 
chine computation. However, the values of apparent 
resistivity plotted logarithmically against period in 
figure 4 were obtained by Fourier analysis of the 
visual records. On the diagram are plotted also two 
theoretical curves for a two-layer structure. The 
upper layer is taken to be the sedimentary section, 
whose thickness is about 1.5 km at this location, with 
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as a function of period. 


The curves (a) and (b) are the theoretical two-layer variations for basement 
resistivities of infinity and 30X10‘ ohmmeters, respectively. ' 
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a resistivity, estimated from well logs, of 30 olim-m. 
Since the seales are logarithmic, small errors in these 
assumptions affect the position, but not the form, of 
the curves. The two theoretical curves are plotted 
for basement resistivities of 3010! ohm-m and 
infinity, respectively. While there is considerable 
scatter in the observed points, the general increase of 
apparent resistivity with period is indicated. In 
particular, there is a good indication that the base- 
ment resistivity is at least 3010° ohm-m. The 


| observed points indicate a rate of increase of ap- 


parent resistivity greater than the theoretical curves, 
which suggests that the two-layer case is an over- 
simplification. However, it does appear that an 
analysis of magnetic and electric fields of this type, 
especially with more adequate separation of the fre- 
quency components, will provide useful information 
on crystal conductivities. Niblett [5] has extended 
the analysis to longer periods, using records from the 
Meanook observatory, and has detected an increase 
in conductivity at the base of the crust. 


4. Vertical Earth Currents 


There is some interest in observing the vertical 
component of electric field within the earth, because 
this will indicate the amount of deflection of the 
horizontal currents by local variations in conduc- 
tivity, and also because of possible correlations with 
atmospheric measurements. Electrodes at depths 
of 800 and 3,800 ft have been placed in the well 
shown in figure 1, and a record of the potential 
gradient changes is available for a period of about 
1 yr. Disturbances in the vertical component 
amounting to a few percent of the horizontal electric 
field have been measured, but the ratio of vertical 
to horizontal field shows a strong dependence on the 
azimuth of the horizontal current flow. At this 
particular location, the vertical component is greater 
when the disturbance current flows north-south, as 
indicated by the plot of figure 5. This strongly 
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suggests lensing of the horizontal currents by a 
body of anomalous conductivity north or south of 
the observation well. However, a portion of the 
observed vertical electric field component in the 
earth may be associated with the earth-atmosphere 
current. As the normal component of current 
density is continuous across the surface, values 
of 610" ohm-m and 30 ohm-m, respectively, 
for air and earth resistivities indicate a gradient in 
the earth only 5x10-® times the atmospheric 
gradient. During a period of atmospheric distur- 
bance, however, the potential gradient in the air 
may be many times the fair-weather value of 100 
v/m, and the corresponding effect in the earth may 
be detectable. It is hoped that simultaneous meas- 
urements in three components, in the earth, and 
measurements in the atmosphere at this site will 
indicate the manner in which the air-earth current 
flows into, or out of, the earth. 


| 
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Natural Electromagnetic Energy Below the ELF Range’ 
Wallace H. Campbell 


(February 23, 1960) 


The transition of natural signals from sferics slow tails to geomagnetic micropulsations 
was observed between 2.0 and 0.2 eycles per second. Micropulsations with periods of 
5 to 30 seconds have characteristics which closely relate to solar terrestrial disturbance 
phenomena. The low latitude diurnal amplitude variation has maximums at 0945 and 
1000 l.m.t. Similar groups of oscillations appear in Alaska and California. Simultaneous 
pulsation of \ 3914 aurora and magnetie field micropulsations has been observed in Alaska. 


1. Introduction 


The purpose of this paper is to review some studies 
of the characteristics of natural electromagnetic 
fields which are encountered as measurements are 
made to frequencies lower than those dominated by 
the sferics slow tails. In particular, magnetic 
field oscillations with periods of 5 to 30 see will be 
discussed. The greater part of this paper is a digest 
of experimental results which have been previously 
published. New developments in the relation of 
magnetic field micropulsations to the pulsating 
aurora will be reported. 

Only the author’s work will be discussed in this 
paper. However, it should be mentioned that recent 
comprehensive studies of the short period pulsating 
magnetic field have been made by Holmberg [1],? 
Angenheister [2], Troyigkaya [3], Kato and Watanabe 
[4], and Shand, Wright, and Duffus [5]. 


2. Methods 


For the field strength observations in frequencies 
below 20 cps the antennas were large loops, 2 m in 
diameter with 21,586 turns [6]. The loop natural 
resonance was at approximately 150 cps. In opera- 
tion the relatively flat system response was down 
by 3 db at 0.4 eps and 20 eps for oscilloscope film 
recordings and at 0.04 cps and 0.4 eps for slow run 
Esterline Angus pen recorders. Wind velocity and 
WWYV timing were also recorded on the film [6, 7]. 
The maximum noise level was equivalent to 0.02 
gamma and decreased with increasing frequency. 
Middle latitude observations were made at a southern 
California site (33°21.5’ N, 116°17’ W) and high 
latitude experiments were carried out in Alaska 
(64°42’ N, 148°29.5’ W). 


—_—_—__. 


' Contribution from Geophysical Institute, University of Alaska; paper pre- 
sented at Conference on the Propagation of ELF Radio Waves, Boulder, Colo., 
Jan. 25, 1960. 

? Figures in brackets indicate the literature references at the end of this paper. 





3. Observations 


In California the transition of the dominate 
received natural signals from slow tail sferics to 
geomagnetic micropulsations was found to occur 
between 2.0 and 0.2 eps [7]. On a few rare occasions 
dispersive train oscillations with periods of approxi- 
mately 1.5 eps and amplitudes reaching 0.015 gamma 
were observed [6]. Sixty percent of the 4808 hours 
sampled between March and September 1958, 
showed sinusoidal type pulsations appearing in 
groups or packets of four or six oscillations with 
periods of 20 to 25 see during the midday hours 
and falling to 5 to 8 sec by midnight [6]. The periods 
did not seem to be amplitude dependent. In 
southern California the signals increased in amplitude 
at dawn, rose to a maximum of about one-quarter 
gamma about 0945 to 1000 |.m.t., then decreased to 
a slight minimum after 1200 hr, showed a secondary 
maximum at approximately 1400 hr, and faded 
away gradually in the late afternoon (fig. 1). From 
comparison with data of researchers [2, 3] in other 
parts of the world it is apparent that the diurnal 
pattern of micropulsations is a local mean time 
variation [7]. 
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Figure 1. Average diurnal behavior of micropulsations in 
California from March through September 1958. 
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Average daily amplitudes behave in a manner | 
similar to other phenomena in the solar-terrestrial 
disturbance family. Good correlation may be ob- 
tained with magnetic K and A indices and disturbed 
F-layer conditions {7].__The 27 day periods of solar 
activity stands out on the records. 

Several occasions a month there appeared ‘‘storms”’ 
of sudden increases in pulsation amplitude reaching 
an average of 1.4 gamma and followed for several 
hours by higher activity than would have been ex- 
pected for the day [7]. The storm time variation 
showed a small secondary maximum at 65 min. The 
occurrence distribution of the 19 storms studied had 
maximums at 0700 and 1645 u.t. On many occa- 
sions the micropulsation storms were coincident with | 
sudden commencement magnetic storms. 

At 10:51:30+30 u.t., August 1, 1958, a small 
group of micropulsations were initiated, lasting for 
approximately 4 min and attaining an amplitude 
of approximately 0.2 gamma. About 50 min later 
a second group of micropulsations commenced, ris- 
ing gradually to a maximum of 0.3 gamma in 23 
min then rapidly disappearing. Since local night- 
time activity was rare in the low latitudes and pre- 
viously accompanied by high magnetic K indices, | 
these oscillations were interpreted as a direct result | 
of the high altitude (70 to 80 km [8]) nuclear explo- 
sions at Johnston Island. No micropulsations were 
observed on the August 12 Johnston Island explosion 
which was reported to occur at a lower elevation [8]. 

Twenty-three coincident active groups of micro- 
pulsations were observed in 6 days concurrent oper- 
ation of California and Alaska stations [9].  Al- 
though the oscillation periods were similar, peak for 
pe: ak correspondence was not evident. The diurnal 
pattern of micropulsations in the auroral zone is 
dominated by a post midnight maximum typical of 
the aurora itself [6]. Large nighttime activity in | 
Alaska gave oscillations 10 to 20 times larger than | 


| 
| Branch of the Office of Naval Research. 


at the 


activities were similar 
Alaska there seems to be a close 
aurora and mag- 
Using a lens, inter- 
ference filter, photomultiplier, and appropriate ampli- 
fiers, observations were made of pulsations of the 


California. Daytime 
two stations. In 
relationship between the pulsating 
netic field micropulsations [10]. 


\3914 and 45577 auroral lines. Figure 2 shows typ- 
ical records of corresponding magnetic field micro- 
pulsations and pulsating aurora. Fi igure 3 illustrates 
the average diurnal behavior of magnetic field micro- 
pulsations and pulsating aurora for occasions of joint 
operation in the month of December 1959. Figure 
4 is an illustration of oscillations of the two phenom- 


/ ena in the predawn hours with periods of approxi- 


mately 25 sec. The optical and magnetic measure- 
ments were made at sites se parated by 30 miles. 


4. Concluding Remarks 


Magnetic field micropulsation, though certainly 
dependent upon solar terrestrial phenomena for 
their excitation, show many local diurnal features. 
There are strong indications that the ionosphere is 
intimately involved in the generation mechanism. 
It appears that the pulsating aurora is closely related 
if not identical to the micropulsation phenomena. 


The low-latitude work was carried out at the 
Institute of Geophysics of the University of California 
and the continuing program in Alaska at the Geo- 
physical Institute of the University of Alaska. 
The research has had the support of the Electronics 
The assist- 
ance of B. Nebel in California and of A. Belon, C. 
Deehr, M. Rees, and G. Romick in Alaska is grate- 
| fully acknowledged. 
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Possible Application of the System Loss Concept at ELF’ 


Kenneth A. Norton 


(February 25, 1960) 


A brief description is given of the possible application of the system loss concept at 


extremely low frequencies. 
outlined. 


The system loss concept [1]? has been recom- 
mended [2, 3] by the Consultative Committee on 
International Radio as a precise means for describing 
the overall performance of a radio system including 
not only the effects of the intervening propagation 
medium, but also the gains and losses in the trans- 
mitting and receiving antennas. The purpose of 
this brief paper is to call this concept to the attention 
of engineers designing radio systems which are 
expected to operate in the extremely low frequency 
(ELF) or lower frequency ranges. The efficient 
design of systems operating at such low frequencies is 
especially difficult, and it is believed that the use of 
the system loss concept may thus prove to be quite 
helpful. 

Any radio system may be usefully described [4] by 
means of the simple T network of figure 1. The 
accessible terminals of the transmitting antenna a 
and of the receiving antenna 6 are denoted by AA 
and BB, respectively. The central member of the 
T is the mutual impedance 2,,=|2,| exp (i) between 
the two antennas, and this contains implicitly all of 
the effects of the propagation. The self-impedances 
of the two antennas are 2, and 2); thus the impedance 
at the terminals AA, with BB open-circuited, is 
2,=r,+i4,, While the impedance at the terminals 


BB, with AA open-circuited, is 2,>=r,+t2. 


1 Contribution from Central Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo.; paper presented at Conference on the Propagation 
of ELF Radio Waves, Boulder, Colo., Jan. 25, 1960. 

2 Figures in brackets indicate the literature references at the end of this paper. 
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Figure 1. T-network forjsystem loss analysis. 











A method for allowing for the effect of external noise levels is 


The system loss is defined as the dimensionless 
ratio, P:/Pa, Where p; is the radiofrequency power 
input to the terminals of the transmitting antenna 
and p, is the resultant radiofrequency signal power 
available at the terminals of the receiving antenna. 
The system loss is usually expressed in decibels. 


L,=10 logy (p,/pa)=P1—P a. (1) 


In the design of the system it will normally be desir- 
able to minimize L,. It was shown [1] that 
this may be accomplished by simultaneously match- 
ing the source impedance z, to the complex con- 
jugate of 2), and the load impedance z,;=r,;+72, to 
the complex conjugate of Zour. For this condition 
of matching 


-* )—10] 2ri (ry t+rr) _ 
= <out = IC 0810 | — Tra —CcOSs (Z2¢q, 
~m 
(2) 
where 
— |22,| cos (26) [24] sin? (2¢) | 2 
<1 lp 1— ee 


A £9 3 79 79 
Val’d 4ra Ty" 


; ., { {22,| sin (26) S 
~ inti { lsn@}. 


a? 
2rer> 





At low frequencies the dominant component of the 
available noise power Pan appearing across the 
terminals BB will usually have been received after 
propagation from a noise source with power p, over 
propagation paths with an effective system loss 
Ln=10 logy(pn/Pan). In this case we see by the 
following equation that a maximum signal-to-noise 
ratio may be obtained by minimizing (L,—L,). 


P.—Poan=P.—Pa—(L,—L),). (4) 


In minimizing (L,—Z,) it is important to notice that 
most changes in the receiving system will affect L; 
and L, alike and will thus not improve the signal-to- 
noise ratio to the extent that the dominant compo- 
nent of the noise is not in the receiving circuits them- 
selves. 
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It may be helpful to the reader to list some of the 
advantages and disadvantages of the use of the sys- 
tem loss concept. Its principal advantages are that 
it: (1) Makes possible a single, precise measurement 
of the entire system performance; (2) shows explic- 
itly the influence of such circuit parameters as 
antenna impedances; and (3) combines in a single 
parameter the interdependent effects of the propa- 
gation and the antenna gains and losses. 

The principal disadvantage of its use arises from 
the fact that it does combine the influence of at least 
partially independent factors. Thus, it is certainly 
a great advantage to be able to study the transmit- 
ting antenna, the propagation medium, and the 
receiving antenna independently. In those cases 
where these factors cannot be considered to be inde- 
pendent, the system loss concept must be used for a 
precise description of the system. 
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Measurements of the Spectrum of Radio Noise From 50 
to 100 Cycles Per Second’ 


M. Balser and C. A. Wagner 


(January 26, 1960; revised February 19, 1960) 


Experimental spectra of radio noise in the band of about 50 to 100 cycles per second 
have been obtained by means of digital processing. Due to the long integration times which 
were used, the statistical uncertainty in the estimates of power was reduced to about 3 per- 


cent (0.13 decibel). 


It was hoped in this way to observe maximums in the spectrum due to 


excitation of higher resonant modes of the earth-ionosphere cavity (for the accuracy of these 
data, such peaks should be observed if the Q of the cavity were 10 or greater at these fre- 
quencies). No statistically significant evidence of these cavity effects was found. 


1. Introduction 


It has been conjectured for some time that physical 
effects should be observable due to the resonant 
modes of the cavity formed by the earth and the 
D-layer of the ionosphere. The fundamental mode 
of a cavity of these dimensions has a frequency, 
fi (principally determined by the circumference of 
the earth rather than the height of the ionosphere) 
of about 10.6 eps [1].? (This estimate depends some- 
what on the assumed effective conductivity of the 
ionosphere, as does the frequency response, or Q of 
the cavity.) Higher modes obey the relation 


(1) 
; 1 : ti 
aa (n+; ) for n>3 or so. 


\ 2 v4 


If we assume that the radio noise in this part of 
the spectrum is the result of excitation of the cavity 
by sources whose spectrum changes smoothly over 
intervals of several cycles, then we may expect the 
response of the cavity to produce bumps in the 
received noise spectrum, the maximums occurring 
at the mode frequencies, f,, and the effective width 
of the bumps or, alternatively, the peak-to-valley 
ratio, being determined by the Q of the cavity. 

This paper is a description of a_ preliminary 
attempt to observe these cavity effects. As will be 
explained in the next section, this attempt was made 
in the frequency range above 50 cps, due to equip- 
ment limitations, which implies (eq (1)) a measure- 
ment of higher modes (at least the seventh), hence 
at best an indirect attack on the basic problem. 
Another advantage of operating at these higher 
frequencies is that the measured fields are still prin- 
cipally due to radiation from sferics. At lower 





! Contribution from Lincoln Laboratory, a technical center operated by Massa- 
chusetts Institute of Technology with the joint support of the Army, Navy, and 
Air Force; paper presented at Conference on the Propagation of ELF Radio 
Waves, Boulder, Colo., Jan. 25, 1960. 

2 Figures in brackets indicate the literature references at the end of this paper. 





| frequencies, probably including the lowest couple of 

| modes, the noise is largely due to motions of local 
atmospheric charges [2] and to that extent would not 
exhibit cavity resonances. Despite this disadvantage, 
the integration technique used here is capable of 
displaying small power differences which would 
result from only a part of the noise exhibiting cavity 
effects, and future work will be attempted at the 
lower frequencies to avoid the ambiguities arising 
at the higher ones. 


2. Experimental Procedure 


It was decided for this first attempt to record some 
radio noise on tape so that it could then be digitalized 
and processed on a large scale digital computer (the 
IBM 709 machine at Lincoln Lab.). Early obser- 
vations of the low portion of the audio spectrum 
showed, as might be expected, that most of the 
power was contained in narrow bands at 60 cps, 180 
cps, etc. To avoid this problem, portable equipment 
was assembled so that the recording could be made 
far from hum-producing powerlines. Such a spot 
was found on the Kankamagus Highway between 
Conway and Lincoln, N.H. One tape was taken on 
23 October 1959 (in a light rain) and four more tapes 
(as well as a test tape of 100 eps) were recorded on 
a return trip on 11 November 1959. 

A block diagram of the equipment is shown in 
figure 1. The noise signals were received by a 24-ft 
vertical whip. (The feature which all the cavity 
modes share, regardless of mode number and direc- 
tion of the sources, is a vertical electric field, so a 
vertical whip was chosen as the antenna.) The an- 
tenna fed into a low-pass filter which cut off at about 
75 ke to prevent the input stages from being over- 
loaded by strong radio signals at HF, resulting in 
nonlinearities which would put their modulation into 
the measurement region. Also at the base of the 
antenna was a cathode follower which fed the signal 
to a low-pass filter with a 500-cps cutoff and then 
through 250 ft of cable to the battery-powered audio 
amplifier. A further filter cut the signal off at about 
200 cps so that the signal put on tape at a fixed re- 
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cording level would have a larger power per unit 
bandwidth. The signal was finally recorded on a 
battery-operated tape recorder with a spring-driven 
motor, whose low-frequency response fell off around 
50 cps. 

The root mean square radio noise voltage in the 
band below 200 eps was found by comparison with 
the calibrated 100-cps source to be between '5 and 1 
mv. The recording of this same sine wave indicated 
fluctuations in the tape recorder speed of the order 
of 1 percent. 


3. Digital Processing 


Sections of tape somewhat over 10 min long were 
selected from each of the tapes already mentioned 


and from a tape of vacuum tube noise recorded by | 


the same system. These were sampled at a rate of 
468%, eps, and the samples were converted to 6-bit 
numbers (32 levels positive and negative) and re- 
corded on tape which could be read directly into the 
IBM 709 computer. 

A program was written for the 709 to perform the 
digital equivalent of the analog operations shown in 
figur e 2. The impulse response of the 1-cps filter i 
taken to be 

















h(t)=cos wt 0<t<l. (2) 
x(t) [1 PS FILTER | y(y) | OETECTOR | 42 qy) ‘ 
——s ae & SQUARER ae 





























Figure 2. Analog of digital processing. 


The output of such a filter for an input signal z(t) is 


*¢ 
y(t)= | 
J t-1 


*t 


(J... 


r(r) cos w(t—7) dr (3) 
x(r) COS wr dr) COs wt 
iui . i . 
+( | x(7) sin wr dr) sin wt 
J t-1 y 
=u(t) cos wt+v(t) sin wt 


The 


where wu and v are defined by the previous line. 


narrow band noise represented by eq (3) may be 
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rewritten 
y(t)=A(t) cos (wt+¢(t)) (4) 


where the (low-pass) amplitude A(¢) is, from (3), 


A(t)=(u?(t)+2°(t))”. (5) 
Finally, the power at w=2z7f is estimated from 
°T : 
p=| A*(#) dt (6) 
0 


(constant factors may be neglected since we consider 
only the power at one frequency relative to another). 
The program finds uv and v from the input tape, «(é), 
squares and adds them and finally integrates to find 
P. All the integrals are, of course, taken to be sums 
over the sample points. 

Since «(t) is a sample of (we assume) a stationary 
random process the derived quantity P is a random 
variable. Its mean value, E(P), is the quantity we 
seek. It is shown in the appendix that for gaussian 
noise the standard deviation, o(P), of this estimate 
of the power is related to its mean by 


o(P) a ' 
E(P) V37Tw 4 
where W is the 1-cps bandwidth of the filter and 7 
the integration time. For our parameters, 7TW= 
600, so o/E(P)~.03(+0.13 db). (It should be 


pointed out that the noise was not quite gaussian, 
due apparently to impulsive peaks. These short 
peaks, which occurred 3 or 4 percent of the time were 
clipped so as to allow the normal noise a wider range 
of quantized values. Analysis shows that this 
should cause an insignificant change in the spectrum. ) 

As a test of the digital system (conversion and 
machine processing) the program was run first on 
the 100-cps sine wave. The broken curve in figure 
3 is the spectrum of the filter defined in eq (2) and 
centered at 100 cps. (As the reader may observe, 
the separation between nulls, which is the same as the 
separation between the frequencies f at which P was 
estimated is slightly smaller than 1 cps. This was 
done for programing convenience.) If the input 
signal were a pure sine wave, the samples P would 
fallon this curve. As previously noted, the recorded 
test sine wave varied in frequency. The solid curve 
in figure 3 shows the response to be expected if the 
frequency of the input wave were uniformly distrib- 
uted over a 2-cycle range, or about +1 percent. 
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Figure 3. Comparison of computed and theoretical power for 


test sine wave. 


(This is undoubtedly not precisely the case, but is 
representative of the averaging behavior of such 
variations.) The program outputs, P, are shown by 
crosses. It would appear that the digital system 
operated properly. 

One frequency far removed from 100 eps was also 
examined to find the noise level of the system. The 
power at that frequency was some 40 db below that 
at the frequency of the sine wave. Since there are 
somewhat over 100 frequency bands, 1 cycle wide, 
on the tape, and the sine wave was recorded at 
roughly the same power level as the radio noise, we 
may expect that the radio noise power is about 
20 db over the system noise in any band. 

One more statistical consideration deserves men- 
tion. If the (effectively) 1-eps filter of figure 2 (the 
dashed curve of fig. 3) is compared with one centered 
at the next sampling frequency, separated from the 
first by 1 eps, it will be seen that there is some overlap 
in the two filter responses. Thus when a_ noise 
waveform is passed through these two filters, they 
respond to some extent to the same noise components, 
and the resulting spectrum estimates are therefore 
not statistically independent. It can be shown that 
the correlation is proportional to the integral of the 
product of the two filter spectra [8]. For neighbor- 
ing frequencies this correlation turns out to be 0.15, 
actually a rather low correlation. Estimates of the 





noise spectrum separated by 2 cps or more are, of | 


course, much less correlated. 
4. Results 


Some representative results of machine computa- 
tions are shown in figures 4, 5, and 6. The ordinate 
in each curve is the power P on a linear scale (arbi- 
trary units) as a function of the frequency. The 
calculated values are at frequencies separated by 
approximately one cycle and the points are joined by 
line segments for easier legibility. 

The most obvious feature of the spectra in figures 5 
and 6 is the peak due to hum pickup at 60 eps (which 
is actually quite small, amounting to less than 3-db 
increase in a l-cps band). Aside from these, there ! 
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are no very pronounced differences in power over 
distances of a few cycles. The largest peak-to-valley 
ratio is that near 70 eps in figure 6, which is about 
15 percent (0.6 db), while almost all the other fluctua- 
tion are of the order of the predicted 3 percent 
statistical variations (as are, naturally, those of the 
test noise in fig. 4). We may thus conclude that there 
is no statistically significant evidence here of cavity 
effects. 

Certain regularities do appear in figure 6 however, 
which, despite the small size of the fluctuations, 
attract some attention. Including the one alluded 
to in the preceding paragraph, the peaks occur at 
63, 69, 75, 81, and 87 eps. (With some self-convinc- 
ing the reader may see equally unsignificant sub- 
stantiating evidence at 87 eps in figure 5 and in 
some of the other —— not shown here.) From 
the expression (eq (1)) for the mode frequencies we 
find 

Af=fau—! n me 


> 


(8) 


and using the 6 cps here indicated for Af, we derive 
fi:~8.5 eps, which seems rather low. The fre- 
quencies themselves are consistent with the condition 
that they be multiples of the quantity Af by integers 
plus one-half. If we accept the shape of the com- 
paratively pronounced peaks of figure 6 we may, by 
a computation involving the superposition of identi- 
cal, periodically spaced resonance curves, compute 
the (optimistic) value of Q~10 for these “modes.”’ 
This is just about the limit for these calculations, 
since the peak-to-valley ratio for a set of modes with 
Q less than about 9 would be smaller than that due 
to random changes. 

Unfortunately, we can accept these figures only 
as intriguing possibilities or, more probably, 
another demonstration of how easy it is to find non- 
existent periodicities in spectra. We cannot over- 
emphasize that only one of these baa is of a size 
to be considered statistically significant, and the 
reader may find other ‘peaks’ which do not fall in 
the conjectured sequence. The conclusion must be, 
as previously stated, that to the limit of these meas- 
urements, no good evidence of cavity effects has been 
observed. The decisive tests have still to be con- 


as 


ducted, possibly with longer integration time, 
definitely at frequencies nearer, if not at, the 


fundamental frequency. 
5. Appendix 


We wish to determine the mean and standard 
deviation of the estimate, P, of the power of a narrow 
band gaussian noise 


y(t)=u(t) coswt+v(t) sin wt (Al) 


where 
"7 
p= | (w2(t)-+-0°(t))dt. (A2) 
J 0 
wu and v are taken to be stationary low-pass gaussian 
processes, both with mean value E(u)=0, mean 
square £(u?)=1 and autocorrelation E[u(t)u(t+7)] 
=p(r). Clearly 








-T 
E(P)= | [E(w)+E(e)|}dt=2T (A) 


°T CT 
E(P2)= | | [E (u2(s)u2(t)) + E (02(s)0°(t)) 

“4 E(u?(s)v2(t)) + E(w2(t)e?(s) | dsdt. (A4) 
Let us assume that the spectrum of y(t) is sym- 
metric about w, so that E(u(s)r(t))=0. Using a 


standard result about the fourth moment of gaussian 
noise [4], we obtain 


°T PT 
E(P?)=4T?44 | | ie— tidal. (A5) 


0 0 
Thus 


—, 
P)= EP) EP)=4 | | p*(s—t)dsdt (A6) 


0 J0 


— r\( 1-7) p-(r)dr. 


For the filter output we are ae it can be 
shown either directly from eq (3) or by Fourier- 
transforming the spectrum in figure 3 ‘that 


Wee ey: | rigs 
p(r)=1—\r'V 0< <p (A7) 
where W is the bandwidth of the filter (in this case 
1 eps). Since TW>1, we may neglect r/T in 
| comparison with unity. Therefore 
ot va 8T 
o(P)=87 | wa—ri is dr= 79 (A8) 
J0 
giving 

o(P) | 2 (7) 

E(P) V3Tw 


We are very grateful to M. Freimer, who wrote 
the 709 program discussed in section 3. We would 
also like to thank W. Rutkowski and J. B. Steele, 
who performed the sampling and digital conversion 
and recording on IBM tape. 
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Listing of Published VLF Symposium Papers 


A Symposium on the Propagation of Very-Low-Frequency Radio Waves was held at 
the Central Radio Fropagation Laboratory of the National Bureau of Standards, Boulder, 


Colo., on January 23 to 25, 1957. 
which were supplied to the participants. 
received for additional copies. 


At that time, preprints of the papers were available 
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Selected Abstracts 


The power spectrum of the variation of a carrier envelope in 
tropospheric scatter propagation, A. F. Barghausen and R. E. 
McGavin, Fifth Natl. Commun. Symp. Conv. Record, Oct. 5-7, 
1959 (Utica, N.Y., 1959). 

Statistical methods are used in investigating the short time 
variations in the carrier envelope of a signal received over a 
tropospheric scatter circuit. Considering samples from seven 
different paths, comparison of carrier amplitude variations 
are made for signals of different frequency, under different 
climatic conditions, over paths of various lengths up to 650 
miles, and using antennas of differing apertures. 

Utilizing the Fourier transform of the autocovariance func- 
tion, i.e., the power spectrum, the extent of variation of the 
carrier envelope can be estimated. It is found that spectra 
on the same path exhibit no diurnal trend, but that the spec- 
trum at a particular time can show considerable departure 
from the average spectrum for that path. A definite rela- 
tionship exists between the maximum fading rate (i.e., the 
number of positive crossings at some level of the received 
field where this number is a maximum), and the departure of 
the individual spectra from a common spectrum. If each 
spectrum is normalized to the fading rate of the sample, all 
spectra on the same path approach an average value. 


Definite similarity is noted in spectra so normalized but 
obtained on different paths and in different parts of the 
world. Averaged normalized spectra from the seven paths 
show little difference except in slope. However, there is 
evidence that the slope of the spectrum is a function of 6/2, 
where 6@/Q2 is a ratio of the angular distance to the antenna 
beamwidths. It would appear that the power spectrum of 
a carrier envelope for any arbitrary path can be completely 
specified by the median field, the maximum fading rate, and 
the parameter 6/2. 

In determining the maximum fading rate it is shown that the 
rate of fading varies inversely with frequency, angular dis- 
tance, 6, and the parameter 0/2. 


In addition, a detailed analysis of the percentage of time that 
the carrier envelope faded below a particular level for a fade 
duration equal to or greater than predetermined values, was 
made for four of the paths given above. These studies are 
useful for modulation studies where it is desired to estimate 
the percentage message errors, taking into account the carrier 
fade duration as well as the median carrier to noise ratio. 


Propagation and production of electromagnetic waves in a 
plasma, R. M. Gallet, Nuovo Cimento Suppl. 13, No. 1, p. 234, 
(1959). 

A very brief discussion on the non-thermal radiation in a 
plasma is given. Examples are (1) radio bursts from the 
planet Jupiter, (2) solar bursts, (3) galactic radio emission, 
(4) aurorae. The author then goes on to say that the theory 
of a propagation in a plasma explains the phenomena of 
“‘whistlers’” and ‘‘very-low-frequency emission.”’ Whistlers, 
which are now well known, are described as trains of waves 
in the kilocycle range which propagate along the earth’s 
magnetic field with high dispersion and low velocity; vif 
emissions are said to result from the mass motion of ionized 
clouds in the outer ionosphere at 2 or 3 earth’s radii. The 
author then suggests that, using the whistler mode, the elec- 
tron density and electron temperature of a dense plasma 
could be measured with microwaves whose frequency is 
lower than both the plasma and the gyrofrequency. 

The remainder of the paper is a short review of the theory of 
wave propagation in an ionized medium with a superimposed 
magnetic field. 


The Ninth Plenary Assembly of the CCIR, J. W. Herbstreit, 
Proc. IRE, 48, 45 (1960.) 

The International Radio Consultative Committee held its 
Ninth Plenary Assembly in Los Angeles, Calif., April 2 








through 29, 1959. The CCIR studies the technical factors 
affecting international radio teleecommunications and makes 
recommendations to administrations which are of importance 
in the international allocation and usage of the radio spec- 
trum. These studies are made by 14 Study Groups, each 
dealing with certain aspects of international telecommunica- 
tion. At the Los Angeles meeting, the technical aspects of 
relatively new techniques for conservation of spectrum space 
were considered. Transmission and receiving standards, 
propagation characteristics, monitoring methods, modulation 
techniques including single sideband and stereo sound broad- 
casting, and the new international aspects of teleecommunica- 
tion with and between space vehicles were among the many 
topics considered by the Assembly. 


An analysis of time variations in tropospheric refractive index 
and apparent radio path length, M. C. Thompson, Jr., H. B. 
Janes, and A. W. Kirkpatrick, J. Geophys. Research 65 
193 (1960). 

The National Bureau of Standards has been conducting a 
series of measurements for a study of the characteristics of 
the turbulent lower atmosphere and its effect on the accuracy 
of radio direction-finding, guidance, and geodetic measure- 
ment systems. The results of three experiments are pre- 
sented, one consisting of recordings of refractive index and 
apparent path length variations at 9400 Me/s over a 155- 
mile path on Maui, Hawaii, and the other two consisting of 
similar measurements made over a 9.5-mile path near Boul- 
der, Colo. The correlation of refractive index and apparent 
path length fluctuations is discussed as well as the power 
(variance) density spectra of both variables. 


On the diffraction of electromagnetic pulses by curved con- 
ducting surfaces, J. R. Wait and A. M. Conda, Can. J. Phys. 
$7, 1384 (1959). 

Starting with the known steady-state solutions for diffraction 
by a perfectly conducting convex surface, the corresponding 
transient responses are derived using Fourier-Laplace inver- 
sion. Explicit results are given for an incident wave which 
varies with time as a step function. 

Four physical situations are considered in the present paper. 
The first two concern the currents excited on a convex metal- 
lic surface for vertical and horizontal polarization respectively. 
The latter two deal with the Fresnel diffraction field of a 
convex metallic surface in which case the source and observer 
are at a large distance from the crest on the convex obstacle. 
Again, this is carried out for both vertical and horizontal 
polarization. 


Atmospheric tides and ionospheric electrodynamics, M. L. 
White, J. Geophys. Research 65, 153 (1960). 

A brief review is given of the resonance theory of atmospheric 
tidal oscillations including both thermal and gravitational 
excitation. Semiempirical wind patterns for various latitudes 
and the semiempirical variation of solar semidiurnal wind 
velocities with height are given, based on published data on 
wind measurements at balloon heights, #-region winds, and 
airglow cell movements. The current work on modern tidal 
theory is also discussed. 

A model of the F region above h ,,,,x F2, J. W. Wright, J. 
Geophys. Research 65, 185 (1960). 

A simple Chapman model (seale height 100 km) of the iono- 
sphere above the peak of the F region is found to be in good 
agreement with the few observed profiles of this region. The 
ratio of the above-peak electron content, implied by the 
model to below-peak electron content is found to vary from 
about 2.8 to 4.0, also in good agreement with observations. 
The model is used in conjunction with electron density pro- 
files observed from the ground to construct meridional cross 
sections along the 75° W geographic meridian. 


Radio transmission by ionospheric and tropospheric scatter, 
Rept. Joint Tech. Adv. Comm., JT AC. Proc. IRE 48, 4 (1960). 
This report on ‘Radio Transmission by Ionospheriec and 
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Tropospherie Scatter’? has been prepared as a supplement to 
“Radio Spectrum Conservation,’ an earlier comprehensive 
report which was completed by the Joint Technical Advisory 
Committee and published by the MeGraw-Hill Book Co., Ine., 
in 1952. The purpose of ‘‘Radio Spectrum Conservation,” as 
stated in the Introduction thereto, was ‘‘to analyze and evalu- 
ate the current uses of the radio spectrum and to formulate 
constructive suggestions for the future.” 


Soon after publication of the report ‘‘Radio Spectrum Con- | 


servation,’ two new methods for beyond-the-horizon extended- 
range radio transmission began to emerge as major advances 


in the communication art. The importance of these new radio | 


techniques, now usually described as ‘ionospheric scatter” 
and ‘‘tropospheric seatter,”’ led the Joint Technical Advisory 
Committee in February 1955, to establish an Ad Hoe Sub- 
committee on Forward Seatter Transmission. It was the task 
of this Subcommittee to compile factual data on the new seat- 
ter techniques and to prepare a report on ‘Radio Trans- 
mission by Tonosphe ric and Tropospheric Scatter’ to supple- 
ment the book ‘“‘Radio Spectrum Conservation. 

In 1955, the Subcommittee, in cooperation with the IRE Pro- 
fessional Group on Antennas and Propagation, sponsored 
publication of the October 1955, Scatter Propagation Issue of 
the Proceedings of the IRE. This special issue aided greatly 
in consolidating and disseminating authoritative information 
on scatter transmission—and remains a major and lasting 
contribution to the technical literature. 

Recently, the Subcommittee completed preparation of the 
present report which, hopefully, will serve usefully to augment 
‘Radio Spectrum Conservation” (particularly Chapter 2 
Propagation Characteristics of the Radio Spectrum), as well 
as to summarize those unique features of ionospheric and 
tropospheric scatter which now must be considered in plan- 
ning for future efficient utilization of the radio spectrum. 


Other NBS Publications 


Journal of Research, Vol. 64A, No. 3, May-June 1960. 
70 cents. 

Phase shift effects in Fabry-Perot interferometry. 
J. Koester. 

Infrared absorption spectrum of methane from 2470 to 3200 
em-!. Earle K. Plyler, Eugene D. Tidwell, and Lamdin 
R. Blaine. 

Elastic constants of synthetic single crystal corundum at 
room temperature. J. B. Wachtman, Jr., W. E. Tefft, 
D. G. Lam, Jr., and R. P. Stinehfield. 

Radial distribution study of vitreous barium borate. Arthur 
Bienenstock, Aaron 8. Posner, and Stanley Block. 

Separation and determination of small quantities of aluminum 
in steel. Bruce B. Bendigo and Rosemond K. Bell. 

Conformations of the pyranoid sugars. II. Infrared absorp- 
tion spectra of some aldopyranosides. R. Stuart Tipson and 
Horace 8. Isbell 


Charles 


Journal of Research, Vol. 64B, No. 2, April-June 1960. 
75 cents. 

Non-self-adjoint boundary value problems in ordinary 
differential equations. Werner Greub and Werner C. 
Rheinboldt. 

Criteria for the existence and equioscillation of best Tcheby- 
cheff approximations. John R. Rice. 

Note on the solution of Riceati’s differential equation. H. 
Herbert Howe. 

On a generalization of the index notation for absolute tensors 
of arbitrary order. Edmund H. Brown. 

Upper and lower bounds for the center of flexure. Lawrence 
kk. Payne. 

Half-round inductive obstacles in rectangular waveguide. 
D. M. Kerns. 


Journal of Research, Vol. 64C, No. 2, April-June 1960. 
75 cents. 

Measurement of cobalt-60 and cesium-137 gamma rays with 
a free-air chamber. H. O. Wyckoff. 

Apparatus for the measurement of the normal spectral 
emissivity in the infrared. Arthur G. Maki, Ralph Stair, 
and Russell G. Johnston. 


Electrostatic deflection plates for cathode-ray tubes. I. De- 
sign of single-bend deflection plates with parallel entrance 
sections. II. Deflection defocusing distortion of single-bend 
deflection plates with parallel entrance sections. Lothar 
Frenkel. 

The functional synthesis of linear plots. J. P. Vinti and 
R. F. Dressler. 

Radiation field from a rectangular source. J. H. Hubbell, 
R. L. Bach, and J. C. Lamkin. 

Microwave attenuation measurements with accuracies from 
0.0001 to 0.06 decibel over a range of 0.01 to 50 decibels. 
G. F. Engen and R. W. Beatty. 

Effect of oleophobic films on metal fatigue. H. E. Frankel, 
J. A. Bennett, and W. L. Holshouser. 

Ratio-recording spectroradiometer. Harry K. Hammond 
III, Warren L. Holford, and Milton L. Kuder. 

An intermittent-action camera with absolute time calibra- 
tion. G. Hefley, R. H. Doherty, and E. L. Berger. 


Specification for dry cells and batteries (supersedes Circular 
559). NBS Handb. 71 (1959) 25 cents. 

Report of the 44th National Conference on Weights and 
Measures 1959. NBS Mise. Publ. 228 (1959) 65 cents. 
Research Highlights of the National Bureau of Standards 
Annual Report, Fiscal Year 1959. NBS Mise. Publ. 229 

(1959) 55 cents. 

Basie theorems in matrix theory, M. Marcus. NBS Applied 
Math. Series 57 (1960) 15 cents. 

Survey of Central Radio Propagation Laboratory research 
in tropospheric propagation 1948-1956, J. W. Herbstreit 
and P. L. Rice, NBS Tech. Note 26 (PB151385) (1959) 
$4.00. 

An atlas of oblique-incidence ionograms, V. Agy, K. Davies, 
and R. Salaman, NBS Tech. Note 31 (PB151390) (1959) 
$2.25. 

Distribution of incoming lettermail at the Baltimore, Mary- 
land City Post Office, B. M. Levin and A. E. Newman, 
NBS Tech. Note 33 (PB151392) (1959) $2.50. 

Service area of an airborne television station, M. T. Decker, 
NBS Tech. Note 35 (PB151394) (1959) 75 cents. 

Application of RF micropotentiometers for calibration of 
signal generators to 1000 Me, L. F. Behrent, NBS Tech. 
Note 37 (PB151396) (1960). 

Design and oe of a liquid ee a 
refrigeration system, B. Chelton, J. W. Dean, and B. 
Birmingham, ‘NBS Tech, Note 38 pnteraaD (1960) bf 
cents. 

Helium refrigeration and liquefaction using a liquid hydrogen 
refrigerator for precooling, D. B. Chelton, J. W. Dean, and 
T. R. Strobridge, NBS Tech. Note 39 (FB151398) (1960). 

Mean electron density variations of the quiet ionosphere 
I - March 1959, J. W. Wright and L. A. Fine, NBS Tech. 
Note 40-1 (PB151399-1) (1960) $1.25 

Paramagnetie resonance in the free tia be radical, H. E. 
Radford, Nuovo Cimento Ser. X 14, (1959). 

Relaxation processes in multistate mde K. E. Shuler, 
Phys. of Fluids 2, No. 4, 442 (1959). 

Optical measurements on thin films of condensed gases at 
low temperatures, J. Kruger and W. J. Ambs, J. Opt. Soe 
Am. 44, 1195 (1959). 

The following papers appear in Proc. Intern. Rubber Conf., 
Nov. 8 to 13, 1959 (Washington, D.C., 1959): 

Power loss and operating temperature of tires, R. D. 
Stiehler, M. N. Steel, G. G. Richey, J. Mandel, and 
R. H. Hobbs, p. 73. 

An indoor tester for measuring tire ing wear, G. G. 
Richey, J. Mandel, and R. D. Stiehler, p. 104. 

Measurement of the ?—e _of rubber ai unizates, J. 
—— F. L. Roth, M. N. Steel, and R. D. Stie hler, 

oi. 

Biseieed materials for rubber compounding, F. L. Roth 
and R. D. Stiehler, p. 232. 

Invariant and complete stress functions for general continua, 
C. Truesdell, Arch. Rat. Mech. Anal. 1, No. 4, 1 (1959). 
On the convergence of Gauss’ alternating procedure in the 
method of least squares, A. M. Ostrowski, Ann. Mat. Pura 

Appl. (Bologna, Italy) (IV) 48, 229 (1959). 
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Wavelength definition of the meter, I. C. 
Am. 


of Units, National and International Aspects, Publ. 
Assoe. Advance. Sci. No. 57, p. 53 (1959). 

Ethane carbon-carbon distance obtained from 
spectra, H. C. Allen and E. Kk. Plyler, J. Chem. Phys. 31, 
No. 4, 1062 (1959). 

The anomalous inversion in cristobalite, R. F. Walker, The 
kineties of high temperature processes, 228 pages (J. Wiley 
& Sons, New York, N.Y., 1959). 

Digital recording of electrocardiographie data for analysis by 


infrared 


a digital computer, L. Taback, E. Marden, H. L. Mason, 
and H. V. Pipberger, IRE Trans. Med. Electron. ME-6, 
167 (1959). 

Determination of starch in paper. A comparison of the 
TAPPI, enzymatic, and spectrophotometrie methods, 
J. L. Harvey, B. W. Forshee, and D. G. Fletcher, Tappi 
42, No. 11, 878 (1959). 


Young’s modulus of various refractory materials as a function 
of temperature, J. B. Wachtman, Jr., and D. G. Lam, Jr., 
No. 5, 254 (1959). 


J. Am. Ceram. Soc. 42, 
Branched-chain higher sugars. III. A 4-C-(hydroxymethyl)- 
R. Schaffer, J. Am. Chem. Soe. 81, 5452 (1959). 


pentose, 
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lattices, A. Maki and J. C. Decius, J. Chem. Phys. 31, 
No. 3, 772 (1959). 
Glass research at the National Bureau of Standards, C. H. 
Hahner, The Glass Industry, p. 588 (1959). 
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B. R. Bean and R. M. Gallet, J. Geophys. Research 64, 


No. 10, 1439 (1959). 
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(1959). 

The measuring process, J. Mandel, Technometries 1, No. 3, 


251 (1959). 
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Transfer 81, 323 (1959). 
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J. Opt. Soe. Am. 49, No. 11, 1090 (1959). 

Absolute photometry of the aurora—I. The ionized molecular 
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atmosphere, M. H. Rees, J. Atmospheric and Terrest. 


Phys. 14, 325 (1959). 

Absolute photometry of the aurora -II. Molecular nitrogen 
emission in the sunlit atmosphere, M. H. Rees, J. Atmos- 
pheric and Terrest. Phys. 14, 338 (1959). 
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Nat. Electron. Conf., p. 1 (1958). 
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1, No. 3, 269 (1959). 
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George V. Keller and F. C. Frischknecht. 
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Wheelon. 


Computation and measurement of the fading rate of moon-reflected UHF 
signals. S. J. Fricker, R. P. Ingalls, W. C. Mason, M. L. Stone, and D. W. 
Swilt. 


On the theory of wave propagation through a concentrically stratified tropo- 
sphere with a smooth profile. H. Bremmer. 
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Methods of predicting the atmospheric bending of radio rays, B. R. Bean, 
G. D. Thayer, and B. A. Cahoon. 
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Elementary considerations of the effects of multipath propagation in meteor- 
burst communication. George R. Sugar, Robert J. Carpenter, and Gerard R. 
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Use of logarithmic frequency spacing in ionogram analysis. G,. A. M. King. 


The guiding of whistlers in a homogeneous medium. R. L. Smith. 
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On electromagnetic radiation in magneto-ionic media. Herwig Kogelnik. 
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by a strongly-ionized plasma sheath. John W. Marini. 


A contribution to the theory of corrugated guides. Gerhard Piefke. 


High-gain, very low side-lobe antenna with capability for beam slewing. A. C. 
Wilson. 


Shielding of transient electromagnetic signals by a thin conducting sheet. 
Norman Zitron. 


Cylindrical antenna theory. R.H. Duncan and F. A. Hinchey. 
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